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PREFACE. 



OO many questions which necessarily excite our interest and 
^^ curiosity are discussed in the dynamics of a particle that 
this subject has always been a favourite one with students. How, 
for example, is it that by observing the motion of a pendulum we 
can tell the time of the rotation of the earth, or knowing this, 
how is it that we can deduce the latitude of the place ? Why does 
our earth travel round the sun in an ellipse and what would be 
the path if the law of gravitation were different? Would any 
other law give a closed orbit so that our planet might (if 
undisturbed) repeat the same path continually? Is there a 
resisting medium which is slowly but continually bringing our 
orbit nearer to the sun ? What would be the path of a particle 
in a system of two centres of force ? When a comet passes close 
to a planet does it carry with it in its new orbit some tokens 
to prove its identity ? 

Such problems as these (which are merely examples) excite 
our curiosity at the very beginning of the subject. When we 
study the replies we find new objects of interest. Beginning at 
the elementary resolutions of the forces we are led on from one 
generalization to another. We presently arrive at Lagrange's 
general method, by which w^hen a single function (worthily called 
after his great name) has been found we can write dovni, in 
any kind of coordinates, all the equations of motion cleared of 
unknown reactions. A little further on we find Jacobi's method 
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by which the whole solution of a dynamical problem can be made 
to depend on a single integral 

The last word has not yet been said on these problems. The 
student finds as he proceeds much left to discover and many new 
questions to ask 

When we extend our studies so as to include the planetaiy 
perturbations and to take account of the finite size of the 
bodies the mathematical difficulties are much increased. In the 
dynamics of a particle we confine ourselves to simpler problems 
and easier mathematics. 

As the subject of dynamics is usually read early in the 
mathematical course, the student cannot be expected to master 
all its difficulties at once. In this treatise the parts intended for 
a first reading are printed in large type and the student is advised 
to pass over the other parts until they are referred to later on. 

The same problem may be attacked on many sides and we 
therefore have several different ways of finding a solution. In 
what follows the most elementary method has in general been 
put first, other solutions being given later on. For the sake of 
simplicity they have also generally been treated first in two 
dimensions. In these ways the difficulties of dynamics are 
separated from those of pure geometry and it is hoped that 
both difficulties may thus be more easily overcome. 

Some of the examples have been fully worked out, on others 
hints have been given. Many of these have been selected from 
the Tripos and College papers in order that they may the better 
indicate the recent directions of dynamical thought. 

I cannot conclude without thanking Mr Dickson of Peterhouse. 
He has kindly assisted me in correcting most of the proofs and 
has given material aid by his verifications and suggestions. 



EDWARD J. ROUTH. 



Petsbhouse, 
Jufyy 1898. 
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CHAPTER I. 

Velocity and Acceleration. 

1. The science of djniamics is divided into two parts. In one 
the geometrical circumstances of the motion are considered apart 
from the physical causes of that motion. In the other the mode 
in which the motion is produced by the action of forces is investi- 
gated. The first is usually called kinematics, the second is called 
sometimes kinetics and sometimes dynamics. 

2. Let us consider the geometrical motion of a point on a 
given curve. 2%6 miction is said to be uniform when equal spaces 
are described in any two equal times. The space described in any 
unit of time m£a,sures the velocity. 

The word "any" in this definition is important. If 'all the 
spaces described in successive units of time were equal, the motion 
need not be uniform. For example, the hands of a clock move 
over equal spaces in successive seconds, but in some clocks each 
space is described by a jump at the end of each second. 

In discussing the geometry of the motion, the time is regarded 
88 the independent variable. It is merely some continually in- 
Greasing quantity. So &r as our present purpose is concerned, 
we may suppose that the time is measured by the space described 
by some standard point moving in a straight line always in the 
same direction. 

Let i be the distance at the time f of a point P moving 
uniformly on a curve measured along the arc from some fixed 
point <m the curve. Let s^ be the arc-distance at the time to. 
Since v is the space described in a unit of time, the arc s^s^ 

B. m \ 
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described int — to units of time is given hy s — So^^v^t — to). This 
leads to the converse equation, in uniform motion the velocity is 
equal to the space described in any time divided by that time. 

3. When all the arcs described in equal times are not equal, 
the velocity is variable. By the principles of the diflFerential 
calculus we consider the arcs described in infinitely short times. 
The point being in any position P at the time t, let hs be the arc 
described in a following interval of time ht If this arc were 
described uniformly the velocity would be isjht The limiting 

value when it is indefinitely small is v^^it- This may be de- 
fined to be the velocity in the position P. This equation is 
usually expressed in the following words. 

The velocity of a point when variable is rneasured by the space 
or arc which would be described in a unit of time if the point were 
to m^ove uniformly with the velocity it had at the moment under 
consideration. 

It is worth while to give a more formal proof of the important equation v^dMJdt, 
Let, as before, 5< be the arc described in the next interval U, Let Vj, v, be the 
greatest and least velocities of the point in that interval. The space U must lie 
between VyU and vjity and therefore ds/dt most lie between v, and v, . In the limit 
Vj and 172 become equal to each other and therefore each is equal to dajdU This 
therefore most be the value of v. 

4. Parallelogram of velocitieB. Velocities may be com- 
pounded by the parallelogram law. Let a point P move with a 

uniform velocity u along a finite 
straight line OA and arrive at A 
at the end of a given time, then 
OP^ut, Let the straight line 
OA move, always remaining 
parallel to itself, with a uniform 
velocity v and come into the position BC in the same time. It 
is evident, fi-om the properties of similar figures, that the point P 
has described the diagonal OC of the parallelogram, two adjacent 
sides of which are OA and OB, The two velocities ti, v are 
proportional to the lengths of the straight lines OA and OB, and 
are evidently represented by those lines in direction and magni- 
tude. When therefore a particle moves with two simultaneous 
velocities represented in direction and maffnitude by tiie straight 
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lines OA, OB, its motion is the same as if it were mxyved with a 
single velocity represented in direction and rruignitvde by ilie 
diagonal OG of the parallelogram constructed on OA, OB as sides. 

6. This rule is the same as that given in Statics for com- 
pounding forces which act at the same point. Hence all the rules 
of Statics, which are derived from the parallelogram of forces, will 
also apply to velocities. 

We may therefore infer the triangle of velocities, and all the 
various rules for resolving and compounding vielocities, both by 
rectangular and oblique resolutions. 

6. Moment of a velocity. The moment of a velocity about a 
point may be defined in the same way as the moment of a force. 
Let a point P be moving with a velocity v in a direction repre- 
sented by the straight line APB. Let CN^p be the perpendicular 
drawn from any point C on the straight line APB. The moment 
of the velocity v about C is then defined to be equal to vp. 

Using the same proof as that adopted in Statics, we infer that 
the moment of the velocity of a point ahout any straight line is 
equal to the sum of the moments of its components. 

7. This theorem enables us to express the moment of the 
velocity about the origin in several diflFerent forms, all of which 
are in common use. 

Let a point P move along a curve. It is proved in Art. 12 
that the polar components of the velocity are dr/dt and rddjdt ; 
the moments of these about the origin are respectively zero and 

f^dO/dt The moment of the velocity is therefore r* -v- . 

In the same way, the Cartesian components being dx/dt and 
dy/dt, the moment of the resultant velocity ^ ^ ;^ " y j^ • 

Lastly let A be the polar area bounded by the path, the 

moving radius vector r and any fixed radius vector. It is clear 

that pda is twice the area dA traced out by the radius vector. 

dA 
The moment of the velocity about the origin i3pv=2 , . 

9m TbA definition given above is striotly the moment of the velocity abont a 
•tni^ Una dnwn through perpendicular to the plane containing C and the 
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straight line A^B, When we require the moment of the yelooity of a point moving 
along AB abont any straight line CD which is inclined to the plane CAB^ we use 
the same extended definition as in Statics. 

Let M.}^ be the shortest distance between AB and CD ; resolve the velocity v 
along AB into two componentSi one along Nz parallel to CD and the other along Ny 

perpendicular to CD, The former is t; cos &, the 
latter v sin 0, where Q is the angle contained by 
AB and CD, The moment of the former is 
defined to be zero, the moment of the latter is 
V sin .p where p=MN. 

If a point move along AB with a velocity v, 
the moment of that velocity about CD is vp sin 6, 
. where p is the shortest distance between AB and 
CD and is the angle contained by those lines. 

The symmetry of this result shows that the 
moment about AB ot dk velocity along CD is 
the same as that about CD of an equal velocity along AB, 

9. Ex. Given the two straight lines ^P^=^~- = ^^ ; ^•^= Ac, where 

\ ft V A 

\, fi, v; \\ <ftc. are the direction cosines of the two lines. A particle is moving 





along one of them; prove that the moment of the 
velocity about the other is vt, where i is the deter- 
minant in the margin. 



/-/'. 9-9\ h-h' 

\ fi 9 

V y! p' 



10. Relative velocity. Two points P, Q are moving along 
two straight lines AB, CD with velocities u, v. It is required to 
find their relative velocity. 

Let any number of bodies be situated within a space and 
let that space be moved carrying the bodies with it (as in a 
railway carriage); it is evident that the relative positions of 
the bodies are unchanged. If then we impress on both the 
points P, Q a velocity equal and opposite to that of one of them, 
say P, the relative positions and motions are unaltered. The 
point P is now at rest and the velocity of Q is the resultant of 
its own velocity, viz. v, and the reversed velocity, viz. — u, of P. 

To find the relative veldcity of Q with regard to P, we compound 
the actual velocity of Q with the reversed velocity of P according to 
the parallelogram law. 

Ex. A cirde is rotated in its own plane about a point in its circumference with 
an angular velocity w and a point P moves on the circle in the opposite direction 
with angular velocity 2w relative to the drole. Prove that P moves in a straight 
line and find its velocity. [Coll. Exam. 1896.] 
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IL Coordinate velocitieB. Let P, P" be the positions of a 
point moving on a curve APP' at the times t and < + (& re- 
spectively. Let 

be the coordinates of P ; 0M\ 
M'R those of r. Let PL, 
drawn parallel to Ox, cut 
P'M' in L, then 

PL^dx,LF = dy. 

By the triangle of veloci- 
ties the sides PL, LP* of the 

triangle PLP' represent the oblique components of velocity on 
the same scale that PP' represents the resultant velocity. The 
components of velocity are therefore PL/dt and P'Ljdt If then 
a point move on a curve, and its coordinates are x, y, the Cartesian 

dx d\i 

components of its velocity are equal to -^ and -^ . 

12. Let PH be a perpendicular drawn from P on OP*, The 
sides of the triangle PHP* will ultimately represent on the same 
scale the component velocities perpendicular and parallel to the 
radius vector OP. These components are therefore PHjdt and 
HP'/dt If OP=-r and the angle POx = e we know by the 
elementary principles of the differential calculus that PH = rdO 
and HP'^dr ultimately. The components of velocity along and 

perpendicular to the radius vector are therefore -rr and r^r . 
^ ^^ -^ dt dt 

IS. Let Q be another point whose coordinates are x, y\ The 

components of its velocity are dx'/dt and dy/dt. To find the 

component velocities of Q relative to P we follow the rule of 

Art 10. Reversing the component velocities of P and adding 

the results to those of Q, it is clear that the component relative 

, ... J. ^ dai dx . d'lf dy 
velocities of are -rr — jt and ^ — -57 . 

^ at dt dt dt 

We nuij pot the argnment in another form. Let (, 17, be the coordinates of Q 
refJBrved to axes having their origin at the moving point P, their directions remain- 
ing panllel to the original axes. The component relative velocities are then d^ldt 
and dnildi. Bat aince ^sx'-x, i7=>y'-y> we arrive by differentiation at the same 
iwnlta aa belbre. 
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14. Ex, 1. The component velocities of a point in the directions of two axes 
are 2at and 2bt+p» Prove that the path is a parabola whose axis is parallel to 

ay = bx. 

We have dxldt=:2ajt, .*. x^sai^+A. Similarly y may be found. Eliminating 
first fi and then t, the path follows at once. 

Ex, 2. The component velocities parallel to the axes of x and y respectively 
are ax and by + p. Prove that the path is {by + fil^'^^AxP, • 

Ex, 3. The polar components of velocity parallel and perpendicular to the 
radios vector are 2a$ and br. Prove that the path is br=a&^+A, 

Ex, 4. If a particle be moving in a hypocydoid with velocity ii, and v, V 
represent the velocities of the centre of curvature and the centre of the generating 
circle corresponding to the position of the particle, prove that' 

t<» V* _ 4r« 

(c-6)*"*'(c + 6)2""(c-6y*' 

e being the distance between the centres of the generating circles, and b the radius 
of the moving circle. [Math. Tripos.] 

16. Acceleration. This word is used to express the rate at 
which the velocity is increasing. It may be either uniform or 
variable. 

If a point move in s^uch a manner that the increments of velocity 
gained in any equal times are the same in direction and equal in 
magnitude, the ojcceleration is said to he uniform. The increment 
of velocity in each unit of time measures the magnitude of the 
acceleration. 

16. First, let the point move in a straight line. Let Vo be the 
velocity at any. time ^ ; after a unit of time has elapsed, let v© +/ 
be the velocity. After a second unit of time the velocity must 
be 1^0 + 2/, because equal increments are gained in equal times. 
Hence after t — t^ units of time the velocity has increased by 
f{t — t^. If V be the velocity at the time t, we have 

V = Vo +f{t - fo). 
The quantity/ is the acceleration. 

17. If the point does not move in a straight line the explanation 
is only slightly altered. Let Oy represent the direction in which 
the constant increments of velocity are given to the point, and 
let Ox be the direction of motion at the time t^t^. Let u^, Vo 
be the components of the velocity in the directions of the axes 
Ox and Oy respectively at the time t^. After a unit of time has 
elapsed the component of velocity parallel to Oy is v^-\-f, but 
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that parallel to Ox is unchanged because no velocity has been 
added in that direction. After t — to units of time, the component 
of velocity parallel to.Oy is v© +f(t^to\ while that parallel to Ox 
is still u^. If u, V are the components of velocity at the time t, 
we have 

The magnitude of the acceleration is/, and its direction is Oy. 

18. When the increments of velocity in equal times are 
unequal in magnitude, or not the same in direction, the accelera- 
tion is said to be variable. To obtain a measure we follow the 
method adopted to measure variable velocity. 

Acceleration when uniform is measured by the velocity generated 

Hn any unit of time. When variahle, the acceleration at any instant 

\is mea>sured by the velocity which would be generated in the next 

' urUt of time if the acceleration had remained constant in magnitude 

during that interval and fixed in direction. 

19. To find the equations of motion of a point mxmng in a 
straight line with a variable a/xeleration f 

Let V and v-\'dv be the velocities at the times t and t + dt. 
Assuming the principles of the diflFerential calculus, dv being 
the increment in the time dt, it follows by a simple proportion 
that dvjdt is the velocity which would be added in a unit of time, 
if the acceleration had remained constant. Hence, by Art. 16, 

/= dvjdt. 

The argament is usually pat into a more elementary form. Let h> be the 
velocity generated in the time it. Let /i, /2 be the greatest and least accelerations 
of the particle daring the interval it. Then since the actaal rate at which the 
vdocity is increasing is always less than the one and greater than the other, the 
Telocity added is less than f^it and greater than f^it. Li the limit fx and /, coin- 
cide and we have f=dvldt. 

20. Let the geometrical position of the point at the time t 
be determined by its distance s from a fixed point in the path. 
Let V be the velocity, /the acceleration, then 

^"df ^^dt^dt'^^ds' 
All these expressions for the acceleration are of great importance. 

21. We notice that velocity and acceleration are djniamical 
names for the first and second differential coefficients of a with 
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regard to the independent variable t If the third differential 
coefficient were required, we should use some such name as 
the hyper-acceleration, but this extension is not necessary to 
dynamics. 

22. It appears that acceleration bears the same general 
relation to velocity that velocity bears to spaca When a point 
moves in a straight line the velocity is the rate of increase of the 
space, the acceleration is the rate of increase of the velocity. 

23. Just as velocity is positive or negative according as the 
space measured in the positive direction is increasing or decreasing, 
so acceleration is positive or negative according as the velocity is 
increasing or decreasing. A negative acceleration is sometimes 
called a retardation. 

24. To find Uie motion of a point P moving in a straight line 
with a uniform acceleration f 

Let the position of the point at the time < = fo be given by 
« s=«o. and let Vo be the velocity. Since /= d^s/d^, we have 

v=^d8/dt=ft-\' A, 

Hence Vo=fto + A, 

and v=/(^-^o) + t;o. 

Integrating again, since v = ds/dt, 

8 = ^f(t - ^o)' + Vot + A 
Hence «o = Vq^o + B, and therefore 

« = i/(^ - ^o)' ^Voit" to) + 8o. 

26. The three fundamental formulae of elementary kine- 
matics follow from this result. If the point start from the position 
8 = At the time f = 0, 

s^iJi' + v^, 

V^ft-^-Vo, 

26. Ex, 1. A particle desoribes a space f in time t with a uniform accelera- 
tion, the Telooities at the beginning and end of this period being Vq and v. Prove 
that 9s^{v^+v)t. Notice that the coefficient of t is the mean of the two 
Teloflities. # 
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Ex, S. A partiole moyes from rest with a aniform acceleration. Prove that the 
ivexage Telocity is half or two-thirds of the final velocity, according as the time or 
ihe space ia divided into an infinite number of equal portions and the average 
taken with regard to these. [St John's Coll., 1895.] 

Ex, 8. Two points P, Q move on a straight line AB, The point P starts from 
A in the direction AB with velocity u and acceleration /, and at the same time Q 
starts ih>m B in the direction BA with velocity u' and acceleration /'; if they pass 
Dne another at the middle point of AB and arrive at the other ends of AB with 
sqoal vdocities, prove that (u +»') {f-f)=B{fu'-fu). [Coll. Exam. 1896.] 

Ex» 4. A heavy particle, projected horizontally on a smooth table with 
felodtj V, is reduced to rest by the resistance of the air after describing a space «. 
Supposing the resistance of the air to be a uniform force, prove that, when the 
particle is projected vertically upwards with any velocity, the squares of the times 
of ascent and descent to the point of projection are in the ratio 2g8 - v^ to 2g8+v^, 

Ex, 5. A particle is projected vertically upwards from a point A, If the 
resistance of the air were constant and equal to ng, where n is less than unity, 
prove that the times of ascent and descent are as ^(1 - n) : ^(1 + n). 

Ex. 6. A particle is projected vertically upwards in vacuo from a given 
point P. Prove that the product of the times of passing through another given 
point Q is independent of the velocity of projection from P. 

Ex. 7. Two particles P, P' starting simultaneously from the points A^ A' with 

initial velocities ti, u', move in the straight line AA' ynth accelerations /, /'. If 

r, v* are their velocities when the distance PP^ exceeds the initial distance AA^ by 

f , then 

• (v'-t;)«=(tt'-it)» + 2 (/'-/)». 
See Arts. 10 and 89. 

27. Ex. A point P, at any given moment, is in the position moving in the 
direction Ox with a velocity u. A uniform acceleration / is given to it in the 
direction Oy. It is required to exhibit geometrically the position and direction of 
motion after ( seconds. 

To find the direction of motion we measure lengths OA , OB along Ox, Oy to 
re pr esent on any scale the velocities u and /it respectively. The direction of motion 
alter f seconds is parallel to the diagonal OD of the parallelogram AOB. 

To find the position of the point we measure lengths equal to the spaces, viz. 
OE=ut, OFsziffi. If 00 is the diagonal of EOF, the point is at G moving in a 
direction parallel to OD. 

To find the direction of motion we compound the velocities, to find the position 
we compound the epacee. 

28. The parallelogram of accelerationB. This theorem 
follows at once from the parallelogram of velocities. Let a point 
be moving in any direction at the time t with any velocity. 
Referring to the figure of Art. 4, let OA, OB represent in 
direction and magnitude two uniform accelerations given to the 
point. Then by definition OA, OB represent the two velocities 
given to the point per unit of time. By the parallelogram of 
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velocities the diagonal OC of the parallelogram constructed on 
OA, OB represents the resultant increment of velocity per unit 
of time. The point is therefore uniformly accelerated, and the 
acceleration is represented in direction and magnitude by OC. 

The actual velocity at the time f + ^' (if required) could be 
found by compounding the velocity at the time t, either with 
both the components OA, OB, each multiplied by t\ or with 
their resultant after multiplication by t\ 

20. Bodogmpli. Let a point move in a curve and let P be its position at any 
time f. From the origin draw a straight line OH to represent in direction and 

magnitude the velocity v at P. Tfun OH 
is parallel to the tangent at P and iu 
length is equal to jcv, where ic is an arbitrary 
constant introduced to show the scale on 
which OH represents the velocity. 

As the point travels from P along its 
path, the point H describes a second curve 
which is called the hodograph of the first. 

Let P, P* be two positions of the point at the times t,t + dt; H, H' the corre- 
sponding points on the hodograph. Since OH, OH' represent the velocities at 
P, P* in direction and magnitude, the third side HH' of the triangle HOW must 
represent in direction and magnitude the velocity given to the particle in the time 
dt. It follows by a simple proportion that HH'jdt represents the velocity which 
would have been added to the velocity at P if the acceleration had remained 
constant for a unit of time. 

The tangent at H therefore represents the acceleration in direction and the ratio 
of an elementary arc HH' to the time dt of describing it measures the magnitude of 
the acceleration on the same scale that the radius vector OH represents the velocity. 

In this way the hodograph represents to the eye the motion of a point on a curve. 
In general language, the radius vector represents the velocity, the arc gives the 
acceleration. If r is the radius vector and <r the arc BH, then r=KV and d<rldt=Kf 
where / is the acceleration. 

80. To find the hodograph when both the curve described by P and the velocity 
of P are given. If ^ be the angle the tangent at P makes with some fixed straight 
line taken as the axis of x, we notice that kv and \f/ are the polar coordinates of H. 
From the conditions of the question we first find v and ^ in terms of some one 
quantity. Then eliminating that quantity we obtain the polar equation of the 
hodograph. Several examples will be given in the chapter on central forces. 

31. To find the equations of motion of a point moving in a 
curve with variable acceleration. 

We may deduce the components of acceleration parallel to 
the axes of coordinates from the acceleration of a point moving 
in a straight line. Referring to the figure of Art. 11, let OM^a^, 
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ON = y. The components of the velocity of P have been shown 
bo be the actual velocities of M and N as they move along the 
axes of X and y respectively. This being true for all positions of 
P, the acceleration of P is the resultant of the accelerations of M 
and N^ If then X, Y are the component accelerations of P, we 
have y ^d?x Y__d^y 

•2. Ex, 1. When a point Q describes a circle with a uniform velocity, its 
projeetion P on any diameter xfOx oscillates on each side of the centre through a 
length equal to the radius. Prove that the acceleration of P tends towards and 
Tarifis as the distance from 0. 

Let the arc described by Q per unit of time subtend an angle n at the centre^ 
let the angle QOx be a when e=0. Then at the time t, the angle QOx=nt + a. 
If a be the radius, the length OP = a cos (nf + a), hence the acceleration 

dPxldt'^= - an^ cos {nt + o) = - n*x. 
The minus sign shows that the acceleration tends towards 0. 

An oscillatory motion represented by x= a cos {nt + a) is usually called a simple 
harmonie oiciUatitm. 

Ex. 2. A point P moves towardt a fixed point so that its velocity varies as 
X*, where x=OP. Prove that the acceleration varies as x^~^. Is the acceleration 
to or from O? 



The Cartesian components of acceleration are not the only ones which are 
required in dynamics. The components in polar coordinates and those along the 
tangent and normal are continually used. Besides these there are the components 
for moving axes and the extension of all these formulae to three dimensions. In 
order to avoid raising unnecessary difficulties at the beginning of the subject we 
shall confine our attention in the present chapter to the simpler cases. The others 
will be taken up in the sections on resolved velocities and accelerations. 

34. The general principle on which the component of velocity 
or acceleration in any fixed direction has been defined may be 
summed up in the following manner. 

Since the component of acceleration is the rate at which the 
component of velocity in that direction is increasing, we have by 
the definition of a differential coefficient 

resolved \ _ x . •. (r^s. vel. at time t-{'dt)'- (res. vel. at time t) 
acceleration) "" dt 

In the same way if the fixed direction is called the axis of x, 
resolved) ^j. . (abscissa at time t + dt) — (absc. at time t) 
velocity)"^ dt 

36. To find the resolved acceleratians of a point in polar co- 
ordinatee. 

Let OP^r, POa^d be the polar coordinates ot P, "ft^ 
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Art. 12 the components of velocity at P along and perpendicular 

to OP are u^dr/dt and v^rdO/dt. At 
the time t + dt let the particle be at P, 
the components of velocity along and per- 
pendicular to the radius vector of P', viz. 
OP', are Ui = u + du and Vi^v-^-dv, Since 
the angle POP'^dd, the component of 
velocity at the time ^ + c2^ in the direction 

OP is Vfi cos dd — Vj sin d6. 

This direction being fixed in space for the time dt, the acceleration 

along the radius vector OP is 

T • -x (^ + ^^) cos d5 — (v + dv) sin dO—u ^ du dO 

dt dt dt ' 

Similarly the acceleration perpendicular to the radius vector OP is 

T . .. (if-l-du)sindtf + (t;-|-di;)cosdtf — t; dO dv 
Limit— -^^ "d<+^- 

Substituting for i^, v their values given above, the accelerations R 
and /S along and perpendicular to the radius vector at the time t 
are respectively 

drew d/ d^_^l d/ d^ 
dtdt ^dt\dtj''rdt\dtj' 

36. To ^nd the resolved accelerations along the tangent and 
normal. 

Let the arc AP = s. By Art. 3, the velocity v at P is along 

the tangent and v^dsjdt At the time 
t-\-dt the point is at P, its velocity Vi is 
in the direction of the tangent at P and 
t;j = v4-dv. The components of Vi in the 
directions of the tangent and normal at P 
are therefore Vi cos d-^ and Vj sin d-^, where 
d-^ is the angle the tangents at P and P 

make with each other. The acceleration along the tangent at P 

is therefore rp t • •.{v-\-dv) cos d-^ - v dv 

^ = Ljimit n = "77 • 

dt dt 

Similarly that along the normal in the direction in which the 
radius of curvature p is measured positively, is 

*r T • 'x (v + dv) sin d-^ d'>h' «• 

iv = Limit ^ 3T — = v ^ = — . 

a^ dt p 
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87. We have now obtained three different sets of components for the aocelera- 
dona of a moTing point. These are the components X, Y along the axes, the 
components 12, 8 along and transverse to the radius vector, and the components 
r, N along the tangent and normal. Any one tet can be deduced from any other set 
by a tiwtpU retoluHoH. 

The eomponents 12, iSf are evidently connected with X, Y by the equations 

R=zXcoB$+Yane, 8= -XBm$+YooB$. 

Wnting Xssd^xjdfi^ Y=dhfldt^ taid substituting x=rcoB$t y=:rBm$ we arrive by 
ft simple bot rather long differentiation at the values of R and 8 given in Art. 85. 
[n the same way we have 

r=Xcos ^+ Fsin ^, N= - JTsin ^+ Fcos ^. 

The proceu of deducing the polar and the tangenHal-normal eomponents of 
wcceleratUm from the Cartesian components may be shortened by the following 
artifice. If «=r cos 9 we have by differentiation 

_ d^x (dV fdey) ^ \»drd0 d^0) . ^ 

^=dF=k«-'^U)r"''r5tdi+'-di«r"^'- 

Since the axis of x is arbitraiy in position, let it be so taken that the radius vector 
r as it tarns round the origin is passing through x at the time t. We then have 

9=0, and X beoomee R ; hence ^=t^-^ \ji) * ^^ ^^^ ^^® acceleration 8 per- 
pendicular to the radius vector, we take the positive side of the axis of x parallel 
io the direction in which 8 is to be measured ; that is, the axis of x must be one 
right angle in advance of the radius vector. Putting therefore 0= -^w, we find 



»-'IK)- 



The three elementary sets of components may be summed up in the follow- 
ing table. They are to be measured positively in the direction in which the length 
named in the fourth column is measured positively. 





Telocity 

dx 
dt 


accelenUon 


poaltlTelj 


axis of dP 


d^X 
dt^ 


X 


axis of y 


dy 

dt 


dV 
dt« 


y 


along \ 
rad. vect. J 


dr 
dt 


dV fd0\^ 
dt^ '^'\dt) 


r 


perpendic.l 
rad. vect. ) 


d0 
'dt 


r dt \ dt) 





tangent 


ds 
dt 


d^s 
dt« 


s 


normal 





P 


P 
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39. Relative accelerations. Two points P, Q are moving 
along two curves, it is required to find the acceleration of Q relative 
to P. By the same reasoning as in Art. 10, it follows that if we 
impress on both points an acceleration equal and opposite to that 
of one of them, say P, their relative motions and accelerations 
are unaltered. This leads at once to the following rule ; the ac- 
celeration of Q in space is the resultant of its acceleration relative 
to P and of tlie acceleration of P, As we generally require the 
components of accelei-ation, we say that the component of the 
acceleration of Q in any direction is eqvxil to its component relative 
to P plus the component of the acceleration of P. 

40. Ex. 1. The position of a point P is given by its polar coordinates r, 0, 
referred to a fixed origin and the axis of x. The position of Q is given by its 

polar coordinates r,, ^j, referred to Pas origin with 
the axis of acj parallel to a;. It is required to find 
the component accelerations of Q in space. 

The polar accelerations of P are 




^-dV^''\di) ' ^'rdtV^di)' 



If R^f 5j, represent similar quantities when 
r,, ^i, are written for r, B, these are the accelerations of Q relatively to P. If 
^^=$^-0, we see by a simple resolution, that the resolved part of the space accele- 
ration of Q in the direction PQ is 

= Pj + P cos + iS sin 0. 

The resolved part perpendicular to PQ is 

= Sfj - P sin + fi» cos 0. 

In the same way the resolved parts along and perpendicular to OP are 

R-¥Ri cos - 5i sin ^, 
5 + Pi sin + 5jCOS0. 

Ex. 2. The point P describes a circle of radius a with a uniform velocity «. 
The point Q describes a circle of radius h relatively to P with a uniform velocity v. 
Prove that the components of the space acceleration of Q along and perpendicular 
to PQ are respectively v*/6 + cos . v}la and sin . u^la, where <f>={vlb - uja) t. 

Ex, 8. A point P describes a circle of 1 foot radius in 1 hour, and a point Q 
describes a concentric circle of 4 feet radius in 14 hours, both points move in the 
counter-clockwise direction ; show that the line joining them rotates in the counter- 
clockwise direction for a period of 43^^ minutes followed by a period of 21^ minutes 
in the clockwise direction. [Coll. Exam. 1S96.] 

Ex, 4. A circular wire of radius a moves in its own plane without rotation so 
that its centre has a simple harmonic motion of amplitude a (Art. 82): a bead 
moves on the wire uniformly, completing a circuit in the period of the simple 
harmonic motion, and being in the line of the motion of the centre when the centre 
is in its mean position and is moving in the direction towards the bead ; prove that 
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ihe McclenlioD of the bead is toRarda the centre of the aimple harmoDic motion 

and th*t iu patli is u eUipM of eeceDtricity ( j ^5 - i)K [Coll. Exam. 1B9T.] 

£r. 5. A nlWaj passaiger seated in one comer ol the carriage looks out of the 

wibdaw* Kt Uie tuTther eud Rod observea that e. atar near the borizon is traversing 

I these windon in the direction of the train's motion and that it is obBcuied by the 
(luUtioa between the comei windows on his own side of the carriage and the middle 
window wliile the tnin is moving through the seventh part of a mile. Prove that 
the timin is oD a cone the concavity of which is directed towards the star and 

I «liidi, if it becircnlar. has a radius of oearly three miles, the breadth of the carriage 

■■ifas aevea feet and the breadth of the partition four inches. 

^B [Math. Tripos, 1660.] 

^^r 41. Aagnlar «aiae)ty and acolaratton. A rigid body is said to be turning 
iDiuid an aiii OJ when each point in describing a circle whose plane is peipen- 
dionlai to OA and whose centre lies in OA . Let ^ be the angle which the plane 
containing any point J* of the bodjand the axis OA luakt-e with eome plane Hied in 
■pace and pawog throagh OA, The rate at which the angle ^ ta increasing is 
called the aogalar velocity of the body. Following the same line of argament aa in 
Iha case of linear velocities, the angular velocity is measured by dipldt and the 
■ngTfUf aeoeleralion by iPpjilt'. 

We notice that if P, be any other point in the body uid qt, the angle the plane 
F,OA makes with the plane of reference, the angle ip - ^, is independent of the time, 
eothatiM/<ii = i(^/.ft. 

If 9 be any point of the body, r its distance (roni the axis OA and u^d^jdt be 
the an^lar velocity, the point Q is moving perpendicularly to the plane f^OA with 
a rekxsity equal to ur. 

If the rotation continue only for a time dt the aits OA (by rotation about wbioh 
Um notion in that time oan be constructed] is called the tiuCanliiT^fouji axit and u> is 
(be iB«fiiatdnraiu angtilar veUxUy. 

41. As angular velocity w about an axis is geometrically represented by a 
len(th HA proportional to u measured along the alia. The direction of the rotation 
is drlemiined by th« convention nsed in Statics to indicule the direction of rotation 
of a oonple. If OA be the direction in which the length is measored the rotation 
when positive, should appear ta be tn some standard direction to a spectator placed 
witii hie fprt at A uud head at IS. This etandard direction is often taken to be the 
in of the huzide of u clock. 



4S. ranUalosram of aDsnlaf veloeiUaB. If lico inftantantim» angular 
ttloeitUt of a body an rtprtieatid in magniiude and ilirtetion by tico Ungtii* OA, 
OH, Iht Jinponul OC of the parallelogram eomtrueltd on OA, OS at lida ia Ike 
iniUitUaiitouJi axii of rotation, and ill length repraentt tht magnitude of the 
aMsmlar vetocily. 

let tf he any point which at the lime t Ues in the plane AOB : r,, r,, the 
diiteiicea of Q from OA, OB, p its distance from OC. Let u^^OA, w, = Oll, 
0-tiC. The velocity of Q due to the two rotations Uj. u, is wj, + ia,r,, while that 
Jm Io tbr single rotation (1 is tip. To prove that these are equal it is sufficient to 
ootin Uiat U OA , Ol) represented toreus aud OC the icsultanl. the equality merely 
I— fli tbat the anm of the moments of OA. OB about Q is eijual to that of the 
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Let V be the Telocity of Q, then 

V = w^rj 4- w^r, = Op. 

If Q lie on OC^ p=0, and therefore every point of OC is at rest. Hence OC is 
the resnltant axis of rotation. Also since Q=vlp the angular velocity abont the 
axis is O. 

44. The theorem of the parallelogram of angular accelerations follows from 
that of angular velocities, just as the parallelogram of linear accelerations follows 
from that of linear velocities. 

4A. The rule for compounding angular velocities being the same as that used 
in Statics to compound forces, we may interpret the limiting case when the inter- 
section is at infinity as we do the corresponding case in Statics. It is however 
simpler to deduce the result independently. 

Let the body have instantaneous angular velocities w, ta\ about two parallel axes 
OA, O'B distant a from each other. The resultant velocity of any point Q in the 
plane of OA, O'B and distant y and y + a from them respectively iBuy + ia' (y+a). 

Firstly t let w+w' not be zero. Equating the velocity of Q to zero, we see that 

every point on a straight line 0"C determined by y = — — , is at rest. The 

(a + (a 

resultant axis of rotation is therefore parallel to OA, O'B and at a distance y from 
the former. To find the resultant angular velocity we notice that the velocity of 
a point Q situated on OA is represented both by O ( - y) and u'a. Hence substi- 
tuting for y, Q=w + w'. 

Secondly, let <o + (a'=0. The resultant velocity of Q is independent of y and is 
equal to u'a. Hence every point in the plane of the axes (and therefore every point 
of the rigid body) is moving with the same velocity in the same direction. We 
infer, that two equal and opposite instantaneous angular velocities about parallel axes 
are together equivalent to a translation in a direction perpendicular to the plane 
containing the axes, 

46. Units of space and time. The ordinary unit of time 
is the second of mean solar time. Space is measured either in 
feet or centimetres. The metre is 3937 inches nearly, while the 
centimetre is the hundredth part of the metre. The unit velocity is 
then either one foot or one centimetre per second, and the unit of 
acceleration is a gain of one unit of velocity per second. 

47. We are not however restricted to use these units. Let 
the unit of space be a feet and the unit of time t seconds. The 
unit of velocity is then a feet per t seconds, i.e. ajr of the feet- 
seconds units of velocity. The unit of acceleration is a gain of 
(t/t feet per second, to be added on every t seconds, i.e. ct/t* feet 
per second added on every second. The unit of acceleration is 
therefore o-/t* feet-seconds units of acceleration. 

Let F be the measure of ati acceleration when the units are 
0-, T ; and / the measure of the same acceleration when feet and 
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seconds are used. Then since the measure of the same thing 
varies inversely as the length of the units employed, we have 



Ex. L If the acoeleration of a falling body due to gravity is ^ = 82*19 
when a foot and a second are the units, show that the acceleration is 981*17 when 
a centimetre and a second are the units. 

Ex. 2. A point moving with uniform acceleration describes 20 feet in the half 
second which elapses after the first second of its motion. Prove that the acoelera- 
ti<m is to that of gravity as 82 to 82*18. Prove also that if a minute be the unit 
of time and a mile that of space the acceleration will be measured by 240/11. 

[Math. Tripos, I860.] 

Ex. 3. If the area of a field of ten acres is represented by 100 and the accelera- 
tion of a heavy falling body by 58|, find the unit of time. [Coll. Ex.] 

Since an acre is 4840 square yards, 100 new square units is equal to 
4840 X 9 X 10 square feet. The new measure of length is therefore 66 feet. Let 

r be the required unit of time, then ^8|=^^ . 82. This gives r= 11 seconds. 



Laws of Motion. 

40. If one portion of matter, say A, act on another, B, the 
mutual action is in dynamics called force. If we are examining 
the motion of A only, disregarding B, this force is said to be 
external to A, but if we are taking both portions into consideration, 
the action is an internal force. An external force is usually called 
an impreeeed force. The mutual actions and reactions between 
the molecules or parts of a body are internal forces. These forces 
have different names according to the circumstances of the case. 
When the bodies are apparently in conteict, their mutual action is 
called pressure, when at a distance, the action is called attra>ction. 

Nothing has been said of the size of the body, but it is 
convenient to divide bodies into small portions. A body so small 
that itB position in space when free is determined by the co- 
ordinates of one point may be called a particle. This division 
into indefinitely small particles is not necessary for our present 
pnrpoee. All that we require is that there shall be no rotation. 
A particle may be said to have no rotation ; the rotation of finite 
is usually regarded as a part of Rigid Djmamics. 



60. Our object in dynamics is to investigate the motion of a 
body. We have then to consider (1) how a body A moves when 
B. a 1 
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left to itself; (2) how the motion is affected by the action of 
an external force, say, due to the presence of another body B; 
(3). how the action of £ on il is related to the reaction of A on B, 
The answers to these questions are given in Newton's Laws of 
Motion. 

The strict definition of the meaning of the word force as used 
in d}mamics is determined by these laws. We do not consider 
all the actions which one body can exert on another but those 
only which tend to alter the instantaneous motion of the body. 
The following definition or explanation is commonly given. The 
word force is used to express any cause which produces or tends 
to produce a change in the eodsting state of rest or motion of the 
body. 

The velocity of a body has both direction and magnitude, we 
must therefore suppose that the cause of this motion also has 
both direction and magnitude. To determine a force we require 
to know (1) its point of application, (2) its direction, and (3) its 
magnitude. The unit of magnitude will be considered presently. 

51. Newton's Laws of Motion are as follows* : 

Law 1 . Every body continues in its state of rest or of uniform 
motion in a straight line, except in so far as it may be compelled to 
change that state by impressed forces. 

Law 2. Change of motion is proportional to the impressed 
force^ and takes place in the direction of the straight line in which 
the force acts. 

Law 3. To every action there is always an equal and contrary 
reaction; or, the mutual actions of any two bodies are always equal 
and oppositely directed, 

52. The first law of motion asserts that the internal forces of 
a body do not alter the uniform motion. This law is not a 
repetition of the explanation of the word force given in Art. 50. 
The law asserts that the causes of motion must be external, 

* The reader who desires something more than the slight sketch here given of 
the laws of motion may refer to Newton*s Principiaf to a treatise on Matter and 
Motion by the late J. Clerk MaxweU and to the Elements of Natural Philoiopky by 
Thomson and Tait. There are also Maxwell's two reviews of the latter book in 
Nature^ vol. vn. and vol. xx. Several points of controversy are disonssed in ui 
essay by B. F. MoirhelMl to which a Smith's Prize was awarded in 1886, see tii« 
Phil. Mag. 1887. 
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The law is sometimes expressed by saying that the body has 
inerticu The body has no power of itself to change its state of 
rest or motion, but goes on moving in the same direction with the 
same velocity when not acted on by an impressed force. 



To define a aniform state of motion we require the measurements of space 
and time. If we assume the tmth of the first law for some particular body, we can 
meaaoxe time by the space passed over by that body. The first law then asserts 
that the spaces described by any other body (not acted on by any external force) 
are equal when the spaces simultaneously described by the clock-body are equal. 
There remains the practical difficulty of obtaining a body free from external 
forces, which could be used as a clock. For this purpose we have recourse to some 
other dynamical result. 

Applying the principles of dynamics, as developed from the laws of motion, to 
a rotating body, it can be proved that the motion of rotation about a certain axis 
is uniform if the external forces have no moment about that axis. The rotation of 
such a body may be used very conveniently as a clock. 

The rotating body actually chosen is the earth. The forces which tend to alter 
the period of rotation are so small as to be only scientifically perceptible. This 
period, scientifically amended where necessary, is used as a unit of time. The 
practical 'methods of adapting our clocks to the rotation of the earth are described 
in treatises on astronomy. 

We have specially mentioned the rotation of the earth because that supplies the 
measure of time in common use. Other phenomena may also be used, for 
example, the velocities of the different kinds of light and their wave lengths in 
Tacuo are constants. Their numerical values have been calculated, and firom these 
we coold deduce unalterable units of space and time. The numerical values 
coDDeeted with any perpetual phenomenon would enable future observers to dis- 
cover our present units from their determinations of the same periods and lengths. 

54. The words " change of motion " in the second law mean 
" change of momentum." 

The quantity of matter in a body is called its mass. This 
may be measured by taking any given lump of matter as the 
unit of mass. Confining our attention, for the moment, to any 
the same kind of matter, the mass of any other lump may be 
deduced by taking the ratio of the volumes. 

The momentum of a body, all the points of which are moving 
in parallel straight lines with equal velocities, is the product of the 
mass by the velocity. 

We notice that the momentum of a body has direction and 
magnitude. It may be compounded and resolved by the parallelo- 
gram law. Let m be the mass, v the velocity, and let 6 be the 
an^e the direction of motion makes with some fixed straight 

1—1 
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line; then vcosO is the component of velocity, and mvcosO the 
component of momentum in the direction of that straight line. 

55. The force spoken of in the second law is an external 
force. It includes the ideas of the magnitude of the force and 
the time during which its action is considered. During this 
time the direction and magnitude of the force continue un- 
changed. We may also regard it as an impulse by which the 
whole momentum is instantaneously communicated to the body. 

Consider the case in which a uniform force F acts on a moving 
particle in the direction of its motion, and in the time f — t let 
the velocity be increased from v to v'. The second law asserts 
that the change of momentum produced in a unit of time, viz. 
m(t;' — v), divided by the time tf — tf is proportional to the 
magnitude of F. 

If the force F is not uniform, the time f—t must be replaced 
by dt and the velocity v —v by dv, Art. 19. The law then asserts 
that the product of the mass and the acceleration is proportional 
to the instantaneous magnitude of the force F. We then have, 
F varies as mf. 

56. The arguments for the truth of Newton's laws may be 
classed under three heads. 

First, we can make an appeal to common experience; this 
is considered to suggest the laws in a general way. We then 
try some simple experiments so arranged that they can be con- 
ducted with considerable accuracy. These test the laws only 
within the limits of error of the experiments, but, by taking care, 
these can be reduced to a small amount. 

Secondly, we can show that having granted some portions of 
the laws as being truly founded on an experimental basis other 
portions follow by pure reasoning. 

LdsUy, we can assume the laws as a working hypothesis and 
deduce from them the proper motions of a variety of bodies. 
If these are found to agree with (he observed motions, the laws 
are tested within the limits of error of the observationa Let us 
consider these latter tests a little more fully. 

57. The position of a planet, the times of the beginning and 
end of an eclipse and some other phenomena can be observed 
with great accuracy and are therefore severe tests of the truth 
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of ihe results of dynamics. The calculations by which these 
predictions arc obtained are very complicated, depending on the 
combinAtioo of many forces acting diversely. There are therefore 
many causes of error. The predictions in the Nautical Almanac 
arc made somci years beforehand, so that any small error, say 
in s Velocity, might be expected by accumulation to produce a 
fsensible offecU Yet notwithstandiug both these opportunities of 
(let«cttng erroR, the predicted pla«ea agree with the observations. 
In many of the aittronomical calculations the tnilh of the law 
of gmvitation is assumed. The comparison of the predictiona 

r' h observations is a test of the truth of that law, as well as 
tfae principles of dyoaraics. 
The solutions of the equations of motion have also in some 
esses led to unt^xpected results, which had never been discovered 
until they were suggested by theory. For example, no one had 
uoticed the slow rotation of the plane of vibration of a pendulum 
iliiir to the rotation of the earth until Foucault deduced it from 
(lynamicHl principles. 

Our belief iu the truth of the laws of motion may be made 
I 01) these latter considerations. We may regard these laws 
Ktbv axioms on which the science of dynamics is founded. All its 
I have as yet been verified. It is only when we arrive 
E|t mnlt contradicted by experience, after due allowance has 
} for the necessary errors of observation, that we can 
l mllcd on to amend so much of thu laws as has led to the 

'- Still such a course would be felt to leave something wanting. 
Ve require to know how the laws were discovered, or at least 
what considerations would make them probable. For this reason 
a very brief summary of the arguments has been given in the 
following articles. 

••. Kinl lair. Let k bod? b« set in motion by uiy o&Dae, Btj it is projeoted 
I ■ bariMntBl pU)i«. We notioa that irhea the oauee ceateB to Mt, the bod; 
hw therefore lome power of retaining tbe motion given 
h odIj a quenlion of degree; does it retain the vhole or only some 
■talodtjr given to it? Tbe body grodaally oomea to rest, bat we kbo 
e (orcea tending to stop tbe body. »ach as Irietlon and the 
(■Ailuice of the air. We obrarve thtit when theM tedatances are imeJl the body 
MBtinoa in motion (or a long time. Thia BUggeata that the diminution of the 
nlonlljr luay bcanliiely due t4i tbe reiiBtiinoM, though it doss not prove thot bat. 
We Uu ptcv* the ariinmiint by having reooarBp to aome etperimenla aufflciantly 
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acoorate to allow measarements to he made. Any of the ordinary proUemi given 
in treatises on elementary dynamics may be utilized for this porpose, but the one 
most oommonly used is Atwood's machine. 

AO. Before proceeding to that experiment let us consider some points connected 
with the second law. How is the action of a force affected by *the previously 
existing motion of the body? We must show that both in direction and in magni- 
tude the action is independent of the velocity. Let us take gravity as the force to 
be experimented on. We find that a stone dropped from a moving support, say, 
the ceiling of a railway carriage in rapid uniform motion, hits the same point of 
the floor that it would have hit had the carriage been at rest. Since, by the first 
law, the stone retains the horizontal velocity of the carriage, gravity must have 
acted vertically on the moving particle, that is in the same direction at if the 
particle were at rest. 

If a number of balls are simultaneously projected horizontally from a platform 
with different velocities, they reach the ground at the same time; only one knock 
is heard. Ghravity has therefore pulled all the balls through equal vertical spaces 
in the same time. This experiment suggests that the magnitude of gravity is not 
altered by the existing motion of the particle attracted. 

These experiments cannot be made with great accuracy. They are first attempts 
to answer the question placed at the beginning of this article. 

60. In Atwood's machine two heavy particles are attached together by a string 
which passes over a pulley. If w^ to' are the weights of the particles, the moiring 
force is tr-u;' while the weight of the mass moved is to+ir'. By choosing nearly 
equal values of w and w' the motions produced by gravity can be made as slow as 
we please. The spaces described and the velocities generated can therefore be 
measured with some degree of accuracy, and the results compared with the laws of 
falling bodies. The machine being carefully constructed, some allowance may be 
made for the inertia of the puU^, the friction, &o. Even the resistance of the air, 
owing to simplicity of the motion, could be allowed for; but it is almost imper- 
ceptible in such slow motions. By an arrangement of platforms small weights can 
be added or subtracted so that the moving force can be suddenly increased or 
decreased at pleasure. By making this force balance the resistances we can test 
the first law. By other changes we can determine whether the effect of a force is 
modified by a previously existing velocity. 

61. T?ie equation F=smf, Let F be the force which will just support a body 
when attracted by the earth. Then reversing this force we can imagine the body 
to be acted on in the same direction by two forces each equal to gravity. Each of 
these forces can act only by producing motion in the body and we have just seen 
that this action is not modified by any existing motion. Assuming this, each 
force will generate the same velocity in the body in the same time. Thus twice the 
velocity is produced by twice the force, and generally the velocity produced varies as 
the force when the mass is constant. 

Again, if we suppose that two equal volumes of the same material are placed side 
by side, and each acted on by equal forces, equal velocities are generated in the 
same time. If the initial velocitiee are equal, the bodies will continue to move 
side by side, without pressing on each other, and we may suppose them to be united 
into one mass. Thus twice the force will produce in twice the mass the same 



UNITS OF MASS. 

raloeilj. knd ecaenlly the force variei u the moBB when the velocul; produced ii 
MDito&L VuTinff both the Teloeity anil the masa, we oonclade that the mogaitode 
of tbe fatc« ritiea ae Ihe ombs multiplied by the velocity generated. This product 
it Mlled momentum. Art. S4. 



IaiII}' let U8 eonnder hoir far the equality of action and reaetiou is 
1 hjr elemental? oonsideratione. If we press a stans with Ihe finger, the 
ft^ei a pretaed h*ck b; the stone. If a horse poll a body by a rope, the tension 
d Bic rap* itnpedea the piogresa of the horse. To determine if these nctiona are 
equal, wa ahall examine «eparaleJy the oonditiona when the bodiea are in contact 
and when the; aot at a dUlance. 

We have to prove that when two bodies in conlaot press on eadi other, the 
BMUaaiam lost by one Is equal to that acquired by the other. !□ our teat experi- 
mcBt, we artangc the circumstanceE bo that these cbangea of momentu can be 
nadlly obaened. Let ns suspend two spherical bolls by strings and allow them to 
imfubge on each other. The initial pogitiona being given we aan ibid the velocities 
{iHl bcAKC inpttcL By observing their subsequent motion we can deduce the 
TtlocHie* iaat atter the impoiee is conclnded. In this way Newton showed that 
Qm efaaogn of velocity were such that the momentum lost by one was equal to 
ihU galiwd by tt>e other. 

IM ns neil eurapaiie the forces exerted by two mutually attracting bodies. It 
na a well-known fact that a magnet attracts iron, but Newton showed eiperi- 
mtntally that the iron attracts the magnet with an equal force. This he effected 
by floatiog both in separate vessels in standing water. The vessels being placed 
in mni'V neither was able to prope! the other. The resultant farce on each 
bol; vaa tlKrelore lero. Admitting that the mutual aetion and reaction of the 
vaoaU in eonlaol aie equal and opposite, it follows that the attraolion of each of 
Un £Hatit faoilies on the other was equal to the pressure between the vessels and 

WUfaa «iiial to euh other. 

^^^^ Units of masi. The second law of motion enables us 

^^^BkiKl oiir measurement of mass to bodies of diSerent materials. 

^^^bst select t^ome quantity of a standard substance and deQue 
that to bv the unit of mass. Such a quantity of the B&me or 
soother substance is then said to he of the same tnafis when two 
font*, known to be equal, acting on the two masses generate 
vqiuil velocities in equal times. The second law then asserts 
thai, with this deiinition of mass, the momentum generated by 
evofy focoe is proportional to that force. Art. 55. 

The British unit of mass is defined by Act of Parliament. 
ll b a quantity of platinum preserved in the office of the Ex- 
^Mfuer aud called the Imperial standard pound Avoirdupovi. 
Ooo Hovuu-thoaiumdth part of it is declared to be a grain, and 5760 
f^minfi to be a pound Troy. The French standard of mass is called 
tht! grsniini:. This is the one-thousandth part of a ccrt^ain mass 
of pIiUiDum prenprved in the Archives and called a kilogramme. 

IJh^fingliifh pound is very nearly equal to 453'59 grammes, and a 
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kilogramme to 2*2 pounds. The system of units derived fix>m the 
centimetre, gramme and second is usually called the C.G.s. sjnstem. 
That founded on the foot, pound and second may be called the 
F.P.S. system. It should be noticed that the pound and the gramme 
are measures of mass, not weight. 

A very fall aoooont of the history of the English standards of weight and of 
their comparison with the French standards was given by the late Prof. W. H. Miller 
in the Phil Trans, for 1856. 

64. Units of Force. The unit of force is that force which, 
acting on the unit of mass for a unit of time, generates a unit of 
velocity. This is usually called Gauss' absolute unit of force. 

When the unit of mass is the Imperial pound and the units 
of space and time are a foot and a mean solar second, the unit 
of force is called a poundal. When the unit of mass is the 
gramme, and the units of space and time are a centimetre and a 
second, the unit of force is called a dyne. 

Since the pound is 453*59 grammes and a metre is 39*37 inches, 
it is clear that the poundal generates a velocity of 1200/39*37 
centimetres in 453*59 grammes. By the second law the magni- 
tude of a force is proportional to the product of the mass by the 
velocity generated ; the poundal is therefore equal to 

1200 X 453*59 , 
39^37 ^^^'- 

This makes the poundal equal to 13825 dynes nearly. 

When a force F, constant in magnitude and fixed in direction, 
generates in a mass m a velocity t; in a unit of time, we know 
by the second law that F^Xmv where \ is some constant de- 
pending on the units of m, v and F. Since ^ is a unit when m 
and V are units, X = 1. Hence jP= mv. 

When the force F is not constant in magnitude for any finite 
time, we have recourse to the principles of the differential 
calculus. Let /be the acceleration, then /is equal to the velocity 
which would be generated in a unit of time if the force F 
continued constant in magnitude for that time. Hence F ^ wi/*, 
see Art. 55. 

66. The determination of the magnitude of a force by ex- 
periments on the velocity generated is an inconvenient method 
of proceeding. We have recourse to the attraction of the earth 
on them. The law of gravitation asserts that the forces of 
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■ttaetioD of the earth ud different bodies at the same place are 
{nqwridonal to the masees of those bodies. This is true whatever 
be the materials of which the body is made, provided only they 
dMijr be regarded as particles when compared with the size of the 

K. . 

^JkIus is an experimental fact which is independent of the 
^H of motion, and is referred to here as a practical method 
^Tcomparing forces. Forces therefore may be compared by 
measuring the weights which they would support at any the same 
place on the surface of the earth. 

Let W be the force of attraction of the earth on a mass m 
at any given place, let g be the acceleration, then the equation 
1*= mi/" becomes W=viff. 

The law of gravitation asserts that ^ is a constant at the same 
place on the surface of the earth. It is sometimes called the 
constant of graWtation. 

The average value of g for the area of Great Britain is about 
\3!'18 when the units of space and time are a foot and a second. 
IWhen the unit of space is changed to centimetres, the numerical 
hilne of <7 becomes 981. 

The equation TV = mg shows that the weight of a unit of mas8 

The poundal. or unit of force, is therefore l/gth pai-t of the 

jfit of the unit piece of platinum, Art, 63. Since 16 oz. make 

md. the poundal is roughly equal to the weight of half an 

The dyne ia consequently equal to l/13800th part of half 

', Art. 64, roughly a 64th part of a grain. 

Thereue two elementary eiperimentx b; which It may be bIiowii that a 
same place and from which the numerical vulue may be 

^"a maohine, let m, , nt, be the maBaea suepended by a etring; over the 

) If the law of gravitation is tnie, the weights are ni,.^ and i»,it. 

1 being m, + ni, and the moving force {iH,-m^)g, the equation 

E/ b Ibe aoeekrntion. By measuring the initial and terminal velooltiea we 
■of /and therefore of ^ tor any aBSumed maases tii^, nij. Bepeat- 
it with other maaaea, we lind that the conatancy of g ie verified as 

■ Qie tuperfectious of the machine allow. 

. The method adopted by Newton is more aocurate. He measured the timsB 
■tioa of hollow wooden balls which he Glled with substauoeB of different 
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kinds. Whatever the matter placed inside might be, the time of osoillaiion (onder 
similar oircomstaooes) was found to be the same. The forces of attraction, 
measored dynamically by the motion communicated, must therefore have been 
proportional to the masses moved. 

The theoiy of the oscillation of a particle suspended by a string is given in the 
chapter on constrained motion. Many experiments have been made sinoe Newton's 
time for the purpose of determining the numerical value of g. In these the 
oscillations of bodies of finite size have been observed. An account of some of 
these experiments is given in the author's Rigid Dynamics^ vol. i. 

68. Accelerating Force. The quantity / in the equation 
F= mf is the acceleration measured, as already explained, by the 
velocity generated per unit of time. The quotient F/m is called 
the accelerating force. It is equal to the acceleration and the ^ 
word "force" appears to have been added merely to show from 
which side of the equation the quantity is derived. It is a 
convenient phrase to use when we wish to call attention to the 
fact that the impressed forces under discussion are proportional to 
the masses acted on. 

Ths prodtwt of Uis ina^s and the acceleration is cabled the 
effective force. Thus md^x/dt^ and md^yjdt^ are the Cartesian 
components of the effective force on the particle m. The utility 
of this name will be better understood when we come to the dis- 
cussion of the motion of several connected particles. 

69. The vis viva of a particle whose mass is m and velocity v 
is-mt;*. The half of this quantity has also been called the vis viva, 
but in England it is more usual to call this latter quantity, viz. 
\mxi^^ the kinetic energy. 

70. The work of a force. The theory of work is so much 
used in statics that only a very brief account is necessary here. 

Let the point of application -4 of a force F be moved to a point 
B, where AB^ds, Let be the angle made by the direction of 
motion of il with the direction of the force. Then FcosOds is 
the work of F for the indefinitely small displacement ds. It is 
also called ike virttuil moment of F. The work may also be defined, 
to be the product of the force by the resolved displacement of the 
point of application in the direction of the force. 

If the point continue to move and describe any curve, the 
integral JFcob Ods is defined to be the work. 

If a weight W descend a space dz, the work done is Wde. 
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If the space is finite and equal to A, the work is I Wdz. The 

Jo 

work is therefore Wh. 

7L The theoretical unit of work is the work done by a 
dynamical unit of force acting through a unit of space. As ex- 
plained in Art. 64, this unit of force might be the poundal and the 
unit of space the foot. 

The work required to raise a given weight a given height 
is taken as a practical unit of work. The unit adopted by English 
engineers is that required to overcome a force equal to the gravity 
of a pound through a space of a foot. This unit is called a foot- 
pound. 

In the acs. system the theoretical unit is the work done by a 
dyne in acting through one centimetre. This unit is called 
the erg. 

The work done when a kilogramme (Art. 63) is raised one 
metre is the practical unit and is written kilogramme-metre. A 
kilogramme-metre is 7*23 foot-pounds very nearly. 

72. The rate of doing work is measured by the work done 
per unit of time. Thus, if the particle describe a space ds in the 
time dt, the rate of doing work is F cos Ods/dt. The rate is 
therefore Fv cos 0. 

The term horse-power is used to express the work done per 
unit of time in practical measure. The unit of horse-power is 
usually taken to be 550 foot-pounds per second. 

The term force de cheval corresponds to horse-power, but with 
different units. The unit of force de cheval is 75 kilogramme- 
metres per second. A force de cheval is therefore 541 foot-pounds 
per second ; i.e. '98 of one horse-power. 

Ex. 1. If the imit of space is a feet, the unit of time r secondfl, and the unit of 
man ^ pounds, prove that the unit of force is a^/t^, the unit of energy is fia^lr^, the 
unit of hone-power /a^/t* ; see Art 47. 

* It Ft E, H repreaent the force, energy and horse-power with these units, find 
BT measqraa where feet, seconds and pounds are the units. 

Ex. 3. ProTe that a foot-pound is *188, and an inch- ton is 25*8 kilogramme- 
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The Equations of Motion. 

73. Equations of Motion. When the resolved part F of 
the impressed force in any direction and the mass m are given, 
the corresponding equation of motion is found by equating F/m to 
the resolved acceleration in that direction. For example in 
Cartesian coordinates, if Xi, Fi, be the components of the im- 
pressed force, we unite Xi/m, Yi/m for X, Y in Art, 31. We 
thus have 

*? = -?! ^ = li 

The polar and other resolutions may be treated in the same way. 

74. To make the meaning of these equations clear, let as 
consider the case of a particle moving in a straight line under 
the action of several forces, ^i, F^, &c. The corresponding 
theorems when there are no restrictions on the motion of the 
particle will be considered later on. 

If m be the mass in motion, the equation of motion takes the 
form 

-^S=-^r^"+^«+ <!)• 

where 8 is the sp^ce described, and v the velocity at the time t 

This equation may be integrated in two ways. Taking the 
time t as the independent variable, we have 

mv-mv^=^fFidt + JF4t-\- (2), 

where Vq is the velocity at the time to, and the limits of integration 
are to to t The forces F^ F^^ &c. may not act during the whole 
time, thus i^i might act from ^ to ^ + a, i^a might act from i^ to 
ti + jS and so on. In such cases the limits of each integral should 
be from the time of beginning to the time of ending of the force. 
For the sake of conveniently using the equation we notice (what 
really follows at once from the second law) that each force F adds 
to the moving mass a mmnentum equal to JFdt, where the integration 
extends over the tims of action of the force. This is called the 
time-integral of the force. The equation (2) is called the equation 
of momentum. 

76. Taking the space s as the independent variable, we 

have 

^«»-Jmt;o»=/Fxcfe + /iFVfo+ (8). 
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It follows that the increase of the kinetic energy of the mass 
moved is equal to the sum of the works of the several forces. 
Each force F communicates to the moving mass an amount of 
kinetic energy equal to jFds where the integration extends over the 
space described while F acts on the mass. This is called the space- 
integral of the force. The equation (3) is called sometimes the 
equation of vis viva and sometimes the equation of energy. 

If the velocity of the mass is the same at any two times, the 
momentum added on by some of the forces must be equal to that 
removed by other forces. 

If again the velocity is the same in any two positions, the 
work added on by some of the forces must be equal to that sub- 
tracted by other forces. 

In this way we obtain two equations to find the one quantity v. 
If the forces Fi, F^, &c. are constant both the space and time- 
integrals can be at once found. We therefore use either or both 
the equations (2) and (3). If the forces are functions of either t 
or s, only one of the integrations can be immediately effected. We 
use the equations (2) or (3) according as the forces depend on the 
time or on the position of the particle. 

76. When the system 
contains more than one par- 
ticle, their mutual actions 
may have to be taken into 
consideration. Suppose, for 
example, that two particles 
P, P', whose masses are m, m\ 

are constrained to slide on the straight lines Ox, Ox, and are 
acted on by the forces F, F' in these directions. Let these be 
connected by a string of given length which passes over a smooth 
pulley C, The two equations of energy are 

iwi («» - V) = /F(fo "fTcosOds, 
im' (»'« - Vo'O = fF'ds' -JT cos ffds' 

where. 0, 9 are the angles the two portions of the string make 
with Ox, Ox , To use these equations we must eliminate the 
unknown tension T. 

We notice that the string is in equilibrium under the action 
of the tensions at its extremities P, P ; hence, by the principles of 
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statics, their total virtual moment or work is zero. We have 
therefore 

T cos 0d8 + Tcoa ffd^' = 0. 

Adding therefore the two equations of energy together 

The tension therefore may he omitted informing the equation of 
energy f when both the particles are brought into the equation. 

Tl, Consider next the two equations of momenta 

m {v -Vo)^JFdt''fTcoa0dt. 
w! {y - vo') = iF'dt - )t cos ffdt. 

The tension T measures the whole momentum transferred per 
unit of time from one particle to the other along the string. 
The components transferred are respectively Tcostf, Tcostf', and 
these are not equal. The transverse components Tsintf, TmaV 
are destroyed by the reactions of the rods Oa?, Ox, If however 
the pulley C is situated at the intersection of the rods, 6 and 9 
are always zero, and the component momentum added to one 
particle is equal to that taken from the other. 

Since the particles must now move with equal velocities, we 

have v' = — t;. Eliminating T from the equations of momenta, we 

have 

(m + m') (v - Vo) = ^Fdi - ^FdU 

We can thus eliminate the reaction T by combining the two 
equations of momentum when the reaction makes equal angles 
with the directions of resolution. 

78. BzamtflM*. Ex.\, Two heavy rings P, P', of unequal mass, slide on two 
smooth rods Ox, Os^ at right angles and equally inclined to the horizon at an an^ 
a=|T. The rings are connected by a straight string of given length I and start from 
rest at distances a, a' from 0. Find the motion. 

Let «, %* be the distances of P, P from at the time U Since the partioles 
start from rest the equation of vis viva becomes 

J (mr* + m'r'*) = Jm^ sin od«+Jwi Vain o(i«'= fir sin o {m(«-o)+TO'(»'-a')} (1), 

the limits of integration being 8 = a to s and %'^a' to s'. The length of the string 
being given we have the geometrical equation 

«»+«'2=Za=a» + a'2 (2). 

Differentiating (2) we have fi? + «V=0 (8). 

* Most of these exam|»les are taken from the examination papers tor the entranoe 
and minor sdholarships in the several colleges. 
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The equations (1) and (8) give v and v\ When the partioles again oome to rest, 
vssO, v'sO. Snbstitating in (1) and using (2) we find, besides the initial solution 




Let yo be the initial depth of the centre of gravity of the particles below the 
hozizontal line through O, y the depth at the time t. The equation (1) then gives 

i{mv*+mfv'^)=g{m + mf){y-yo) (4). 

The centre of gravity O cannot therefore rise above the horizontal line AB drawn 
through the initial position H, for if it could, the right-hand side of (4) would be 
negative while the left-hand side is essentially positive. Since the distances of the 
centre of gravity from Ox, Ox' are respectively rj=t'm'IM and ^^smjM^ where 
Jf =111 +iii', we see from (2) that the path of the centre of gravity is the ellipse 

This eonic outs the straight line AB in two points H, K, If both these points lie 
between the rods the centre of gravity continually oscillates in the elliptic arc having 
H, KfoT the extreme points. If either H or K lies outside the rods, one particle 
will pass through the intersection 0. 

If the string instead of being straight were bent by passing through a small 
pull^ at the intersection of the rods, we could eliminate T from the two equations 
of momMitnm. We then have 

(» + m') v=jmg sin adt - jm'g sin adt=^g sin a (m - m') t. 

The equation of vis viva is the same as before, but since v'= - v and t' - a'=a - s, 
it takes the simpler form 

i^m+m') v^=g sin a (m - m*) {s - a). 

These equations give « and r in terms of the time t. We notice that if m>m', the 
partide P deeoends along the rod Ox and finally draws P' up to 0. 

Sx, 2. Two small rings of masses m, m' are moving on a smooth circular wire 
which is fixed with its plane vertical. They are connected by a straight weightless 
inexteosible string. Prove that, as long as the string remains tight, its tension is 

^ ; , where 2a is the angle which the string when tight subtends at the 

itra and # la the inoUnation of the string to the horizon. [Pemb. Coll. 1897.] 
Bquftta tha tangential aocelarations of the two partioles. 
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Ex. 8. A bucket of mass M lbs. Ib raised from the bottom of a shaft of deptti 
A feet by means of a light oord which is wound on a wheel of mass m lbs. The 
wheel is driven by a constant force which is applied tangentially at its rim for & 
certain time and then ceases. Prove that if the backet jnst comes to rest at the top 
of the shaft, t seconds after the beginning of the motion, the greatest rate of working 

in foot-ponndals per second is ^.--z — ^^,- .-tv • The mass of the wheel may be 

considered to be condensed in its rim. [Coll. Ex. 1896.] 

Let the force F act on the rim for a time f . This force commnnioates & 
momentum Ff to the system, which (since the system comes to rest after a time t) is 
equal to that removed by gravity in the whole ascent, therefore Ft^=Mgt. U t' u 
the space ascended in the time f , the force F communicates a work Fs', which ie 
equal to that removed by gravity in the whole ascent h, therefore F$'=MgK Since 
the mass moved is A/ + m and F-Mg is the acting force we have also the two 
equations (itf + m) v' = (F- Mg) t', (M + m) «' = J (F - Mg) ^ where v' is the velocity at 
the time t' (Art. 25). These four equations determine F, H, v\ tf. The rate of 
adding work to the system is Fv (Art. 72), and this is greatest when v is greatest, 
i.e. when v—v\ The result follows without difficulty. 

Ex, 4. A train of mass m runs from rest at one station to stop at the next at s 
distance Z. The full speed is V and the average speed is v. The resistance at the 
rails when the brake is not applied is uV\lg of the weight of the train and when the 
brake is applied it is u'V\lg of the weight of the train. The pull of the engine has 
one constant value when the train is starting and another when it runs at full speed. 
Prove that the average rate at which the engine works in starting the train is 

imF2 („ + i7)/i, where 1 = ? - |. - i . [Coll. Ex. 1896.] 

There are three stages of the journey. During the first the engine pulls with 
force F, the acceleration is Flm-uVjl, and the velocity increases from zero to V. 
During the second stage the velocity is uniform and equal to V, the pull F' of the 
engine just balancing the resistance. During the third the engine stops working, 
the brake is applied and the acceleration is - u'V/L Using the formulie of Art. 25, 
and remembering that the sum of the spaces in the three stages is /, while the 
average velocity is / divided by the sum of the times, we deduce F. The average 
rate of working is the quotient *'work by time,'' Art. 72; during the first stage 
this IB FsJt^^iFV, 

Ex. 5. The cage of a coal-pit is lowered for the first third of the shaft with a 
constant acceleration, for the next third it descends with uniform velocity, <uid then 
a constant retarding force just brings it to rest as it reaches the bottom of the shaft 
If the time of descent is equal to that taken by a particle in falling four times tha 
whole depth, prove that the pressure of the man inside on the bottom of the cage 
was at the beginning 23/48ths of his weight. [Coll. Ex. 1897.] 

The initial acceleration / is found to be 25^/48. If 12 be the pressure reqoiied 
the equation of motion of the man is mf=mg- R, This leads to the value of R. 

Ex, 6. One engine A starting from rest generates in two minutes in a train a 
velocity of 45 miles per hour while it passes over a distance of 1 mile on the level 
Another engine B of eqnal weight can pull the same train up an incline of sin~^ 1/80 
■at a full speed of 20 miles per hour. Assuming that the resistance due to friction, Ao. 
is constant and equal to the weight of 13 lbs. per ton, prove that the time average of 
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the home-power ftt which A works for the two minutes is 1*52... times the horse- 
power of B, [Math. Tripos, 1893.] 

Ex. 7. A window is supported by two cords passing over pulleys in the frame- 
work of the window (which it loosely fits) and is connected with counterpoises each 
eqnal to half the weight of the window. One cord breaks, and the window descends 
with acceleration/. Prove "that the coefficient of friction between the window and 

the framework is ^ — ^r— , where a is the height and h the breadth of the window. 

(^+/)ft 

[Coll. Ex. 1896.] 

Let the pressures of the window against the framework on one side at the bottom, 

on the other at the top, be R, R\ Since the window does not move sideways or 

turn round, we have the statical conditions R=R\ Tb=:2Ra, Considering the 

▼ertical motion for the weight alone and for both bodies respectively, we have 

JJf/=r-JAf^, ^Mf=iMg-M2R. 
These determine m- 

Ex. 8. A two- wheeled vehicle is being drawn along a level road with velocity v : 
the wheels (radius c) are connected by an axle (radius r) fixed to them and the weight 
of the vehicle exclusive of the wheels and axle is IF, and its centre of gravity is 
vertically above the middle poipt of the axle. Prove that if the shafts are in a 
horizontal plane with the tops of the wheels, the horse is working at the rate 

-jr-z — ^ . ^^. , where X is the angle of friction between the axle and its bearings. 
^'(c»-r*sm*X) ^ 

[Coll. Ex. 1895.] 

The vehicle, being in uniform motion, is in equilibrium under the action of the 
puU F ot the horse, the reaction R of the axle acting at some angle to the vertical 
and the friction iZtanX. The equations of Statics give F, R, and 6, and the 
required rate of working is Fv. 

Ex. 9. A particle of mass m is suspended from a fixed point by a string of 
length a, and from m is suspended another particle of mass mf by a string of length 
6. If a horizontal velocity be suddenly conmiunicated to m, show that the tensions 
of the strings are immediately increased by amounts which are in the ratio 

J^+ .r^ u \ -l- [Coll. Ex. 1895.] 

Let T, T' be the tensions of the strings above and below m. Since m describes a 

circle whoee centre is 0, its vertical acceleration is v^ja, hence — =T- T' - mg. 

The vertical acceleration of m* is equal to that of m plus that due to the relative 
motion. Belatively to m it begins to describe a circle of radius h with a velocity r, 
the relative vertical acceleration is therefore v^^* b^ Art. 39. Hence 

Solving these equations the result follows at once. 

Ex. 10. Li the system of pulleys in which the string, passing round each pulley, 
has one end attached to a fixed beam and the other to the pulley next above, there 
is no "power" and no "weight.*' The n moveable pulleys are all of equal weight, 
tbej are unooth, and can all be treated as particles in calculating their motions. 
The string ia without mass. Prove that the acceleration of the lowest pulley is 
Si^/(i».i-l). [CoU. Ex. 1896.] 

R. D. ^ 
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The equation of momentom for the rth pnlley counting downwards is 

where T^ and r,^| , being the power and weight, are zero. Also the Telocity of eaefa 
pulley is half that of the one just above. Multiplying these equations by 1, % 
2* ... 2**^^ beginning at the lowest and adding tl}e results the tensions disappear. 

Ex, II. In the system of pulleys in which each string is attached to the weight, 
there are two pulleys, the weight of the moveable pulley being ip, the power P aad 

the weight W, Brove that the acceleration of W is g ^^"^*^"!^ . [ColL Ex. 1897.1 

Ex, 12. A prism with axis horizontal and whose section by ft plane perpen- 
dicular to it is a regular polygon ABCD... of 4n sides is fixed with the uppermost 
face AB horizontal, and n equal particles are placed at the middle points of AB^ 
BCi &o. These are connected by a continuous string which passes over smooth 
pulleys at the comers B, C, &c. Assuming that the faces are smooth, prove that 

the initial accfeleration is |- (cot r^ - 1) • [CoU- Ex. 1897.] 

Ex. 18. Two equal particles are connected by a string one point of which is fixed 
and the particles are describing circles of radii a and b about this point with the 
same angular velocity so that the string is always straight. The string is suddenly 
released, prove that the tensions of the two portions are altered 4n the ratiot 
{a + b) :2a and (a + 6) : 25. [GoU. Ex. 1895.] 

Before the release the tensions are mv^/a and mv^jbt where 9ja=vjb=zu. 
After the release the relative space velocity is t7=rt7i + v^. The acceleration of eaeh 
particle being T/mj the relative acceleration is 2T/m. Since the relative path of 
either is a circle of radius r=a'\-b, the relative acceleration is v'/r. Equating 
these, the tension is mv^ftr. The result follows. 

Ex, 14. A cubical box slides down a rough inclined plane, whose ooeflleient of 
friction is fi, two sides of the base being horizontal. If the box contain sufficient 
water just to cover the base of the vessel, prove that the volume of the water is 
\n times the internal volume of the vessel. [Coll. Ex. 1897.] 

The relative acceleration of a particle of water and the box must be perpendicular 
to the surface. 

79. UiMar and Ansnlar SEomentiiin. Let the momentum mv of any 
particle P of a system be represented in direction and magnitude (Art. 54) by a 
straight line PP*. Since velocities obey the parallelogram law, we may proceed as 
in Statics and replace the momenttlm PP' by three linear momenta at any assumed 
origin in the directions of the axes, and three couple momenta. 

Let the coordinates of the particle be x, y, r and the direction cosines be X, ft, r. 
The three linear momenta being the resolved parts of mv are mvX, mv/t, vtor 
respectively. These are often called linear momenta. The three couple momenta 
are the moments of the momentum mv about the axes. We know by the corre- 
sponding theorem in Statics that these moments are 



mv j y 
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mv 



y 



p X 
These are called the angular momenta about the axes. 

The linear momentum of pi particle in any direction is the resolved part of the 
momentum in that directum. The angular momentum about a straight line U the 
moment of the momentum about that straight line. 
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Impulsive Forces. 



80. Impalsfre fbrcet. lu some cases the forces act only 
for B very short time, yet. being of great magnitude, produce 
perceptible effects. Let a force f act on a particle of masa vi 
tor & time T. Let v be the velocity at any time ( less than T. 
and let V. V be the velocities at the beginning and end of the 
interval 7*. We have 

,n^' = f, .-. m(V-V)=^JcU (1). 

Lei the force F increase without limit while the duration T 
decreases without limit. The integral may have a finite limit, 
tmy P. The equation then becomes 

m{r-V)-P (2). 

If V,, r^ are the greatest and least velocities during the impact, 
the space described lies between x^T and v^, and both these are 
arro in the limit. The particle tJiere/ore has not had time to vtove, 
but its velocity luts been changed from V to V. This sudden 
change of velocity is the distinguishing characteristic of an 
impulse. 

We may consider that a proper measure has been found for a 
force when from that measure we can deduce all the effects of 
the forca Since in the case of the limiting force the change of 
velocity is the only element to be determined we may measure 
snch ft force by the quantity P. When P is known, the change 
of velocity is given by (2)v 

81. An tmpnise or blow is the limit of a force whose magnitude 
is iotiiiit^ly great and time of action infinitely small. A finite 
force F is measured by the momentum generated per unit of time. 
An impulse P is measured by the whole vtomentum generated 
daring the whole time of action, that is, P=JFdt 

When the direction of the force F remains fixed in space 
daring its time of action, the resolved part, of P in any direction 
is abo the limit of the resolved part of F. When the direction 
of Fin not fixed in space, we resolve F into its components X, Y, 
The integrals of these, viz. X, =fXdt, Y, =jYdt, are defined to be 
^jtJw eomponents of the limiting impulse. J 
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Strictly speaking, there are no impulsive forces in nature, but 
there are some forces which are very great and which act only for 
a short time. The blow of a hammer is a force of this kind. Such 
forces should be treated as finite forces if the small displacements 
during the time of action cannot be neglected, and as impulses 
when these are imperceptible. 

82. The general equations of impulsive motion follow fix)m 
those of finite forces. If (ui, Vi) are the Cartesian components of 
velocity we have, by Art. 73, 

where X, Y are the components oiF a finite force F, Let (u, v), 
(u\ v) be the components of the velocity just before and just 
after the action of any impulse. Let X^^jXdt, Yi=fYdt be 
the components of the impulse, Art. 81. We then have by inte- 
gration. 

These equations may be summed up in the following working 

rule, 

/ Res. Mom. \ / Res. Mom. \ _ /ResolvedX 

\after impulse/ \before impulse/ "" I impulse / * 

83. Elastic smooth bodies. When two spheres of any 
hard material impinge on each other they appear to separate 
almost immediately and a finite change of velocity is generated 
in each by the mutual action. Let the centres of gravity of the 
spheres be moving before impact in the same straight line with 
velocities u, v. After impact they will continue to move in the 
same straight line ; let u\ v be their velocities. Let m, m' be the 
masses, 22 the action between them. The equations of motion are 

m {u' — u) =^ — R, m' (t;' — v) = 22 (I). 

These equation's are not sufficient to determine the three quanti- 
ties u\ t/ and 22. To obtain a third equation we must consider 
what takes place during the impact. 

Each of the balls is slightly compressed by the other, so that 
they are no longer perfect spheres. Each also in general tends 
to return to its original shape, so that there is a rebound. The 



\ 
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period of impact may therefore be divided into two parts. Firstly, 
the period of compression, during which the distance between the 
centres of gravity of the two bodies is diminishing and secondly, 
the period of restitution in which the distance is increasing. The 
first period terminates when the two centres of gravity have the 
same instantaneous velocity, the second when the bodies separate. 

The ratio of the magnitude of the action between the bodies 
during the period of restitution to that during compression is 
found to be difi*erent for bodies of diiferent materials. If the 
bodies regain their original shapes very slowly the separation 
may take place before this occurs and then the action during 
restitution is less than that during compression. 

In some cases the force of restitution may be neglected, and 
the bodies are then said to be inelastic. In this case, we have just 
after the impact u' = v. This gives 

n mm . . , mu + m'v .g.. 

ic= >(w — v), .-. u= 7- (2). 

m-^m ^ m + m 

If the force of restitution cannot be neglected, let R be the 
whole action between the balls, R^ the action up to the moment 
of greatest compression. The magnitude of R can be found by 
experiment. This may be done by observing the values of u' 
and ^ and thus determining R by means of the equations (1). 
Such experiments were made in the first instance by Newton 
and led to the result that R/Ro is a constant ratio which depends 
on the materials of which the balls are made. Let this constant 
ratio be called 1 + e. The quantity e is never greater than unity; 
in the limiting case when 6 = 1 the bodies are said to be perfectly 
elastic. 

The Newtonian law R/Ro = 1 + 6 gives only a first approxi- 
maiian to the motion, and is not to be regarded as strictly true 
under all circumstances. 

The value of e being supposed to be known the velocities after 
impact may be easily found. The action Ro must be first calcu- 
lated as if the bodies were inelastic, the value of R may then be 
deduced by multiplying by 1 + 6. This gives 

R',^^,iu-v){l+e) (3). 

m-rm 



m 
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The three equations comprised in (1) and (3) give the whole 
motion. Substituting from (3) in (1), we have 

, mu + m'v m'e , ' 

, mu + m't; me , . 

V = — 7-+ ryu — v) 

111 + wi m + w 

84. We notice as a useful corollary that 

v' — u' = — 6(t; — tt) (4). 

The relative velocity after impact bears to the relative velocity before 
impact the ratio of —e to 1. 

By the third law of motion the momentum gained by one ball 
is equal to that lost by the other ; the whole momentum being un- 
altered by the impa^ct. Hence 

mtt' + mV = mu + m't; (5). 

This result follows also by eliminating R between the equations (1). 

The equations (4) and (5) may be used to determine u', v\ 
when the impulse R is not required. 

86. When two perfectly elastic spheres of equal m/iss impinge 
on eaxih other the bodies exchange velocities. In this- case, by (3), 

i2 = m (i^ — v) 
and the equations (1) then show that tt' = t;, t;' = u. Conversely 
we may show in the same way that if the spheres exchange 
velocities their masses are equal and the elasticity is perfect. 

86. When a sphere impinges on a fixed plane, we regard the 
plane as an infinitely large mass. Putting m' infinite, we find 

R^mu{\'k-e\ u'^ — eu, t;' = 0, 
ike velocity of the sphere is therefore reversed in direction and its 
magnitude is multiplied by e. 

Ex, If the plane be in motion with a velocity K, prove that the velocity of the 
sphere after the rebound is -eu+V (1+e). 

87. If one sphere of mass m impinge directly on another of 
mass m' which is at rest and if m = m'e, the equation (3) gives 
R = mu. The impinging sphere therefore loses its whole mo- 
mentum and is reduced to rest. 

In the same way, let n spheres be placed in a row at rest 
and let their masses form a geometrical progression of ratio I/0. 



] 
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f any velocity is given to the first, it will strike the next in order 
nd be reduced to rest. The second will strike the third and 
?main at rest and so on. Finally the last sphere will proceed 
nwards with the whole momentum communicated to the first. 

If the spheres are perfectly elastic, 6 = 1 and the same things 
appen when the masses are equal. 

If the spheres are placed close together, they are only in 
pparent contact ; and each impact will still be concluded before 
he next begins. Each ball ti-ansfers the momentum to the next 
1 order and remains in apparent rest, the last ball moving 
nwards with the whole momentum communicated to the first. 

This may partly explain why, in some cases when blows have 
een given by the wind or sea to masses of masonry, the stones 
3 leeward have been more disturbed than those exposed to the 
lows. 



Ex. A series of perfectly elastic balls ajre arranged in the same straight 
oe, one of them impinges directly on the next and so on ; prove that if their 
lasses fonn a geometrical progression of which the common ratio is 2, their 
sloeitiee after impact will form a geometrical progression of which the common 
itio is 2/3. [Math. Tripos, 1S60.] 

89. Two smooth homogeneous spheres A and B impinge 
hliqudy on each other. To find the svbse- 
uent motion. f 

Let the common tangent plane at the ^^CAn) 

oint of contact be the plane of xy, and V^^^'^>^S^ * 

;t the common normal be the axis of z. /^'' f^^ ^ 

Tie spheres being smooth the mutual im- V/ J 

ulse acts alon ir the axis of z, j 

Let F,, Fa be the velocities of the two 
pheres, before impact, Fi', Vi the velocities after. Let 

e the components of the velocities Fi, Fj, and let the same 
otters, when accented, represent the components of F,', Fa'. Let 
I, m' be the masses. 

Since the impulse has no components parallel to the axes of 
and y, we have 
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Considering next the normal impulse, we find as before 

These equations determine the components of the velocities after 
the impact. 

When the bodies are rough, the mutual impulse does not 
necessarily act along the common normal. The problem then 
becomes more complicated. The reader will find this case discussed 
in the author's Rigid Dynamics. 

90. When two imperfectly elastic spheres impinge on each 
other, vis viva is always lost. 

First, let the spheres impinge directly on each other. We 
have, as in Art. 83, 

m + w '^ ^ m m 

.-. mic''-\-m'v^=-vm'+m'v*+\2{v^u) + R^^^^^^R 

( mm ) 

= mu^ + wV 7 (u — t;)'(l — c"). 

m-\-m 

The last term being essentially negative, the vis viva is decreased 
by the impact. 

Next, let the spheres impinge obliquely* Let 2T be the 
vis viva before, 22" that after the impulse. Then, as in Art. 69 

while 22" is expressed by the same formula after the letters u, v, w 
have been accented. Hence 

m + m'^ ^ '^ ^ ^ 

It follows that vis viva is always lost. 

If V is the relative normal velocity before impact, the vis.viya 

lost is -'^— ,F»(l-e»). 
m + m 

The vis viva after impact is equal to the vis viva before only 
when 6 = 1, thai is, when the bodies ure perfectly elastic. It is 
evident that Wi cannot be equal to Wj or e = — 1. 
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91. Ex, 1. Particles are projected from a given point X in all directions and 
obliquely impinge on a fixed plane of elasticity e. Prove that after reflexion the 
directionB of motion diverge fh)m a point B, where AB intersects the fixed plane at 
right angles in some point M, and BN=e . AM.- 

Let AP he the path of a particle before impact, PQ that after. Let QP 
prodnced intersect the perpendicnlar AM produced in some point B. The com- 





ponent of velocity, u, along MP is unchanged by the impact, while that perpendicular, 
vis. V, becomes ev and is reversed in direction, 

.*. UaxQPz=evlu=eta.nAPM. 

It immediately follows that MB=e . AM , bo that every reflected path intersects the 
perpendicular from A in the same point. 

By using this theorem we can trace the course of a particle after successive 
reflexions from any number of fixed planes. To take a simple case, let it be 
required to find how a particle should be horizontally projected from a given point 
A on the floor, that after refiexion at two vertical walls Ox, Oy, it may pass 
through another given point A\ We draw a perpendicular AB to the first wall 
and take MB=eAM, A perpendicular is drawn from B to the second wall, and 
C is taken so that CN=e . BN, Then, since all the paths after the first and second 
reflexions pass through B and C respectively, the required path AQPA' is -found by 
joining A'ioC^QioB and P to ^. 

Ex. 2. A particle of elasticity e is projected along a horizontal plane from the 
middle point of one of the sides of an isosceles right-angled triangle so as after 
reflexion at the hypothenuse and remaining side to return to the same point; 
prove that the cotangents of the angles of reflexion are ^ + 1 and e + 2 respectively. 

[Math. Tripos, 1851.] 

92. A free system of mutually attracting particles is in motion. 
Prove (1) that the centre of gravity moves in a straight line with 
uniform velocity y and (2) that the motion of the centre of gravity 
is not affected by any impacts between the particles. 

The mutual attraction between any two particles is measured 
by the momentum transferred from one to the other per unit 
of time; the mutual impulse is measured by the whole mo- 
mentum transferred. In either case it follows by the third law 
of motion that the whole momentum of the tw^o particles and the 
components in any directions, are unaltered by their mutual 
action. 
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Let (a?i, yO, (a^, y,)* &c. be the Cartesian coordinates and (t/„ t^), 
(t^2, V2), &c. the components of velocity at any time t Since 

we have by differentiation vXm = %mu, tiSm = Smv. It has just 
been shown that the components l,mu, Smv are unaltered by 
the mutual attraction or impact of any two particles. Hence 
the components of the velocity of the centre of gravity, viz. u, i, 
are constant throughout the motion. The path of the centre of 
gravity is therefore the straight line x=^ut + A, y=^vt-^B, and 
the velocity is the resultant of u, v. 

If all the particles were suddenly collected together at the 
centre of gravity, each particle having its momentum unaltered 
in direction and magnitude, the momentum of the collected 
mass would be the resultant of the transferred momenta. The 
equations u^m = 'Emu, vXm = Xmv assert that the centre of 
gravity of the particles before collection moves exactly as the 
collected mass does. 

93. The effect of the mutual action of two particles (whether 
attracting or impinging on each other) is to transfer a momentum 
from one to the other whose direction is the straight line joining 
the particles. Hence the moment of the momentum about any 
straight line is unaltered by the transference. The moment of 
the momentum of the whole system (that is, its angular mo- 
mentum, Art. 79), about any straight line is unaltered by the 
mutual actions of the particles. 

In a system of mutually attracting or impinging particles, the 
components of its linear momentum along, and the angular momenta 
about, any fixed straight lines are constant, eoccept so far as they may 
be altered by the action of external forces. This is only the third 
law of motion more fully explained. 

94. BxamplM*. Ex, 1. If a system of mutuaUy attracting partioles were 
suddenly to become rigidly connected together, determine the conditions that the 
rigid body shoold be at rest. 

The rigid body wiU possess the same momenta as the ^stem bat differently 
distribated. If the momenta of all the particles are in eqailibrinm, the rigid body 
has no component of momentum in any direction and no moment of momentom 

* Many of these examples are taken from the examination papers for the 
entrance and minor sdholarships in the sereral colleges. 



«bottl uir Btni^t line. It U therefore at reet. By tbe rnlea of SUticE the 
f sad aaffideat conditioDB for the eqnilibriiim are (1) the whole linear 
1 klomg each axis of ooordiDates ia zero, (2) the angalsr momeDtmn 
About nush axil is zero. 

Es. '2. Fftrticles of equal luaas travel round the sides of a closed skew poly goc 
in the ■une direction, one etortiug from eaoh comer and the Teli>cit; of each ie 
ptoponional to the «ide along vbich it moves. Prove that tlieir oeotre of gravi^ 
i* at rest mod that it caiooidea with the oentre of giavilj of the sides of the polygon 
•Bppoaing the maises of the tides to be equal. Prove aJeo that if one particle be 
rBBond, the oentrc of gravity of tbe i-emaining partiales describes a polygon whose 
tide* an parallel aod proportioniJ to those of the origii>al polygon. 

Since tlie aides exert do pressurea on tbe particles the centre of gravity movea 
io a straight line wilh Daiform velocity whatever the momenta of the particles 
nay be. Wlien, as in tbe problem, tbe momenta are parallel and proportional to 
the sides of a olosod figore, tbe componenta Xmii and Smv of Art. 92 are zero, and 
■be tvntic of gravity is therefore at rest. Tbe other parts of the question then 
follow at onoe, 

Kx. 3. An eiptoeioD occbts in a rigid body at rest, and the particles fiy oEf in 
different dirvotions. If in any aubseqoent positions they vrere suddenly connected 
togsthar, prove that the rigid body thus formed would be at rest. 

£z. i. A DOtnber ol paiticlea origiiially in » straight line fall from rest, and 
leboand from a partially elastic horizontal plane. I'rove that, ai any time, tbe 
panlslM which have rebounded once lie in a puntbola, [Coll. Ei. 1697.] 

Kx. 5. Two small spheres of eiioal mass can move inside a rough endless 
honimtaJ Inbc of length I, One sphere impinges with velocity i> on the other at 
[Hi. If tbe friction of tbe tube produce a retardation / in either sphere and if 
altar inpact the spheres ju^t meet again, prove that 2/l = r>«. [Coll. Ex. iey6.] 

Bw, B. Four equal balls of tbe same material are projected simnltaneonsly 
whb aqnal velocitiee from tbe corners of a square towards its centre, and meet in 
■k* Bagblwiubood of the centre. Show that they retnm to tbe comera with 
vtloeHkB ttineei in the ratio of tbe coefflcient of restitation to unity. 

[Coll. Ex. IB93.1 

Et. 7. Two eqaal spheres each of mtin in are in contact on a smooth hori- 
Mmtal tabic, a third eqnal sphere of mass m' impinges symmetrically on them. 
I'rcni that this sphere is reduced to rest by the impact if 1im' = 3me, and Bnd tbe 
Idas ol kinetic energy by tbe impact. [Coll. Ex. 1S9T.] 

Ei. 8. Two e<|aal bails lie in oontAct on a table. A third eqoal ball impinges 
on tltoR. ita cmlre moving along a line nearly coinciding with a horizontal common 
'«*C"' lUantoing that tlie periods of the two impacts do not overlap, prove that 
tht r«Ui> of the velooitiee which either ball will receive according as it is strnck 
Int o> MooaJ is 1 : 3 - r, where e i« the coefficient of restitution. 

[Math, Tripos, 1898.] 

Rt. 0. A heavy particls lied to a siring of length t is projected horixontally 
with a velocity V from the point to which it is attached. iHbow that tbe energy 

ij tho Impolie is a rotnitaDm whan V'' = lgl^3: see Arts. 27, 90. 

[Coll. Ex. ISM.) 
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44 IMPUUSIVS FORCES. [CHAP. L 

Ex, 10. A particle of mass m lies at the middle point C of a straight tube AB 
of mass M and length 2a, both of whose ends are closed. It is shot along the tube 
with velocity V. Prove that it will pass the middle point of the tube in the ssjm 

direction after a time -p f I +- j , « being the ooeflSoient of restitution between the 

particle and either end of the tube ; and that in this time the tube will hsTe 

moved forward a distance ^^ ( 1 +- j . [ColL Ex. 1895.] 

The particle traverses the length CJ =a in a time a\V and after impact has \ 
relative velocity tV. It therefore traverses the length AB^%i in a time 2a/«r, 
and after impact at B has a relative velocity eT. It traverses the remaining 
length BC=za in the time aleW. The whole time T is the sum of these three 
times. The particle is now at the same point C of the tube as before, the distance 
traversed by the tube is therefore equal to that traversed by the centre of gravity 
of the system. Since the initial velocities of the particle and tube are V and serO) 
the velocity of the centre of gravity is V'=mVI{'M+m), The distanoe traversed is 
therefore vT. 

Ex. 11. A particle is projected inside a straight tube of length 2a, closed at 
each end, which lies on a smooth horizontal table and whose mass is equal to that 
of the particle. Prove that, at the moment just before the fourth impact the tube has 
described a distance 15a, if the coefficient of restitution is }, and find the proportion 
of kinetic energy which has disappeared. [GoU. Ex. 1895.] 

Ex. 12. A smooth particle of mass m is at rest in a rectangular box of maae 
M which is free to move down a smooth plane inclined at an angle a to the 
horizon, the lowest edge of the box being horizontal, and the particle at its middle 
point. Suddenly the box is started down the plane with velocity F. Prove that 
if the coefficient of restitution be unity, the particle will strike the top and 
bottom of the box after equal successive intervals of time; and that the spaces 
travelled by the box in the first and second of these intervals are as 

V^+glBina:^^V^+BglBina, 
3/ + m 

where 21 is the length of the box. [Ck>ll. Ex. 189&] 

Ex. 13. A perfectly elastic ball is projected vertically with velocity rj, from a 
point in a rigid horizontal plane, and when its velocity is v^ an equal ball is 
projected vertically from the same point also with velocity Vj ; show, (1) that the 
time that elapses between successive impacts of the two balls is vjg, (2) that the 
heights at which they take place are alternately 

(3t'i - r J (vi + v^lSg and (Sv^ + rj (vj - v^)l8g, 

(8) that the velocities of the balls at the impacts are equal and opposite and 
alternately i {v^ - v^) and i (v^ + v^. [Math. Tripos, 1896.] 

Since the balls exchange velocities at each impact, we may suppose that they 
pass through each other, one ball following the other at an interval r =(Vj - v^jg. 

Ex. 14. A weight of mass m and a bucket of mass m' are connected hy a light 
inelastic string which passes over a smooth pulley. These bodies are released from 
rest when a particle whose mass is p and coefficient of elasticity e falls with 
vertical velocity V upon the bucket. Prove that a second collision will oooor b et wee a 
the particle and bucket after a time e (m+m') V/mg and find the condition that tht 
bodies should, then be in their initial positions. [Coll. Ex. 1896.] 
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Ex. 15. A particle Ib projected from a point on the inner oircamference of a 
eirealar hoop, free to move on a horizontal plane. Prove that if the particle 
letarn to the position of projection after two impacts, its original direction mast 

make with the radios through the point an angle tan~^ {g^l{l + e + e^)}K 

[CoU. Ex. 1897.] 

Ex. 16. TWo balls of masses Jlf, m (centres A and J5), are tied together by a 
string, and lie on a smooth table with the string straight. A ball of mass m' 
(eentre C) moving on the table with velocity V parallel to the string strikes the 
ball of mass m, so that the angle ABC is acute and equal to a. Prove that M starts 

with a velocity ,.— .- .— r ,}= — ' — -_ , e being the coefficient of restitution 

between m and m\ [Coll. Ex. 1895.] 

Let V be the vdocity of m' after impact in the direction CB, r/ the common 
velodtj of Jf, m in the direction AB, v^ the velocity of m perpendicular to ^B ; 
then m' ( IT' - V cos a) = - i2. Since R cos a has to move both M and m, while 
It fan. a affects m only, 

(3f+si)Vi'=:i{co8a, mvj'^-^^^^' 

At the moment of greatest compression, the velocities of m', m along CB are equal 

C/' = w^' cos a + Vj' 8ii\ a. 

These equations give R, Multiplying the result by 1 + « the second equation then 
gives rj'. 

Ex, 17. Three particles A, B, C whose masses are m, m', m"t connected by 

straight strings, are placed at rest on a smooth table, and the obtuse angle ABC is 

Y - a. If ^ receive a blow F parallel to CB prove that C will begin to move with a 

, .^ m'Fcos'a 
velocity . 

'' a»'Ziii+Mm"sin'a 

Let r, J* be the impulsive tensions of AB, BC, Since Ay B must have equal 

velocities along BA 

(F cos a - T)lm^{T - r cos a)/m'. 

Since B, C have eqoal velocities along BC 

{Toosa- r)lm'=rim'\ 

These equations determine T and T\ and the result required is Tim". 

Ex. 18. Two smooth spheres whose coefficient of restitution is e are attached 
by inextensible strings to fixed points. One of them, whose mass is m, describing 
a circle with velocity v, impinges npon the other whose mass is m* and which is at 
rest. If the line of centres makes an angle with the string attached to m and 
the strings at that instant cross each other at right angles, then m' begins to 

describe a circle with velocity ^^i!^/^ i^A4' [C^ll- Ex. 1896.] 

•^ mcos'^ + m'sm"^ •" ^ 

Let A, She the oentres of m, m', and let the stnngs be attached to D, A\ Let 
DA intersect £B in C The force i2 on m acts along BA and makes an angle 
with AD, Let v\ tr' be the velocities of m, m' along EC and CD. Then 

0=-r+12cos^) m'u}' = Roo8 0) 

m{v'-v)=-RBm0\ ' 0= - T' + Bsin ^J ' 

At the moment of greatest compression, the velocities of m, m' along ^£ are equal, 
.'. v'iin^sis'oos^. This determines the value of R, and the required velocity is 
B(l + e)oo8^/]ii'. 



46 IMPULSIYE FOBCES. [CHAP. I. 

Ex, 19. A smooth inelastic sphere of radius r and mass m is suspended hj i 
string above a horizontal table, and another smooth inelastic sphere of radius r^ and 
mass m' is moving on the table; prove that the cotangent of the angle through 
which the direction of motion of the second sphere is deflected by a ooUisicm ii 

— r i where a and b are the vertical and horizontal distances of 

^^ {(r+r')«-a«-6«}* 

the centre of the first sphere from the path of the second before impact. 

[CoU. Ex. 1891] 

We notice that the vertical motion of one sphere is stopped by the reaction of 

« 

the table, while that of the other is not stopped by the tension of the string. 

Ex. 20. Four equal particles are connected by three equal strings AB, BC, CD 
and lie on a horizontal plane with the strings taut in the form of half a legulir 
hexagon. An impulse is applied at ^ in the direction DA, Prove that the initial 
tension of BC is one-fourteenth of the impulse. [Coll. Ex. 1897.] 

Ex, 21. If three inelastic particles, mj, m,, m,, moving with velocities Vj, p,,r| 
making angles a, /3, 7, with each other, impinge and coalesce, prove that the loss of 

energy IS gZm ^ ' [ColL Ex. 1896.] 

Ex, 22. A shot whose mass is m penetrates a thickness « of a fixed plate of 
mass Af , prove that, if Af is free to move, the thickness penetrated ^ ' / ( 1 + ^ ] • 

[CoU. Ex. 1891] 
The mass m strikes Af with a velocity v^ and continues to move inwaids until • 
and Af have the same velocity Vi=mvJ{M-i-m), If F be the resistance regarded ai 
constant, x and x + <r the spaces described by Af and m, 

m (Vi* - V) =-2F{x + <r), Afri«= 2Fx, 

Eliminating x, we find 2F<r=VAfm/(Af+iii). When Af is infinite, 2F8=vJ'm. 
The ratio <r/« follows. This problem may also be easily solved by oonsideriiif 
the relative motion. 

Ex, 23. A smooth uniform hemisphere of mass Af is sliding with velooiiy V 

on an inelastic horizontal plane with which its base is in contact; a sphere of 

smaller mass m is dropped vertically so as to strike the first on the side towards 

which it is moving, at an inclination of 45°; prove that if the hemisphero be 

V^ ^2Af — «m\* 
stopped dead, the sphere must have fallen through a height -^-^r r^— ^ where e 

is the coefficient of restitution between them. [Math. Tripos, 1887.] 



CHAPTER II. 



RECTILINEAR MOTION. 



Soltttion of the Equation of Motion. 

96. Let us suppose that a particle of mass m is constrained 
to move in a straight line, which we may call the axis, of x, under 
the action of forces whose component along x ia F. Let i^= niX. 
We have seen in the previous chapter that the equation of motion 

cPx F ^ 

Properly this equation gives X when x ia a. known function of t, 
and therefore answers the question, given the motion, what is the 
force f Usually we require the solution of the converse problem, 
ffiven the accelerating force X (Art. 68), ^nd the motion. To deter- 
mine this, we must regard the equation of motion as a differential 
equation and seek for its solution. 

96. In the general case X may be a function of x and t and 
also of the velocity i; of the particle. But the equation can only 
be solved in limited cases. We shall examine these solutions in 
turn. 

Let OS suppose that X is a function of t only, say X =f(t). 
By integration we have 

where suffixes have been used to represent integrations with 
regard to t 
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In this way x has been expressed as a function of t, leavings 

the constants A and B undetermined. As this value of x satisfies 

the differential equation, whatever values A and B may have, 

there is nothing in that equation to help us in finding these two 

constants. We must have recourse to some other data. These 

are the initial conditions of the motion. Let us suppose that 

the particle was projected at a time ^ = a, from a point determined 

by a? = 6 with a velocity v = c. Then remembering that v = dxjdi, 

we have 

c=f,{a) + A, 6=/,(o) + 4o + £. 

Solving these, we find A and B, The motion is therefore given by 

^ = A (0 + [o -/ {a)] « + {6 - ac + a/ (a) -/, (a)}. 

97. Let X he afumction of x ovdy^ say X =/(a?). 

•••£=/(-) •.•"••(I)- 

^j- , . . , , da; dx (Px j», ^dx 

Multiply by ^. -_=/(«,)_. 

Integrate (^J = 2/, (a:) + 4 (2), 

■ •• '' = J=±{2/;(^) + il}* (3). 

To determine the value of A and the sign of the radical we use 

the initial conditions. Let us suppose that when ^ ss a, a; = 6, and 

V = c. We then have 

c'-2/;(6) = ^ (4), 

c=±l2/(6) + 4)i ; (5> 

If c is not zero, the radical must have the same sign as c, i.e. the 
radical is positive or negative according as the direction of the 
initial velocity makes x increase or decrease. If however c=sO, 
we notice that the particle will begin to move in the directioD 
in which the force acts; the radical therefore follows the sign 
of the initial value of X. Since X is a function of x only, it is 
obvious that if the initial value of X is also zero, the particle is 
at rest in a position of equilibrium and that there will be no 
motion. 

We now have 

^ =t + B (6)1 



/ 



{2/,{x) + A}i 



tnting the left-hand aide of this equation, after the in- 
1 lias been effected, by ift{a:), we have 

*(»)-<+ii (n 

Tti find B we recur ag&Jn to the given initial conditions, viz. that 
x = b when ( = a, hence B=if)(b)-a. 

86. The equation (7) determiQes ( when x is known, i.e. it 
gives the time at which the particle posses over any given point 
of the str&ight line along which it moves. If we require the 
position of the particle iit any given time, we must solve the 
eijnation and express 

^ = f(t) (8). 

The solution of this algebraical equation may lead to different 
\'aliies of X, thus we may have a^=^t (Oi ^ = ^a (0' &^- We have 
yet to determine which of these represents the actual motion. 
We notice that since the equation (7) is satisfied by.c=6,( = a, 
ime at least of these values of x must satisfy this conditiuo. All 
the others must then be excluded as not agreeing with the given 
initial conditions. If more than one of these solutions could 
latisfy this condition, the equation obtained by putting f = a in 
<7).vi2. 4,(x) = a+B. 

must have equal roots. Hence i^'(-r) = when jr=6. Since ^(a) 
repnwtiti te the left-hand side of ((>) it immediately follows that 
i/,(b) + A is infinite. But by (5) this cannot happen if the 
initial velocity c is finite. 



M. Subftrl 0/ inlfffTvllvit infiniu. Other pointa requiting a 
vban tlia intaKral* wlitoh ooenr are suoh that Ihe subject of integration is infinite 
•t <aBn peini B of the path. Since the forcea in nature are neceHsarilf linite this 
I ■KlM'l bappm io the integral (3). Tor if /, {x) were infinite its differential coefficient, 
/(a) IM Uaj /lialt *&lue of .i, Hould aleo be infinite. In the integral (S) the sabject 
at iatcmtion is iollnit« when the velocitj' is zero. 

W>osn luctbfl inuignl{G) to find the time of transit from any point .4 to a point 
r M Mar M WH plRnae tu H on ttie mme side ol B as A. If tlie result is infinite 
111* (Mtirin niTver reaches it. If the time of arrival ftt B h finite vre ha'e to find 



A> Uia particle approaches B the velocity is nnmerioallj decreasing and there- 
(m (b* aeodtMaling force 1' has the opposite sign to the velooitj. Supposing .Y 
Mt alao to vanish at It. thr particle afltr arriring al B niuit begin to retrace ill 
•Uft. Coiuideitntr II aa a new initial positioD. the subsequent motion may be 
Mowd from (S| b> putting c-0. If .V=0 atao at B, the particle, as explained 
•bon, will remain Ihoie in •qnilibrioin. 



i 



^50 SOLUTION OF THE EQUATION OF MOTION. [CHAP. II. 

lOO. Ex, 1. A particle moves in a straight line under a central force tending 
to the origin and equal to n^lx^. Investigate the motion. 

Weh.7e g=-5 (1). 

The minus sign is introduced because the left-hand side represents the 
acceleration in the positive direction of x and the force acts towards the origin. 
We then find 



5t = =^i^^^[ 



(2). 



Let us suppose that the particle starts from rest at a very great or infinite 

distance from the origin ; then when x is infinite, dx/dt^O. Hence ^ =0, and the 

equation becomes 

dx n 

a?="i (»)• 

Since the particle begins to move towards the centre of force the velodtj is 
initially negative. We therefore take the negative sign. 

Multiplying by x and integrating, we find 

tt^=B-2tU (4). 

Initially when (=0, the particle is infinitely distant from the origin, i.e. x is 
infinite and therefore B is infinite. It follows that the particle does not get within 
a finite distance of the origin until after the lapse of an infinite time. 

If the initial conditions are slightly altered we may obtain a finite result. Let 
us suppose the particle to be initially projected at a distance x=d (5 being positife) 
with a velocity n/& towards the centre of force. Proceeding as before we find A =0, 
and as it is given that the initial velocity of the particle is negative, the radical 
has still the negative sign. We thus again arrive at the equation (4). Since x^h 
when e=0, we find B=bl^t and 

x=±(6a-2iU)i (5). 

Since x is initially positive we must give the radical the positive sign. 

As t increases we see that x continually diminishes and when t=&*/2ii the 
particle arrives at the origin. Its velocity at that moment is found by putting 
x=0 in (3) and is easily seen to be infinite. 

Cases in which either the velocity or the force is infinite do not occur in nature. 
If we construct a central force by placing some attracting matter at the origin 
there would be an impact before the particle reached the origin and the whole 
motion would be changed. .But as a matter of curiosity we may enquire what 
would be the subsequent motion if our equations held true for infinite velocities 
and forces. 

In this case the particle arrives at the origin with a negative velocity, we must 
therefore suppose that the radical in (2) does not change sign when the quantity 
passes through infinity at the origin. Hence since x now becomes negative, we 
must take the positive sign in (3) instead of the negative one hitherto used. Tfaii 
gives x'=B+2nf, where B need not necessarily have the same value as before. To 
find B we notice that at the initial stage of this part of the motion, x=0 aad 
(=&'/2n; we easily find that B= -l^. The motion after the particle has pami 

the origin is therefore given by x = - (2iU - li^K 
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Ex. 2. If «=at* we have -r-, =i4«*"^=i4 ( - j , where il=an (n- 1). Let as 
suppose that n>2. 

A partide is placed at rest at the origin. Show that if acted on by X=At^~^ 

n-a 
the sabeeqiient motion is given by x=af*, but if acted on by X=A (x/a) ^ the 

motion is given by x=0. 

Ex. 3. A partide is projected from the origin with a velocity fip^ under the 

action of an accelerating force X^ - }/a' {p - x)K Prove that the particle comes to 
rest in the position of equilibrium defined by x=j>. 

lOL Let the doting force X he a function of the velocity only, 
say X =/(»)- The equation of motion now takes the form 

5=/W (')■ 

Integrating this, we have 

dv 



I 



fi,r'*^ »• 

writing ^ (t;) for the integral on the left-hand side, this becomes 

4>{v)^t + A (3). 

Supposing as before that the particle is initially projected at a 
time t = a, with a velocity c, we have -4 = ^ (c) - a. 

Two rules are given in the theory of differential equations for 
the solution of the equation (3). The first rule requires us to 
solve the equation for i; and find v^-^it), and as already ex- 
plained that solution is to be chosen which makes v = c when 
t^cL Remembering that v^dxjdt we then obtain x by inte- 
gration. 

If the equation (3) cannot be solved for v, we use the second 
rule. Thi« requires us to recur to the form (1), eliminating dt by 
using the equation v = dxjd^, we have 

vdv _ , 

'"^''^x + B (4). 



■••/; 



7(f) 

Thus after integration both x and t are expressed by (2) and (4) 
in terms of a subsidiary quantity v. We notice also that this 
submdiary quantity has a dynamical meaning, viz. the velocity 
of the particle. 
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102. Ex, 1. A particle is projected with a velocity V in a medium whose 
resietanee is xv**, where n is a positive quantity. The equation of motion is then 

^=-«- (^)- 

dv t^~* 

.*. — =-icdl; .'. , =-Kt + A (2). 

v» 1-n * ' 

Measturing t from the moment of projection we have when t=0, v^V, henoe 
yi-n 

A = n — . We therefore find 
1-n 

vi-»_ri-«=_(l_n)ict (8). 

If n<l the Telocity decreases continoally from its initial value V, and vanishis 

yi-n 
after a finite time, viz. t= . The particle will then remain at rest, since 

If »> 1, writing (8) in the form 

^-ii^i-Firri =(«-!)*« W. 

we see that the velocity decreases continually and vanishes after an it^imte time. 

If fi=l, these equations take an indeterminate form. Returning to the equa- 
tion (2) we have 

logv=-ict+il; ,\ v = re''^ (6). 

It follows that the velocity decreases continually and vanishes after an infinite 
time. 

In all these cases we can find the space described in any time t. Bemembering 
that v=dxldt, we have from (8), 

Determining B from the condition that x=0 when t=0 we find 

-(2-n)/cx={K»-»-(l-ii)«t}^^-K«-» (6). 

We may also find the velocity after the particle has described any space x. 
We begin with 

^» 
dx 

.: v^'^dv=-Kdx; ,'. t7«-»=F*-»-(2-n)icx (7). 

Let us find the space described by the particle when t;=0. 

y2~n yi-n 

If fi<l, we have x=777 r- and t=ijz r— as shown above; thus the particle 

(2 - n) ff (l-n) K "^ 

comes to rest after describing a finite space in a finite time. 

If fi>l and <2, we have x=j^ — r^ while t is infinite; the particle therefore 

(2-n)K » x- 

comes to rest after describing a finite space in an infinite time. If it > 2, we find 
that V vanishes when x is infinite and the particle describes an infinite space in aa 
infinite time before it comes to rest. 

Ex, 2. If the resistance is kv, show that the particle comes to rest aftar 
describing the finite space VJk in an infinite time. 
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Ex. 8. If the resiBtftnoe is jcv^ prove that the particle desoribes an infinite 
space in an infinite time before coming to rest. 

108. Ex. 1. If X=ip{v).f{x) or X^<^{v)f{t), prove that the equation of 
motion can be solved by separating the variables. 

In the former ease we nse vdvfdxszXt in the latter dvldt=X, 

Ex. 2. If X=^f{x)v^+F{x)v^ show that the equation of motion becomes 
linear by writing r*-*=y. 

Sx, 3. If X=f{v^lx) show that the equation of motion becomes homogeneous, 
and that the variiUdes can be separated by writing f^=xy. 



Motion of a heavy particle, 

104. A heavy particle sktrting from rest slides down a rough 
straight line which is inclined to the vertical at an angle 0. It is 
required to find the motion. 

Let be the initial position of the particle, OV the vertical, 
Q the particle at any time t The accelerating force due to 





gravity is g cos 0. The pressure on the straight line being 

mgsinO, the retarding force due to Motion is fig sin 0, where 

f» is the coefficient of friction. The whole accelerating force is 

therefore 

/= g (cos ^ — /i sin ^) = jr sec e . cos (^ H- e), 

where /i = tan e. Writing OQ = s, the equation of motion is 

dt^^^ds^^^^^'^^^^^^ ^ ^' 

Integrating, we find 

v" = 2gs sec e cos (tf + e) + A. 

Since the particle starts from rest, v and s vanish together. We 
therefore have il » 0, and 

w*= 2gf* sec € cos (tf + e) (2). 

To interpret this formula we make the angle VON=e and 
draw any straight line NVQ perpendicular to ON cutting the 
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vertical in V and the straight line along which the particle 
travels in Q. Then ON^ 8 cos {0 + e). It follows that the velocity 
acquired in describing any chord OQ is independent of a/nd is 
equal to thai a^cquired in describing OV. 

If the chord OQ is taken on the same side of the vertical OV 
as N, the angle as above measured becomes negative. Since 
the friction varies as the pressure taken positively, it must now 
be represented by — /i^ sin 0, The theorem therefore only applies 
to the chords on the side of the vertical opposite to ON, 

If we make the figure turn round the vertical OV, the straight 
line OV will describe a right cone having OV for its axis and 
^ — € for the semi- vertical angle. The velocity acquired in 
descending any chord from rest at to the surface of this cone is 
equal to that acquired in descending OV. 

106. By integrating (1) twice with regard to t, and re- 
membering that both s and ds/dt vanish when ^ = 0, we find 

s = ^g sec € cos{0 + €)t* ( 3 ). 

We may interpret this formula by a similar geometrical con- 





struction. Making as before the angle VON = €, we see that, 
when t is constant, (3) represents the polar equation of a circle 
whose radius vector is s and whose centre C is situated on ON, We 
have therefore the following theorem. Describe any circle passing 
through and having its centre on ON, and let it cut the vertical 
through in some point V, The time of descent from rest at 
down any chord OQ of this circle is the same as that down OV. The 
chord OQ must be on the side of OF remote from the centre. 

In the same way if the circle is drawn above 0, we can show 
that the time of descent from rest at any point Q of the circle to 
is equal to the time down VO. 
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106. When the straight line down which the particle slides is smooth ON 
eoinddes with the verticaL The cone in Art. 104 becomes a horizontal plane, and 
the circle in Art. 105 has OV for a diameter. We thas fall back on the well-known 
theorems (1) that the velooity acquired in descending from rest to a given hori- 
zontal plane is the same for all chords, (2) that the time of descending from rest at 
the highest point of a drde to the circle is the same for all chords. 

107. If the motion take place in the air we must make 
allowance for its resistance. Supposing the resistance to vary as 
the velocity, the equation of motion is 

2=/-*" <i>' 

where /= g sec e cos (0 + e). Remembering that v = ds/dt we find 
by integration 

S=>*— (2), 

the constant being omitted because a and v vanish together. 
Transposing ks, the equation can be integrated again by following 
the ordinary rule for linear equations. We have 

Noticing that 8 should vanish when ^ = 0, we have c = 1/ic. 
Hence, restoring the value of/, 

8 - ^sec € cos{0 + e) {Kt - I + e-'*} (3). 

When t is constant and {0 + e) is regarded as variable we 
see that (3) is again the equation of a circle having its centre 
on ON. The theorem of Art. 105 w therefore also true when the 
particle elidee on a rough chord in a medium resisting as the 
teUxity, The times of descent from rest at down all chords of 
the circle are equal. 



There is another method of proof by which the solution of the diffe- 
rential equation is evaded. We notice that if we write « = <r cos (^ + e), the equation 

(1) of Art. 107 becomes 

d><r da 

^=l7sec.-ir-, 

txam which the angle 9 has disappeared. The initial conditions now become <r = 
and dtr/di^O when faO; these also are independent of 0, Hence the time of 
dnwrihiH^ any given length ^ is independent of $. But if any value is given to <r, 
the eqnatioti «s<rooa(0<f c) is the equation of a circle, 8 being the radius vector. 
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lOO. When a heavy body is immersed in a fluid it is partly supported by tbe 
surrounding fluid. Let K be the volume of the body, D its density, p that of the 
fluid. If the body were removed, a mass Vp of fluid would just fill the vaesnt 
place and be supported by the pressures of the surrounding fluid. The ai^aienl 
weight of the body is therefore {VD - Vp) g, and the accelerating force of gravity is 



.'=.(1-^). 



This value of g' should properly replace g when the moving body is immersed 
in a resisting medium. It is sometimes called the relative aeeeUroHon, 

110. Ex. 1. Prove that when ir=0, the formula for s in Art. 107 reduces to 

This may be shown by expanding the expression in powers of k. 

Ex, 2. The plane of a circle is inclined to the vertical, prove that the times of 
descent down all smooth chords from rest at the highest point are equal. 

Ex, 3. Two tangents AB^ CD are drawn to touch a vertical circle at its 
highest and lowest points A^ B, A variable tangent PQR cuts AB^ CD in P, /{ 
and touches the circle at Q. Prove that the velocity acquired in descending from 
rest at P to i2 under gravity is the same for all positions of the tangent. Prove 
also that the time of descent from P to 12 is proportional to the length PR and the 
time from P to Q is proportional to the distance of P ftom the centre of the 
circle. 

Ex, 4. If the resistance per unit of mass is kv^ and the particle slide on a 
smooth straight wire inclined at an angle $ to the vertical, prove that the space * 

described in time t from rest is given by «'^=: } (e + « ~ ) where V^=Kg cos $, 

111. Limiting Velocity. When a particle is projected 
vertically downwards in a medium whose resistance varies as the 
nth power of the velocity, the equation of motion is 

dv 

where g is the relative acceleration of gravity. 

If the particle is projected downwards with a velocity L such 
that KL^ = g it is clear that dv/dt is initially zero. There is 
nothing to change the velocity and the force of gravity continues 
to be balanced by the resistance. The particle therefore descends 
with a uniform velocity equal to L, If the particle is projected 
downwards with a velocity less than L, gravity exceeds the re- 
sistance and the velocity of the particle is increased. If the 
velocity of projection is greater than L, the resistance exceeds 
gravity and the velocity is decreased. If the particle is projected 
upwards, the resistance and gravity combine to bring the particle 
to rest, after which it descends in the manner just described. 



AKT. 113.] LIMITING VELOCITY. 9^ 

In all cases the velocity tends to become more and more 
tmirly equal to the velocity L given by the equation KL''=g. 
Thi** Telocity is called sometimes the limiting velocity and sorae- 
times the terminal velocity. The latter name is commonly ascribed 
to Haygens. Other names are given under other circumstances. 
When the body considered is a ship, the constant g may represenl 
the force of the engine and Kti" the resistances. The ship is said 
to be at/tdl speed when these balance each other. 

X12. When the body is in the beginning of its fall Irom rest. 
the t«rti) xtf* is nt^arly zero and is much smaller than g. The body 
begins to fall nearly as in a vacuum, and the velocity at 6rst 
increases rapidly. If the resistance is go gi-eat that L is small, 
the velocity will soon be so nearly equal to the limiting velocity 
that the motion will be sensibly uniform. 

This resnlt has many applications in nature. In a shower of 
rain, the velocity of a drop is not proportional to the time elapsed 
since it began to fall. The drops, being observed some little time 
ttiet thv motion has begun, move with a velocity which is sensibly 
uutfnnn mid independent of the height of the cloud. 

lis. The magnitude of the coefliGieDt k of the resistance 
depends on the size and form of the falling body as well as on 
the nature of the resisting medium. To illustrate this let us 
Mippose that, fur similar bodies falling in similar positions in an 
indefinitely extended fluid, the resistance varies (1) as the surface 
iif the body, (2) as the nth power of its velocity, and (3) as the 
density p of the fluid. If / be the length of any side the surface 
variea as t', while the mass moved varies as /'o- where tr is the 
density of the body. The accelerating force on the body is 
therefore 

I f ts some constant depending on the form and position 
' Uic (ftlling body. Equating / to eero, it follows that the 

limitiuj; velocity varies as {Itrlp)". We see therefore that tfie 
mnaUtr the «ue of the body the less is the limiting velocity. For 
|>le, large iin>ps of ruin fall with greater velocity than small 
Tbe particles of a mist are so small and their limiting 
» 80 alight that the foiling drops seem to have no motion. 



/- 



58 MOTION OF A HEAVY PARTICLE, [CHAP. IL 

We have supposed that the falling body is so far symmetrical 
about a vertical axis that it is not made to rotate by the re- 
sistance. 

114. Ex, 1. A partide falling freely from rest in Taono acquires a velocity L 
in /3 seconcU. Show that the same particle, falling in a medium in which the 
resistance yaries as the velocity and the terminal velocity is L, will acqoire half its 
terminal velocity in ahout ^ /3 seconds and two-thirds of that velocity in \^ /3 seconds. 

To prove this we use the formulae proved in Art. 107 for v. Bememhering that 
L = glK when the resistance varies as the velocity we have ir=l//9. 

Ex, 2. Show that the effect of the resistance of a medium on the motion of a 
heavy hody is less the greater the size and density of the hody. 

115. BMdstaiiee=KV^. A particle is projected vertically upwards with a 
velocity F in a medium resisting as the square of the velocity. It is required to 
find the motion. 

During the ascending motion the resistance acts downwards and the equation 

of motion is 

dv dv t?' 

where L is the limiting velocity. When the particle descends the resistance acts 

upwards, hut since v^ does not change sign tcith v, the equation of motion must be 

changed to 

dv dv V* 

« 

where in both equations s and v are measured positively upwards. This discon- 
tinuity occurs whenever the power of t; in the law of resistance is even. 

Following the second rule given in Art. 101 we express both s and t in terms of 
V. We have for the ascending motion 



at f Ldv X 1 V . _, r ,_. 



f 2vdv . « . . ... 






the constants being determined by the condition that v=V when t=:0 and «=0. 
The time T of ascent and the space h ascended are deduced by putting v=0. 



We thus find 



r=ftan-^. /.=g,og(n.5-:) (3). 



The time of ascent and the space ascended are less than in a vacuum, for both 
gravity and the resistance join in bringing the particle to rest. 

For the descending motion we have in the same way 

(l-h)^[2vd^^. 
the constants being determined from the condition that when v=0, t=r, «=^ 



2g($-h) [2vdv , L^-v^ ... 

L« =- I?3i2=log-^- (5), 
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The Teloeities at which the particle passes npwards and downwards through any 

given point of space are connected by a simple relation. Taking the given point 

as the point of projection upwards, let the two velocities be V and V\ Putting 

<=0 in (5) we find 

2gh , (. K'«\ 

Eliminating h between this equation and (3) we arrive at 

If 0* be the space descended and r the time, we find by eliminating v 
See Art. 110, Ex. 4. 



IIO. Waalatimn = kv\ A particle is projected vertically upwards with a 
velodtj F in a medium resisting as the nth power of the velocity. It is required 
to find the motion. 

We write the equation for the ascending motion in the form 

It wiU be convenient to put v=xL, Proceeding as in the case when 7i=2, we find 
for the whole time T and space h of ascent 

where the initial upward velocity is V=aL, 

To find the time and space in which the velocity is decreased from aL to bL we 
take the limits from 6 to a. 

We can find superior limits to the values of t and h by making the initial 
velocity V infinitely great. In this case a = ao , and both the integrals are given in 
the Integral Calculus. We then have 

L nsinv/n* IJ* nsin2«'/n' 

the former requiring n>l and the latter n>2. It is remarkable that both these 
limits are finite, though the upward velocity of projection may be as great as we 
please. 

For the deeoending motion it is often convenient to tneature 8 downwards from 
the higheit point. We thus avoid using a negative velocity. Adopting this plan, 

the equation of motion is 

dv dv / V \* 

''ds = Tt=0-<'[L) ■ 

Potting osxL as before, we find for the time and space necessary to acquire a 
velocity oL, 

These integrals can be found without difficulty when n is an integer by using 
the method of partial fractions, see Greenhiirs Differential and Integral Calculus, 
Art 190. Roberts* Integral Calculus, Art. 35. The result when n has its general 
tntegiBi Ttlne ia too complioated to be reproduced here. 



60 THE LINEAR DIFFERENTIAL EQUATION. [CHAP. 11. 

117. Ex. 1. A heavy particle is projected upwards with a Teloeitj L in i 
mediam resisting as the nth power of the velocity. Prove that the whole quee 
(np and down) described when the velocity downwards is V is eqnal to LT when L 
is the limiting velocity and T is the time in which the particle iiAlling from rest in 
the mediam will acquire a velocity V*IL. 

Ex, 2. A particle is projected upwards with velocity L in a medium resisting 

as the cnbe of the velocity. Show that the whole time and space of the ascent 

2r L* 
are connected by the equation s + LT=^r-,^ — . 

o^o g 



The linear differential equation. 

118. The Iiinear equation. The most important equation 
of motion which occurs in this part of dynamics is the linear 
equation with constant coefficients. The simplest form of this 
equation is 

d^'^*^^^ <1)^ 

where 6 and c are two constants. 

When 6 =3 the equation represents the motion of a particle 

acted on by a constant accelerating force equal to c, and the 

solution is obviously 

x=^ict^ + At'\'B (2). 

When b is not zero, we can simplify the equation by putting 

x = clb + ^ (3),. 

we then have 

Jf+^f=o (*)• 

This can be solved without difficulty by the method already 
explained in Art. 97. But a simpler solution can be obtained 
by following the rules for solving equations with constant co- 
efficients given in books on differential equations. We assume 

as a possible solution 

^ = A^ (6). 

Substituting we find A(\^ + b)e^^ 0. The equation is therefcuie 
satisfied if \ = ± V(— b). If 6 is negative and equal to — b\ we 
have two real values of \ either of which give a solution. The 
equation is clearly satisfied by 

a:=|+ile<^+5c-<Vft' (6), 
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and this is the complete integral because it contains the two 
arbitrary constants A and B. 

If 6 is positive, X is imaginary; but remembering that an 

imaginary exponential is a trigonometrical expression, we replace 

the assumption (5) by 

f=^sin(>i + jB) (7). 

Substituting we find il(— X' + 6)sin(X^4-jB) = 0. The equation 
is therefore satisfied by X=± V6« These two values of X give 
the same solution, the effect of changing the sign of X being 
merely that of changing the signs of the arbitrary constants A 
and A The complete integral is therefore 

a? = c/6 + ulsin(eV6 + fi) (8). 

It may also be written in either of the forms 

X =^c/b -\- A' sin Wb + R cos t^b (9), 

x^c|b + A"cos(t^/b'{'F') (10). 

119. Harmonic OiciUation. The dynamical meaning of 
the linear equation is important. Consider first the case in 
which 6 is positive. Putting 6 = n^ we have 

d^«+^*^ = ^ (1>» 

x=-cln* + Asiu(nt + B) (2). 

First, we notice that as t continually increases the value of x 
alternates between the limits c/w' ± 4- We therefore infer that 
the differential equation (1) represents an oscillatory motion and 
that the arc of oscillation is constant. The semi-arc of oscillation 
is A and its magnitude depends on the initial conditions. The 
semi-arc is called the amplitude of the oscillation. 

Secondly. The middle point of the arc is determined by 
x^ejnj, and this point is independent of the initial conditions. 
If the particle is placed at rest in the position defined by this 
value of x, the equation (1) shows that the accelerating force (viz. 
d*xfdf) is zera . The middle point of the arc of oscillation is 
therefore a position of equiUbriumm 

Thirdly. When t is increased by 27r/n, the values of x recur 
in the same order, but when increased by tt/ti they recur with 
o{qposite signa His period of a complete oscillation is therefore 
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27r/n. This period is independent of the initial conditions. The 
quantity n is called the freqtLency of the oscillation. 

The time of a complete oscillation is the time occupied by the 
particle in describing twice the whole arc of oscillation starting 
from any point and returning finally to the same point again. 
When the period is independent of the length of the arc, the 
motion is sometimes called tautochronous. 

Fourthly, The constant B depends on the instant frt)m which 
the time t is measured, thus if we write t-^a for t, nothing is 
changed except that B is increased by no. 

Fifthly. Let a? = a?o, dx/dt = Vo be the given vsJues of x and 
V at the time to. Writing the equation (2) in the form (9) of 
Art. 118 and equating the values of x and dx/dt to x^ and t^ 
when * = <o, we find the values of A' and J?'. The solution there- 
fore becomes 

a; = — + { a?o — r ) cos n (^ — ^o) + - sin n (< — ^). 
n' \ n^J n 

Comparing this with the solution (2) we see that 

AsmB^Xo — c/n\ A cos B = v^/n. 

The semi-arc A of oscillation is therefore given by 

A'^{Xo-clny-\-(Volny. 

120. Consider next the case in which 6 is negative. Writing 
& = — n^ the differential equation and its solution become 

d^x , 

x = '--^+Ae''^ + Be-^. 

First, we notice that the motion is not oscillatory. 

Secondly. If A is not zero the particle travels in an infinite 
time to an infinite distance from the origin. If il ~ the particle 
after an infinite time arrives at the point determined by « = — c/ii'. 

Thirdly. The position of equilibrium is given by xss ^c/n\ 

Fourthly. The particle can change its direction of motion only 
once. This change occurs when 

^ = n (ul««« - 56-*<) = 0. 
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This gives 2nt^\og(B/A). This is imaginary if A and B have 
opposite signs, and gives only one real value of t if A and B have 
the same sign. The particle can change its direction only if this 
real value of t is subsequent to the beginning of the motion. 

Fifthly. If the values of x and v are respectively Xq and Vo at 
the time t = t^, the value of x at any time t is 

n' 2 \ n' n/ 2 \ n^ nj 

121. When the equation of motion is 



tPx « dx 
we take as the trial eolation 



^+2a^+6x=c (1), 



x^^-hAe^ (2). 

It is easily seen that this satisfies the differential equation if 

X« + 2aX + 6=0 (3). 

If or - 6 is pontiTe, the roots of the equation are real. Representing these by 
V,, Xj, the solution is 

x=^^-hAie^'^-hA^^ (4), 

where .-1, , A^ are two arbitrary constants. 

If a^-h is negative, say = - n\ the two roots are -a^n$J(-l). By an easy 
rednctiofi the aolntion (4) becomes 

x=^ + e''^BiBin(nt-hB^ (6), 

where Bj, B, are two arbitrary constants. 
If a' -6=0, the general solution is 

x=~-h{At-hB)e'''^ (6). 

Considering the solution (5) as the more important of the three, we notice that 
the trigonometrical term vanishes whenever nt-k-B^ is a multiple of «-, the particle 
therefore pasoce through the position defined by x:^clb at intervals each equal to 
v/m. Sinee it necessarily passes through this point alternately in opposite 
directions, the interval between two consecutive passages in the same direction is 
Sr/n. This Is called the time of a complete oscillation. The point defined by 
x=e/6 is evidently the position of equilibrium. 

To find the times at which the system comes momentarily to rest we put 
ixIdt^O. This gives tan(Nt + B^=n/a. The extent of the oscillations on each 
side of the position of equilibrium may be found by substituting the values of t 
gifen t^ this equation in the expression for x - c/&. Since these occur at a constant 
interval eqoal to r/n we see that the amplitude of the oscillation continually 
dwrBases and the sacoeesive arcs on each side of the position of equilibrium form 

a geooMtriMl pro g r si ai on whoee eommon ratio is e ~ "^. 
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122. The following differential equations occur in dynamics. 

(1) Solve ^ + ?!»«= 0(0. 

Multiplying by sin nt, both sides become perfect difTerentials, hence 

dx f 

^ sin nt-nx cos nts= J ^ (t) sm rUdt + A, 

Multiplying by cos nt, both sides are again perfect differentials, 

dx [ 

J- cos nt+yio: sin fits j if* (t) cob ntdt + B, 

These two simultaneons equations give both x and dxjdt. 

tPX M# ^ 4l£ 

To solve -7-^ - n% = (f) we use e and e~ as the two successive multipliers. 

(2) When ^(t) is trigonometrical another method can be used. Let the 
equation be 

~+n^x=Emn{\t+F). 

Assuming ae=3/Bin(Xl + F) as a trial solution, we see at once that the equatioii 
is satisfied if Af (-X'+n')=£. Adding the solution found in Art. 118 we see that 

the complete integral is 

E 

x=il8in(nt + B) + -r^ j8in(Xe + F). 

This method fails when \=n. In this case we take x=Mt cos {\t+F) as a trial 
assumption. 

We find - 2Mn = E, The complete integral is therefore 

Et 
x=A sin (*if + B) -5- cos (nt+F). 



Motion under a centre of force. 

123. Central force varying as the distance. A particle 

constrained to move on a smooth straight line 

; A is acted on by a central force tending to a 

fixed point outside the straight line, whose 
magnitude varies as the distance of the particle 
from 0. 

Let OC=h be the perpendicular on the 
straight line AC, Let P be the particle, CP ^x. The force on 
P being n' . OPy the component along PC is n'a?. Supposing the 
straight line to be smooth and the motion to take place in vacuo, 
the equation of motion is 

d?x 

This is the standard form discussed in Art 119. The particle 




Ibeivforo oKcillales about C as the middle puint of the arc, and the 
Ume of a complete oscillation is 27r/n. 

To fittd Che time of oscillation numerically the magnitude of 
the force must be known at some given distance from the centre 0. 
Suppooe that the force is equal to gravity at a distance a, then 
wfa=ff, and the time of a complete oscillation is 2w t/ia/g). If 
g = 32'18, the distance a must be measured in feet and the formula 
gives the time iu seconds. 

The extent of the arc of oscillation depends on the initial 
conditions. If the particle start from a point distant x, from C 
with an initial velocity Vg measured positively from 0, the whole 
•obsaqaent motion is expressed by the fifth result of Art. 119. 






£2. kaj two placea on the anrta(x of llie earth are joinecl b; a Rtraight 

A paxticle dropped (roui one falls towards th» other uniler the sole 

ol lh« MTth. Aaanmiag that the rpsultant attmctioa tend* to the 

uies 0* the diatanoe therefrom, piove that the piuti«U will arrive at the 

otlcr obooC 42 miDutes, the radiaa of the earth being taken aa 4000 



IM. Kt. Effect of frU-tion. U the straight line in Art. 133 is ■enaibly 
m^, ll b required to take acoouot of the friction. 

Wbim the normal presaore on the straight line is equal to n'A and is therefore 
MWtant. the limiting friction ia also coaatajit. Let na repreaent thia b; /. The 
fiatiMt of motion is therefore 

W« noUoe ibat the frictional acoeleratiDg farce acts opposite to Uie direction ol 
Wtida, M thai (he «gn most be negative or positive according as tlie partide is 



^ V D A 

mamng in thi- diieetioo in which i is niMsared or the opposite. Tht tqvation 
Ihtr^ftn pttimti On duconiimiil'/ lehich to /requentty ueear* akenever friction hiu 
kl hi IxJUa teouni of. 

Lat Iba partiole sblrt from rest at J where CA=a. Initiali; the resolved 
n la n*ii and unless n^i is greati^r than the friction /, the partiule will not 
g this inequality to hold we write the equation in the form 






n* Mottun Uiarelorc from J towards C in tlie same as if the centre of torc< 
dkplMMl * distance CD=fla* towards A. The particle comes to rust at a 
i'm Uw Mita side of D wliete DA' = AD. Oa the return journey we tnk 
•Iw HiiMl to flu' and the particle moves as if D' were tlie oeotie of force, 
s altcraately moved at each oacillation a oonsUuit dis 



K" 
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always opposite to the direction of motion. The friction reduces the extent of 
each BQcdessive semi-arc of oscillation by 2//n*. The particle comes finally to rest 
when the extent of the semi-arc is less than //n*. 

126. Beiistance of the air. If the motion take place in 
the air its resistance must be allowed for. As a sufficient illustra- 
tion of the general effects of this force, let us suppose that the 
resistance varies as the velocity. Excluding friction the equation 

of motion is then 

d^x ^ dx 
._=_„.^_2^_ (1^ 

Assuming n> k the solution is (Art. 121) 

X =^ Ae"* sin (pt + B) (2), 

where p* = n' — #c*. The constancy of the period of oscUlatim is 
therefore unaffected by the resistance of the medium, Art. 121. The 
time of oscillation is however longer than in a vacuum. 

The successive arcs on each side of the position of equilibrium 
decrease continually in geometrical progression and vanish only 
after an infinite time. 

In many cases the resistance of the medium is very slight 
compared with the other forces acting on the particle. The 
quantity k is then small, and we see that the period of any one 
oscillation differs from that in a vacuum by the squares of small 
quantities. In using the equation (2) we must however remember 
that when the position of the particle after a great many oscilla' 
tions is required we cannot regard pt as the same as nt\ for though 
p and n differ by a very small quantity, that difference is here 
multiplied by the time t 

127. By making observations on the lengths of the arcs of 
oscillation we may test the correctness of the assumed law of 
resistance. A convenient method of trying the experiment is to 
use the particle as a pendulum. It may be shown that when the 
oscillations are small the resolved action of gravity represents the 
force n^x while the resistance is 2/cdx/dt The measurements 
shQw that the successive arcs do decrease in geometrical pro- 
gression when the arcs are small, but the decrease follows another 
law when not small. This, as Poisson remarks, is a justification of 
the statement that for small velocities the resistance varies neariy 
as the velocity. 



mon ratio of the geometrical progression is e— "'p. By 
; succeaaive arcs the numerical value of * can be found. 

Discontiaufty of resiitance. When the resistance 

the velocity the analytical expression 2«« changes sign 

It therefore represents the retardation due to the re- 

ledJum both in sign and magnitude. If the resistance 

the square (or any even power) of the velocity, the 

IFtical expression 'Ikv' represents the retardation in magnitude 

Whenever the particle changes its direction of motion it 

then be necessary to change the sign of k. Thiis a dit- 

Py 18 intj-oduced into the equations similar to that which 
hen friction acta on the particle. Arts. 125 and lis. 
ex. 



Hlroiglit lin 



& jtorlicle otuillateii 
ll loroe kodiug lo a lixv d poiLt 
Um Mnight line and viu;ing a^ 
llMknce therefrom. Sapposing 
.otiOD to take place in a msdinm 
ug a* lh« iqunrt of tht vtUxAt^, 
|1m Klatiqn between any two 
a esnh aide of C. 
; that the partiole ia 
Jibe negative direction (Art, 12S) the equatioi 




('.4.).--=(-. 



g Disative, *e have ('i"*"' 

t tbia relation in independent of the strength o 
I llna relBtioo we traoe the onrve y = [« + „ )f 






1+ If "*. If thB partiole 

(feet •> any place A it will oonie to test again at A' where the ordinatea 

ra equal. Taking CB= CA', the third point □( reet is at a distance 

a the side of C oppueite to A\ the ordinatea of E. B' being eqoal. 

TImii II the particle start from rcEt at an ii\linile dittanct from C it 

nns to real at K. where CK^ll'U numerioall]*. 

Eural okaiaoter of the motion ia that the BDcoessive atca deoresu tepidly 
t kttcTWKnla beeome more and more nearl; equal, the motion ne 



M ahaoiima of Che point of inflexion, Cl — CU^CiC, 
, Vtox* Ibat Ihr time* of di'Hunbing all FbordH or a circle starting from 
■ pnint A nndor the action of a centra of 
Wh A and varying as the distance are equal, 
:d lbs motion to be in a VMOum. 
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Ex. 8. A heavy particle whose mass is nt is suspended from a fixed point by 
an elastic string whose unstretched length is a. If the particle oscillate up and 
down in a vaonmn, prove that the complete period of an oscillation is 2r^(Ma/£), 
where E is Young's modulus. 

Ex, 4. A particle oscillates in a straight line in a medium whose resistanee 
per unit of mass is k times the square of the velocity. There is a centre of foroe 
situated in the straight line whose attraction is fi times the square of the distance 
from the centre of force. If a and h are the distances from the centre of foroe of 
two successive positions of instantaneous rest, and fi is not zero, prove that 

(««6»-jc6 + i)*^* + (iAi«+jca+i)«"^*=l. [Art. 186.] 

130. The inverse square of the distance. A particle, 
constrained to move in a straight line, is acted on by a centnd 
force tending to a fixed point external to the line and varying 
inversely as the square of the distance there&om. It is required 
to find the motion. 

Let OC be a perpendicular on the straight line, OG^^h. Let 
P be the particle, CP =^x,OP=^ r. See fig. of Art. 123. Let the 
angle POC^^, then sin<^ = a;/r. The accelerating force on P 
being iijr^t the component along PC is found by multiplying by 
sin and is therefore /Lutr/r*. The equation of motion is 

dv ux 

'di=-^ <i) 

Since r" = A' + a:*, we have rdr = adx. Hence 

r" r 

If the particle start with a velocity u at some point A distant a 
from 0, we have 

».-«.= 2;*(l-l) .(2). 

If the particle is projected from C along CA with a 
velocity u greater than f^{2fi/a), it is clear that the velocity « 
cannot vanish or change sign. The particle therefore will move 
continually away from the centre of force. 

181. When the centre of foroe lies on the straight line of motion, the tuns 
occupied by the particle in travelling from the initial position A to any point P 
can be found without difficulty. We put 

x=b cob' e, .*. dx/dt = - 26 sin ^ COS ^ dBjdt, 

The equation of motion is 



\ 



THE INVERSE SQUARE. 

W« notjo* Uiftt s beeiDH At i = a with ix\dt initially poditive; z (hen 
1 ixldl=0, i.e. anti) i = b. Kt this point the particle begins to ro 
I btcomei negative. To rojirt^sent these changes we make 6 begia d 
■ ooi/)=+^(o/t) becaose this maken lii/di poaitive when x = a. We then 
iDgh zero and Biifttty become jtt when the particle anivea at 
mtre of force. Thns the two llia«a at which the particle paaaee throujjh aaj 
■ fennl P we diatiagniahed b; the eigo of 8. Sioce, ocooidinB to thia arrangement, 
ooBiitiatJij inereaaea with the time we give the positive sign to the radical in the 
a (or dtf/(ft. Wo then find after integration that the lime from fl= -ff 



W« 1 

Ik 



te=-p I 



Va, 



[0 + i Bin 20 +^ + i Bin 2^). 



Tbe time from mt at a diitanoe x=a follows from the preceding or maj be fonnd 
Md«peDdeDtl7. We have 

tlie liiDils being x = a to z. Patting r^ocos'fl we aaaily find that the time lot 
noting Irom 7 = 11 to x is 

The lime of arriving at tbe centre of force starting from rest at h diatBoce a is 
faBul by jniltiiig 9 = i». The result is s ^Z |- ■ 

l*a. Ei. 1. A particle falla from rest al a point A whose altitude above the 
■ntfarM of thi- Mrth IB eqasl to the radius. Show that the velocity on arriving at 
Uia nlrtace i> equal to that acquired b; a particle falling from rest through half 
ihu ipacv under a constant force equal to p. wheie g represents gravity at the 
anrtaec of the earth. 

Notice that if (i/r' is the attractioD of tbe earth, a the radins, iija'-g. 

Rr. 3. It a particle (all from an infinite distance towards the earth, prove that 
(ba VElocity at the anriace is equal to that acquired in falling from rest through a 
vpaea njual to the radius under a constant force equal to g. 

Kr< S, If any heavenly body were iaolated in space, prove that the least 
vtkmv with which a particle must be projected from its uurface that it may not 
Wl ba«k iin the body is -/ 1 - . ?—\ feet per second, where M and IC are the 
amatai, r and a the radii of the body and the earth. The resistance of the 
lAMMplurre i< to In neglected. 

Bbow (bat for the moon this velocity is abont one and a halt miles per second, 
taUafc '>a nuae and radins to be ^th and jth of the mass and radius of the 
*nh, and the radius of the earth to he 4000 miles. 

!••. f.''. 1. A particle, constrained to move along a rnughttriiiglii linr whose 
wcAoieul uf ftlotion is /, it actod on by a loroe tending to and varying as the 
imene square. Pron that it tlia particle alart from rest at any point A, it will 
Mat coma (0 rwt at a |K>int B such that Oil bisects the angle ^Dfi. where M is 
Ita point on the Hlraicht lino at which tbe resolved attraction is balauced liy the 
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Following the same notation as in Art. IdO, the equation of motion takes the 

form 

dr fLt fih 

Multiply by dx and pat x^zhUai tf», where ^ represents the angle POC, Inte- 
grating as before, we find 

v' = ^ (cos - cos 00 + /sin - / sin 0o) 



4fi . 0- 

= - -r- sec e sm 



*5Bin(*±^-e). 



h 2 

where ^g, e are the angles CO A, COM, so that /^tane. It is evident that p=0 
when4(0+0j=e. 

Ex, 2. If the force to vaiy as the inverse fourth power of the distance and 
the particle starting from rest at A come to rest again at B, prove that the angles 
COA, COB are complements of each other when sin2 (CO^) = (4/-2)/(/+l). 
Thns if /s^ a particle starting from rest at an infinite distance will jast reach C. 

Ex, 3. A particle is constrained to move in a straight roogh tube CA, and it 
acted on by a central repulsive force X/r, where r is the distance from the centre of 
force and OCA is a right angle. The particle is projected from A away from C 
with a velocity v ; prove that if it come to rest at a point P, the angle COP is a 
value of $ satisfying the equation fi$- log aec ^= v^/2X, where fi is the coefficient of 
friction. [CoU. Ex. 1893.] 

184. Ex, 1. The earth and moon being held at rest, find the least velodtj 
V with which a particle must be projected from the moon to reach the earth. 

Let a be the radius of the earth, b = ^Ya that of the moon, 60a their distance 
apart from centre to centre. Let E and -^Ehe the masses of the earth and moon. 
If X is the distance of the particle from the centre of the moon, the equation of 
motion is 

d«> "■ (60o - X)' 81 x« ^'' 

This equation can be integrated by the rule of Art. 97. The constant of inte- 
gration can be found in terms of V by remembering that dxldt= V when x=:b. 

There is evidently a certain point between the earth and moon where the 
attractions of these bodies balance each other. By equating the right-hand side of 
(1) to zero, this point is easily seen to be at a distance 6a from the centre of the 
moon. If F is such that dxjdt vanishes when a; = 6a, it follows that a velocity of 
projection ever so slightly greater than V will carry the particle to the earth. 

Remembering that Ela^=:g and taking a to be 4000 miles, we find that T is 
approximately 1} miles per second. 

Ex. 2. If the earth and moon were placed at rest, they would fall towards 
each other under the influence of their mutual attractions. Supposing the initial 
distance to be equal to their present distance from each other show that they would 
meet after about four and a half days. 

Consider their relative motion. If £, Jlf be the masses of the earth and moon, 
the attraction on the earth per unit of mass is Mlr^, By Art. 89 we apply thii| 
reversed in direction, as an acceleration to both bodies. The earth is thns rednoed 
to rest, while the moon is aeted on by the two accelerating forces Mir* and f/r*. 
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"he whole aooderatiiig attraction on the moon oansmg the relatiye motion is 
tierefore (£ + ikf)/f^. We most also apply to each an initial velocity equal and 
ppodte to that of the earth (Art. 10), bat this, in our problem, is zero. The 
jne is then found as in Art. 131. 

Ex. 3. Two mutually attracting spheres, each one foot in diameter, and the 
ensity of each the same as the mean density of the earth, are placed at rest in a 
acQuxn, the distance between their surfaces being one quarter of an inch. Prove 
bat they will meet in less than 250 seconds. This problem is due to Newton, its 
listoiy is given in Todhunter*s Hitiory of the Theory of Attractions ^ Ac., Art. 725. 

Ex. 4. Two particles A, B, mutually attracting each other according to the 
(ewtonian law, are placed at rest at a given distance a apart. The particle B is 
tow constrained to move away from A along the straight line joining them with a 
niibrm velocity u, show that A will catch B up if tt*<2/ii/a where fi is the mass 
f B. Show also that the time will be i(«- + 2/3+8in 2/3) Jbl^l2fi where co8^p=alh 
ad 2/ft/6=2;i/a ~ u>. [Reduce B to rest, see Art. 131.] 

Ex. 5. A body of mass M is moving in a straight line with velocity U^ and is 

allowed at a distance r by a smaller body of mass m, moving in the same line with 

■mailer velocity 11. The two bodies attract each other with a force varying as 

he inverse square of the distance and equal to k for two unit masses at unit 

tistance. Prove that the smaller body will overtake the other after a time 

rhere « (If + m) (1 - w) = ( IT - u)« r. [Math. Tripos, 1887.] 

135. Discontinuity of a centre of force. A particle 
unstrained to move on a smooth straight line is acted on by a 
brce X tending to a point C situated on the line and varying as 
lie nth power of the distance therefrom. It is required to find 
he motion. 

Let the particle P start from rest at A, CA = a, CP = x. The 
^uation of motion is 

dp=fdi=-/^ (1). 

•'• «' = ;^(«"+'-^+') (2). 

;he constant of integration being determined by the condition 
/hat t; = when a? = a. If n = — 1 the integral takes a logarithmic 
brm. 

If n is an odd integer this equation shows that the velocity is 
igain zero at a point A' determined by x^ — a. The particle 
Jierefore oscillates on each side of (7, the amplitudes on each side 
nmg equal 
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If n is an even integer, the expression for v vanishes for no 
real value of x except a; = a. Since the particle must obviouslf 
oscillate on each side of C through equal arcs, it follows that the 
equation (2) cannot represent the dynamical &cts of the problem. 

The reason is that the force X (as given in the question) 
varies as the nth power of the distance taken pasitivdy and always 
acts towards C, Now x is the distance of the particle from G 
taken with its proper sign. We must therefore write 

X^-fjof or +^(-a?)» (3), 

according as the particle is on the positive or negative side of the 
origin C. These are identical if n is odd and in that case the 
equation (2) holds throughout the motion. If n is even, different 
equations of motion hold on each side of the origin. 

The particle arrives at C with a velocity «« obtained by putting 
a? = in (2). This is a finite velocity if n is positive. After 
passing (7, the equation of motion (1) must be changed to 

vdv/dx ^ fi{-' xy = fjuif^ (4), 

since n is even. We then find 

t^ = -^ (a'^^^ + a^+0 (5), 

n-f 1 

the constant of integration being found by the condition that (2) 
and (5) must agree when a?= 0. The equation (5) shows that v is 
again zero when a: = — a, so that the particle in its oscillations 
describes equal arcs on each side of C7. 

After the particle has passed through C on its return journey 
the equation of motion resumes the form (1). The integration is 
the same as before, but the constant C must now be determined 
from the condition that the value of v at the origin is the same as 
that given by (5). The resulting value of i;* is however the same 
as that given by (2), so that the motion on the positive side of the 
origin is always that represented by (2), and the motion on the 
negative side that represented by (5). 

136. The time of travelling from A io C is given by 

Vn+T*~joN/(a*^* -«•+*)* 
To integrate this in terms of gamma fonotions we write x"^^=a*^^( or =a*^^/( 
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seoiding as n + 1 is positive or negative. We then have 

/2^ , / ir y ^>W „ ,/ira-"-\* ^(2"lT^) 

jBx. 1. A particle starts from rest at a distance a from a centre of force which 
Araeta as the inverse onbe of the distance. Show that the time of arriving at 
le eentre is aVVA- 

Ex. 2. A particle starts from rest at a distance a from a centre of force which 
^tracts inversely as the distance. Prove that the time of arriving at the centre is 

a (»/2m)*. 



Small Oscillations and Magnification. 

137. Small Oscillatloiu. A particle, constrained to describe 

straight line, is under the action of a force tending to a point 

xtemal to the straight line and varying as some given function 

f the distance from 0. It is required to discuss the motion 

fheu the arc of oscillation decreases without limit. 

Let OC be a perpendicular on the straight line, P the particle, 
)C = h, CP = Xy OP = r. Let the accelerating force be rf{r), 
?he equation of motion is therefore 

d*x -, V X 

d-^- = -''/W-r W- 

>ince r* = A*4"^, we can expand xf{r) in powers of x. The 
<)uation then takes the form 

d'x/dt'^ = AiX + A^ -{- (2), 

irhere Ai, A^, &c. are known constants. Supposing the series to 
>e convergent when x decreases without limit, we may ultimately 
>mit all the terms after the first which does not vanish. Assum- 
Qg X to be initially small we proceed to discuss the subsequent 
notion. 

When Ai is not zero, the equation reduces to 

d'x/dt'^A.x (3). 

Tie motion represented by this equation has been discussed in 
urt. 119. If ii, is negative and equal to — n', the time of a 
omplete oscillation is 27r/n. It appears therefore that when the 
re of oscillation is continually diminished, the displacement and 
elocity of the particle are ultimately zero, but the limiting time 
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is finite. This finite time is called the time of a small oscHlation, 
and the equilibrium position is said to be stable. 

If ill is positive, we know by Art. 120 that the value of x 
contains a real exponential and that the motion is not oscillatory. 
As the displacement x does not remain small we cannot continue 
to reject the higher terms of the series (2) as compared with the 
first. The subsequent motion is not represented by equation (3). 
The equilibrium position is then unstable. 

If Ai = 0, let the first power which does not vanish be the wth. 
The equation is then ultimately 

d'x/df^Anaf' (4). 

This equation has been discussed in Art. 135. If iln is negative 
the time of oscillation has been found in gamma functions, with a 
&ix;tor a"^^'*"''^ where a is the semi-arc of oscillation. The limiting 
time of oscillation is therefore infinite if n is positive and greater 
than unity. If An is positive, the value of x becomes great and 
the higher powers of x cannot be neglected. 

188. Ex. 1. If Saturn's ring were rigid and held at rest show that the 
position of Saturn placed at its centre would be one of unstable equilibrium for 
displacements in the plane of the ring. If the force between the ring and the 
planet were repulsion instead of attraction that position of Saturn would be stable 
and the time of a small oscillation would be 2iri^(2a'/Jf), where a is the radius of 
the ring and 3/ its mass. 

Show also that the time measured in seconds is 2w,J{2a*lnb'^g) where n is the 
ratio of the mass of the ring to that of the earth, b the radius of the earth, and g 
is gravity at the surface of the earth, a and b being measured in feet. 

To prove this, we let x be the distance of Saturn S from the fixed centre C of 
the ring. Let P be a point on the ring, PCS = $, SP=p, The attraction on S in 

the direction CS is then seen to be F=- — / -^ . Substituting 

2aw J fT p 

p=a-x COB 0, expanding in powers of xja and integrating, we find F=Mxl%a^, 

This force being positive, the equilibrium is unstable. Beversing its sign the time 

of a complete oscillation follows by Art. 123. The time in seconds is found by 

using the equation Ejb^^g^ see Art. 134. 

Ex, 2. If the ring attract Saturn, show that the central position of the planet 
is stable for displacements perpendicular to the ring, and that the time of a small 
oscillation is 2ir^(a'/3f). 

Exk 3. A particle is in equilibrium under the influence of two centres ^ , B of 
repulsion each varying as the inverse nth power of the distance. Prove that the 
position of equilibrium is stable for displacements in the straight line AB and that 
the time of a small oscillation is 2ri^(a5/n(a + &)P), where a, b are the distances 
of the particle from A and P, and F is the accelerating repulsion of either force on 
the partide in the position of equilibrium. 




MAUSll'lCATlUN. 

139. KagnlflcatioD. A particle, oscillating in a strai) 
ne under the action of a centre of force whose acceleration 

I also acted on hy the two accelerating forces X = E cos 
ooBfil. It is requiret) to find the motion. 
i etjiiation of motiou is 
d'^r/di' = - n'j: + A' cos W + f cos ^t. 
lutiou of this, by Art. 122, is 
j: = j1 cos (»(( + B) + E' cos X( + F' cos /it, 
^„^ E ^„^ F 
the particle start from rest at a distaoci^ u from the origi 
= 0. we have A=a~E' - F' and B = 0. 
I lie motion of the particle is therefore compounded of three 
tteillations, one has the period Stt/i due to the central force, while 

Klier two have the same periods, viz. 2x/X and 2x//i, as t 
Xand F. 
is example is important because it shows that tlie dyna 
of oscillatory /urces are not necensarily in pi-ojwrtion to thetr^ 
iMffnittuiea, but depend also on their periods. Thus the ratio of 
r to f is a function of X and ft as well as of E and F. 

If the period uf the force X is nearly equal to that of the 
KcillatioD caused by the central force, «' — X' is small, while, if 
lo auch near equality hold for the force ¥, ii' — /i' ia not small. 
t follows that if E and F are neai-ly equal, E' ia much greater 
han F'. If also E and F were so small that the effect of Y on 
bo motion of the particle wore insensible, that of X might still 
w Tory great- The general result is, that of two forces X, Y, that 
m0 produces {cteleris paribus) (Ae greatest osdllaUon whose period 
s Mtost ttsarly equal to the period of the oscillation doe to tlis 
aitral force. 

Oq the otber hand we notice that a near equality between the 
>enodii of the forces X and Y has no dynamical significance. The 
casot) is that these forces being explicit functions of tiie Him do 
toi modify each other, each producing its own effect. But the 
entra) force, viz. — rt'ic, depends on the abscissa of the particle 
tod this ia more or less altered by the action of the forces A' and 
Tb« solution shows that the alteration is considerable when 
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the period of either X or F is nearly equal to that due to the 
central force alone. 

If the period of X is exactly equal to that of the oscillation 
due to the central force the solution of the differential equation 
takes a different form. By reference to Art. 122 we see that 

Et 
a? = a cos nt + ^^mnt-^-F' cos fd^ 

so that the amplitude of the oscillation becomes very great as i 
increases. 

We may also notice that if X, is very great the terms which 
contain J?' as a £aotor are very small. It follows that an oscillatory 
force whose period is very short produces very little effect on the 
motion of the particle. 

140. As an example of these effects consider how great an oscillation can be 
generated in a heavy swing hy a series of little poshes and polls if properly timed. 
If we posh when the swing is receding and poll when it is approaching ns, the 
motion is continaally increased and the amplitude of the oscillations becomes 
greater at each succeeding swing. Such a series of alternations of push and poll 
is practically an oscillatory force, such as X, whose period is exactly equal to that 
of the swing. If however the alternations of push and pull follow each other at 
an interval only nearly equal to that of the period of the swing, a time will come 
when the effects are reversed. The push will be given when the swing is approach- 
ing us and the pull when the swing is receding. Thus, though a great oscillation 
of the swing is at first produced, that oscillation will be presently destroyed only to 
be again reproduced and so on continually. 

141. Second approximations. In determining the small oscillations of a particle 
in Art. 137, it is explained that the terms containing s^, <^c. are usually neglected. 
These terms are indeed very small in the differential equation, but we know from 
Art. 139 that their effects may in certain conditions be so magnified that thqr 
become perceptible in the value of x. It is therefore sometimes necessary to 
proceed to a second or a third approximation before we can find a value of x which 
represents the actual motion. Some examples of this will be given later on, bot 
the reader will find the theory given at length in the Author's Rigid Dynamia, 
vol. II. chap. VII. 

142. Ex, A heavy particle P is suspended at rest from a point ^ by an 
elastic string whose initial and unstretched length is a. The point A at the time 
t=0 begins to oscillate up and down, so that its displacement (measured downwards) 
at the time f is c sin \t. Prove that the length of the string at the time t is 

. 9 ,t ^\ <J**^ * . ^ • X* 

a + ^ (1 - cos nt) - •— r-5 sm nt + -= — -5 sin \t. 

Discuss the interpretation of this result (1) when X is nearly equal to n, and (i) 
when X is very great. 

Notice that if d^xldi* is to be the acceleration of P, x must be measured tnm a 
point fixed in tpaee^ say the initial position of A, 
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Chords of quickest descent, 

143. To find the straight lines of quickest and slowest descent 
rmrestata given point to a given curve. The straight line 
supposed to be smooth and the motion to be in vacuo. 

The solution of this problem depends on the theorem that 
le curve which possesses the property, that the times of descent 

Jl 





Pig. 1. Fig. 2. 

own all radii vectores firom rest at are equal, is a circle having 
I for the highest or lowest point. See Art. 106. 

Describe a circle having its highest point at and touching 
he given curve in some point P. There are two cases, according 
s the circle touches the given curve on one side or the other. 
liese are represented in figures (1) and (2). 

If OQ be any chord cutting the circle in i2, the time down OP 
I equal to the time down OR and is therefore less than the time 
lown OQ in fig. (1) and greater than that time in fig. (2). Thus 
>P is the chord of quickest or slowest descent according to the 
node in which the circle of construction touches the given curve. 

If (7 is the centre of the circle, the angles CPO and COP are 
qual. Since CO is vertical ihe chord of quickest or slowest descent 
ram rest at meets the given curve at a point P such that OP 
isects the angle between the vertical and normal at P. 

K the position of a point P on a given curve is required 
uch that the time of descent from P to a given point is a 
oaximum or minimum, we follow the same construction except 
hat is to be the lowest point of the circle of construction 
ostead of the highest. The result is that the particle must 
tart from a point P such that PO bisects the angle between 
he vertical and normal at P. 
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144. To find the chorda of quickest and slowest descent from 
rest at one given curve to another given curve. 

Let PQ be the required chord. Then since the time down 

PQ is less than the time down any 
neighbouring chord drawn from P to 
the other curve, PQ must bisect the 
angle between the normal and vertical 
at Q. Similarly by fixing Q and varying 
P we see that PQ must bisect the angle 
between normal and vertical at P. 

The points P, Q are therefore such 
that they satisfy these two conditions, 
(1) the normals at P, Q are parallel, 

(2) the chord makes equal angles with each normal and the 

vertical. 

145. To find the chord of quickest descent from rest in a medium vkm 
retistance varies a$ the velocity we use the same oonstmotion, because the timeB 
of descent down aU chords of a circle from rest at the highest point are equal. Art. 
107. 

If the resistance vary as the sqnare of the velocity the carve which possesses 
the property of equal times for the chords is not a circle ; see Art. 110, Ex. 4. The 
geometrical construction is therefore inapplicable. 

14e. If the chords of quickest or slowest descent are rough we slightly modify 
the rule. To find the rough chord of quickest descent from to a given curve we 
describe a circle to touch the given curve in some point P, but such that the 
diameter through makes an angle with the vertical equal to the angle of fHotioD, 
Art. 105. 

The result is that the required chord meets the curve at a point P such that OP 
makes equal angles with the normal at P and a straight line inclined to the vertieal 
at the angle of friction. 

147. Ex. 1. A point A and a straight line BC are given in the same vertieal 
plane. Show how to draw (when possible) a straight line from A to BC, so that 
the time of descent from rest under gravity may be equal to a given time (. 
When there are two such lines, intersecting BC in P and Q, prove that the radius 
of the circle described about APQ is igt^. 

Ex, 2. Two parabolas are placed in the same vertical plane with their foci coin- 
cident, axes vertical and vertices downwards. Prove that the chord of quickest 
descent from the outer to the inner parabola passes through the focns and makes 
an angle equal to J ir with the axis. 

The normals at the extremities of the chords are paraUel and the parabolas are 
similar. The chord therefore passes through the centre of similitude, i.e. the 
focus S, If PG be a normal, the second condition of Art. 144 shows that the tri- 
angle SPO is equilateral, Le. each angle is equal to Jir. 



Vad ibe ranooUi chord along which a partiole mast tr&vel Btifting from 1 
e pcnnt on one given curve aud eadiog at another given curve, so thkt I 
iHlj/ atquirtd may he ft mal-min. The foree noting on the particle tend* 1 
k ftxed oeatiG O and varies as some fanction of the distance From O. The [esalt J 
Out if i" be eillier extremity of the required chord, either the (brae is r.ero at P 1 
■ OP h » normal to ihe given ourve at P. 

To prove thl», let the centrsl force be/'ir). We then find ir==a/{r,)-a/(r,) 
here r,, r, are tiiB dittancee of the citremitieB P. Q from O. Fixing Q let ai 
ii^Palons the aic(Bx in Art. 144), then dw^/dr^O. Hence /'(r|lrfi-,/di. = 0, le. 
ic eompODent ot the oentral force along the tangent to the curve in zero. 

Er. i. Prove Uiat the smooth chord of qniokest descent from rest a 
reii ciicle to another given circle wli^n produced panwa throagh the highest point ■ 
' tbe lirM circle and the lowest point of the other. 

Prove also that the smooth chord of longeat descent between the same two 
icIm is either a boriEoDtal straight line or (when produced if necessary) passes 

Illie lowest point of the first circle and the higheiit of the other. 
I' 
km 
:. 



Frore that the locos of the points from which the times of descent to 
I points in spaice ai<e the s&me is a rectangular hyperbola. Prove hJso 
u ot the points from which the times of sborteat descent to three equal 
^TCn in position in space, are the same is a rectangalur hyperbola. 

[Math. Tripos, t866.| 

Prove that the rough chord of quickest descent from rest tit some point 

|^^*eD straight line to some point on a given circle (not intersecting), (1) when 
rodoMd passes throngh a point B on the circle such thnt n pnrticle placed at Ji is 
I afiiilibTiuiii with limiting friction, (2) bisects the angle between the diameter 

KB and the perpendicular from B on the given sltaiRht line. 
}• HMvy particles slide down chords of a ciroie whose plane is vertical 
from rat at the higheet paint J in a medinm resisting as the square of 
Ity. Prove that the chords of slowest and quickest descent are the vertical 
•ad a chord making an infinitely small angle with the horizon. 
Hum Ksults may be deduced from the formutn given in Art. 115, but the 
lUoiiriBg line of aignmenl is worth noticing. Let jffl = an be the vertical diameter. 
Qaobord nuking an angleffvrith AB, then Ali = iaixis». We have to find the 
:mc of descnhing Saoos0 from rest with an aooeleration gcosB- K{dxldt)\ 
rritinfi < = {cog9, thia time is equal to that of describing 2a from itst with an 
BwltwUea ff ~(Costf (d{/dl]<. In vacuo, where i = 0, this is independent of 
U chords are ilescribed in the same time. Also this time is incresssd 
e ol the resisting medinm because the acceleration is thereby 
This increase of lime is zero when eosd^O, i.e. = \w. becomes 
11 f is gi«aler and is greatest when caa0 = l. i.e. B = 0. The time of 
ases M t psseu from ^ t to 0. 
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Infinitesimal Impulses. 

148. When the effect of an impulse acting on a body is 
required, we commonly disregard all finite forces which act 
simultaneously with it. The duration T of the impulse being 
infinitesimal, Art. 80, a finite force F can generate only a mo- 
mentum FT which vanishes in the limit when compared wiA 
the finite momentum communicated by the impulse. If, however, 
the impulse is itself very small these may be comparable in 
magnitude and it will then be necessary to take account of both 
forces in the same equation of motion*. 

This generally happens when the mass of the body changes 
during the motion. 

149. Let a body of mass M whose resolved velocity parallel 
to a; is t; be acted on by a finite force X. Let this body lose a 
smull portion m = — dM of its mass in each element of time dt. It 
is required to find the motion. 

The momentum at the time t is Mv, and the gain in the 
time dt is d(Mv). In this time the force increases the linear 
momentum by Xdt, while the momentum lost by diminution of 
mass is mv. Hence 

d(Mv) = Xdt'\'vdM, .'. ^^=-3r (1). 

Here there are no impacts ; the particles merely separate with 
their common velocity without mutual action. 

If X = mg, the equation becomes dv/dt = g, and each portion 
moves parallel to x with an acceleration g. 

Next, let us suppose that the body gains a mass m = dM in 
the time dt and let the resolved velocity of this increment before 
it is attached to if be v\ The total gain of momentum is now, 
Xdt due to the force and mv' due to the impact produced by the 
sudden junction of the masses M and m with different velocities. 

* Problems on infinitesimal impulses were solved in the lecture room of the 
late Mr Hopkins as long ago as 1850. A problem of this kind was set in the 
Smith's Prize examination in 1853 by Prof. Challis, and a solution given in Tail 
and Steele's DynamicM. Another was proposed in 1869 by Prof. Gayley who 
published the solution in the Mathematical Mettenger in 1871. Two problems ware 
also solved in the Quarterly Journal in 1870 by Dr Beeant 
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juation of motion is therefore 

d(Mv)=^Xdt'\'v'dM (2). 

V this reduces to the former result. 

. Ex. 1. A uniform chain of maas 3f] and length {, is coiled up on a 
orizontal ledge at the top of a plane, inclined at an angle a to the horizon, 
masaee M^t If, fastened to its two ends. If Af , is gently pushed off the 
roTe that the velocity of if, just before it leaves the ledge is v% and just 
r", where 

fsinft{^Af,«+itf,Af,+3V[ .^_^^/ itf,4-Af,+itf,oostt y 

[ColL Ex. 1897.] 

X be the distance of the lowest point of the chain from the edge, m the 
a unit of length of the chain. The momentum at the time ( is {M^-^mx) v, 
ime dt a mass mdx without velocity is taken from the ledge and added to 
ing length. Also gravity adds a momentum (M^ + mx) g'dt, where g'==gmna. 

.: d{(Mi + mx)v}={M2+mx)g'dt (1). 

nake the formation of this equation more dear, let the coil be at a short 
) a from the edge, and let the edge be rounded off in a circular arc of 
). We here only require the limiting case when both a and h are zero. As 
iment passes over the edge, the velocity is at first horizontal and the change 
ction is effected by the normal pressures at the rounded edge. The 
tum generated by the weight of the chain on the rounded edge is ultimately 
ice the radius b can be made as small as we please. 

Qtegrate (1) we multiply both sides by {M2-¥fnx)Vt then remembering that 

V = dxjdt, 

(M^^-mxYv^={(M^ + mxY+C)^ (2). 

le x and r vanish together C = - M^, When all the chain has left the 
= I, and 

{M^ + mlfv^^ |^+mZAfs + Jl/a«l 2g'l (3). 

bis instant there is an impact, the tension acts on M^ horizontally, hence if 
e velocity of 3/, and the chain juat before M^ reaches the edge 

(J/3 + mZ + J/3)r' = (3/a + m0r (4). 

mass J/, immediately reaches the edge with a horizontal velocity v', while 
in is moving along the plane with an equal velocity. There is therefore 

impact, the component of momentum il/jv'sina perpendicular to the 
smains unchanged, while the component M^v' cos a is joined to that of the 

If u be the common velocity of M^ and the chain parallel to the plane just 
, has left the ledge, 

(ifj + Mj + mi) tt = (.Vj ■\-ml)v*-\- if, v'cos a\ ,-. 

v"« =««+(»' sin o)« I ^ ^* 

equations (4) and (6) give the required results. 
D. 6 
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Ex. 2. A chain of length / is coiled at the edge of a table. One end i; 
fastened to a particle whose mass is the same as that of the whole chain. The 
other end is pat over the edge. Prove that immediately after leaving the table the 
particle is moving with velocity i^Hgl). [Coll. Ex. 1896.] 

Ex. 3. A mass M is attached to one end of a chain whose mass per nnit of 
length is m. The whole is placed with the chain coiled up on a smooth table and 
M is projected horizontally with a velocity V, Prove that when a length j; of the 
chain has become straight, the velocity of M is MVI{M+mx), 

[Gayley, Math. Muunger, 1871.} 

Ex. 4. A uniform chain of length I and mass ml is coiled on the floor, and a 
mass mc is attached to one end and projected vertically upwards with velocitj 
»J2gh. Prove that, according as the chain does or does not completely leave the 
floor, the velocity of the mass on finally reaching the floor again is the velocity 
due to a fall through a height J { 2Z - c + a*l(l + c)'[ or a - c ; where a*=<^(c-\^ SA). 

[Ck>U. Ex. 1896.) 

When descending each portion moves with a uniform acceleration r/, as explained 
in Art. U9. 

Ex. 6. A chain brake is used at railway depdts for arresting runaway trucks, 
consisting of a coil of chain between the metals, having a hook at one end so 
placed as to catch on to the axle of the truck. If the mass of the truck be eqatl 
to that of a length I of the chain, less than the whole length, then the truck 
running on the level with velocity V will be stopped when it has dragged a length i 
of chain over the rough ground, where V^lfig = ^ (2a; + 3Q x^/P. 

[CoU. Ex. 1897.] 

Ex. 6. A weight W is connected with a coil of heavy chain by means of a fine 
weightless thread passing over a smooth peg above the coil which rests on a table; 
if W be allowed to fall a height A whereupon the thread becomes tight, find the 
motion, and show that if w=SW then in setting the coil in motion energy to the 
amount hWwl{W+w) is dissipated. [Coll. Ex. 1887.] 

Ex. 7. Bain is falling vertically with a uniform velocity of 20 feet per second 
at the rate of two inches depth per day on a cart with a cylindrical cover of semi- 
circular section and horizontal axis. Prove that, if the cover of the cart is 10 feet 
long and 6 feet in diameter, the resultant pressure on it due to the impact of the 
rain is about the weight of one-twelfth of a cubic inch of water. [Coll. Ex. 1895.] 

Theory of Dimensions. 

161. Many theorems follow at once from some simple con- 
siderations on the dimensions of the quantities with which we 
are dealing. Each side of an equation must be of the same 
dimensions in space, for we could not have, for instance, an area 
equal to a length. Again one side of an equation could not be 
the square of a time and the other side a cube, and so on. 

In dynamics we are concerned with the four quantities space, 
time, mass, and force ; but the dimensions of these quantities are 



1 



K> relAteci that force is mass . spaGe/(tinie)^. Taking into account 
ibis reUtioo we have the general principle that both aides of 
ivery equation must be of the «ime dimensions in regard to 
;i) Kpaee. (2) time, (3) mass. 

&aS. A* %a nample let ub applj this priaciple to tbe rollowing problem &lre&dj- 



ice 11 (roui It centre of loroe O vboH acor- 
□ lind the time T of ftniving at the oantre 



L 136. 
A panicle BtartB from re^t at a 
iMatiag tone at a di^taiiae i ik n. 

It i> dear that T ja some fanction of e nod m- " being merely a noinber withoal 
dicDduiiiDii. EipandinR T ill powers of u and ft ve have 

r=ZAtifiti (If- 

Now the aeeelerating force m* is of the dimeDaions 9paoe/(lime)', benoe n is 
1 - n dimeniioTu to ipace and -Sin time. We also notice that a ia one dimaiiBioD 
in apace and noDe in time, vhile T \a oue in time and none in apaoe. 

CoaskderiBg the eqoBtion (1) and oonnting the dimeimionB of eaoh side first in 
•pMc and WDondl; in time, we have 

= J' + (l-"»'/. l=--2q (3). 

Il*n«e != 'I and p-i(l-n). Ai these equation b give only one set of volnes 
to p. If, IhB equation (1) vontaina only one term, v 



T=A. 



,»«-■ 



-1 



.-(3). 



Il fallows that the time of arriving at the centre or fonie O varies as the 
1(1 - alUi power of the initial distanoe, II the central force vary aa the diitanee, 
n= I and the lime of arrival at O is the same for ntl initial distanoes; a theorem 
which ban b«*n proved in Art. 13G by integrating the equation of motion. If the 
OMitml force larj according to tlie Newtonian Inv.-, ii— -2 and the xquare of the 
timi! varie* aw the cube uf the initial distance, a result in accordance with one of 
Eapler's laws. 

The i^inbol J reprawnta a number and as it has do dinieneiona its magnitude 
•mrm^ b* drduced from the theory of dimeiuions. 

i%9t £>. I- A particile raovea with an acceleration //, prove that the velocity 
aoqwMd in dcHoribing a space > varien aa ^(if<). and that the time varieu ax ^((/j)). 

Kr. %. A particle alarta from rest at a given distance from a centre of foroe 
■hoia attraction varies a* the distance and moves in a medium whose resistance 
Tarlaa aa the velocity. Prove that the time of arriving at the centre of foroe in 
Indepanilini I of the initial distance. See Art. I'iG. 

Rt. 3. A particle F moves from rest under the action of a oonetaut acoelerat' 
Of Inn* .'' iukI a oentru ut force whose attraction is n times the distance, both 
tMidiiw >o Ott came point ft and the initial distance OP=a. Prove that 

'«/**=♦ (»"//)■ 
afatM I i* tb* time of irrival at I). 



CHAPTER III. 



MOTION OF PROJECTILES. 



Paracolic Motion, 



154. Oeneral principle. The particle moves under the 
action of a force which, being fixed in direction and magnitude^ 
is independent of the position of the particle. It follows that all 
the circumstances of the motion parallel to any fixed direction 
are independent of those of the motion parallel to any other 
direction. These circumstances may therefore be deduced from 
the formulae for rectilinear motion by taking account solely of the 
resolved initial velocity and the resolved force of gravity. 

166. Cartesian axes. Let the particle be projected from 
a point with an initial velocity F in a direction making an 
angle a with the horizon. Let v be the velocity at any point P 
of the path; Vxt Vy its horizontal and vertical components. 

Consider the horizontal motion. Since the component of gravity 
in this direction is zero, the horizontal velocity is constant throughod 
the motion and is equal to V cos a. We therefore have 

x= Fcosa^, Vx= Fcosa (1). 

This gives an obvious and useful rule to find the time of describing 
any arc of the trajectory, viz. the time of transit is equcU to iht 
horizontal space divided by the horizontal velocity. 

Consider next the vertical motion. Since the component of 

gravity is g we infer from the formulse of rectilinear motion (Art , 

25) that 

y= Vainat — ^g^, V" F»8in*o-25ry (2). 



he CRrtvsian equation of the path is found by oliminating ( 
Btween (l> and (2) ; we have 

;/ = X tan o — ^gn^/ V* cos'a {3), 

'his is the well-kaown equation of a parabola. 

To find the greatest altitude of the particle. We consider only 
be deK^eoding motion; the particle starts downwards with a 
en> vertical velocity and arrives at the level of the original point 
f projection with a vertical velocity which, by the theory of 
ectUinear motion, is equal to that with which it was projected 
ipwards. If A is the greatest altitude we have V'' sin'a = 2^^. 

To find the time of flujht. We again consider the vertical 
iesomding motion, disregarding the horizontal motion. If 2* be 
be time of ascent and descent, we have V»\na. = ^gT. 

To find the range on a- horizontal plane. We considei' the 
>orizuntal motion; the constant horizontal velocity is Kcosa. 
nd the time of Sight has just been found. The range is there- 
Blv K* sin 2{i/p. The range is greatest for a given velocity when 
bs directioi] of projection makes an angle of 4-5'' with the horizon. 
nd continually decreases as the angle increases to a right angle 
r decreases to zero, 

1S6. When the motion with regard to an inclined plane 
usfiiig through the point of projection is required, it is useful 
[> bUte the axis of x along the line of greatest slope and the 
xis of y perpendicular to the inclined plane. 

If ihi- direction of projection is not in the plane of tcy, let V 
mrl \¥ b<t thi- components of the velocity in and pcrpendicuhir 
that plane. The motion perpendicular to the plane of fty 
« uaiform and z = Wt. 

Taming our attention to the motion in the plane of xy, let 7 
« the angle the direction of the velocity V makes with Ox and |8 
be inclination of the plane to the horizon. The initial component 

giea being Kcosy and I''8in7, the tbrmulre of rectilinear 
(Art. 25) give 
= VcoRft-^g^ia^t^] v^ = {V(XAiif-igsm^x\ 
= rflin7(-i(/cos^(=f ■ v/ = (^Bin7y-2^co8j8pf ■ 
find the time of flight T before reaching the plane, we 
tKwider the motion perpendicular to the plane. The descending 
B gives r8in7=.i7co9^. 2'/2, It also follows that the time 



..(♦). 
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of describing the arc from to the point where the tangent is 
parallel to 0^ is r/2. In the same way by considering the motion 
parallel to the plane we see that the time from to the point 
where the tangent is parallel to Oy is Vcoay/gsin/3. 

To find the range r on the inclined plane, we use the expression 
for X, We easily find r = 2F* sin 7 cos (7 + iS) . 6ec*fi/g. 

167. Oblique azei. Let the direction of motion of the 

particle at any point P of the path be PT 
and let the velocity be V. The partide 
being acted on by gravity in the direction 
PN, let Q be its position after a time t. 

Consider separately the motion in the 
two directions PT and PN. The oblique 
components of F in these directions are V 
and zero, while those of gravity are zero and 

g. We therefore have Pr= Vt, and TQ==^gt^ (5). 

Draw QN parallel to TP and let PN^tf, QN^ f. The equation 

2F* 
of the path is therefore f*= -- 17 (6). 

if 

This is the equation of a parabola referred to any diameter PH 
and its oblique ordinates QN. If 8 be the focus, this equation 
must be the same as f * = 4 . SP . 17. We deduce the following 
useful rule. The velocity at any point P of the path is that dite 
to the distance of P from either the focus or directrix. 

Since the velocity at the highest point of the path is equal to 
the horizontal velocity, it follows that one quarter of the lotus 
rectum, i.e. AS, is equal to V* co9^^aj2g. See Art. 155. 

We have also another formula to find the time of transit 
along any arc PQ. Let the vertical at either end, say Q, intersect 
the tangent at the other end in T, then the time of describing the arc 
PQ is the same as that of describing QT from rest under the action 
of gravity. It is also the same as that of describing PT u*ith a 
uniform velocity equal to that at P. 

158. Ex. 1. If three heavy particles be projected simultaneously from the 
same point in any directions with any velocities, prove that the plane passing 
through them vriM always remain paraUel to itself. [Math. T. 1SI7.] 

If gravity did not act, the plane of the particles would be always parallel to a 
fixed plane. When gravity acts each partide is pulled through the same vertiflsl 
space in the same time, hence the theorem remains true. 



POINT TO POINT. 
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Kt. *. Two MDBenls PR, ^R lae dr»wn lo a parabolio Irajecloiy, prove 
(1) thai the mlociliw At !' and Q are pToportionnl to the leagthn of those tangente, 
and <X) ttut the vertical through R divides thp nro PQ into two paiin whioh are 
fc fr ibe J in m|nal times. 

Draw VT vBrticnll; to interBeet the tangent I'R in T. Then by the triangle al 
ntooilies, the ode* RT, RQ, TQ represent in direetion and magnitude the velocity 
al F. that at Q. and that added on b; gravity during the time of transit. Since 
Ibr diamelei ibrongh R liisact" the chord PQ, the reenlta given above foUoir 
vastly. 

I>T. 3. Two Imlln J, II equal in all respects are ou the same horizontal line. 
Th* ball d is projected (onarda B with veloeit; v. while at the same instant B is 
lot (all. Prove that tlie balls will impinge and that after impact, the ooefficieat of 
T«atilinjon bcinit nnilj. .( will fail vertically and 71 will describe a parabola of latus 
rxtem 2**:$. [Coll. Ex. IBiiS.] 

The balla will Impinge because the straight line joininij their centres moves 
}ianllel lo itaelt. At impact they exchange their horizontal velocitiei. 

K*. 4. ir V. u', r" are the veloeltlea at three points P, Q, R of Iha path of a 
pTu)eetUe, where the inelinationa to the horizon ate a. a - ^, a-3p, and if t, f be 
the times of descHbiag Pt^, QJi respectively, prove that 

P" 

mkHhea 



[Moth. T. 1847.] 



jtiie along and perpendicnlar to the middle tangent, 

Three heavy particles P. <J. R toe projected st equal iutervaU of time 
ic point O to describe the same parabola. Prove that the locus o( the 
n of tlie tangents at P, II is a parabiila. Prove alxo (1) thai at any 
tima I after Iho protection of Q, the tangent st V '" parallel to PR. (U) tliat each of 
lhca« lina i* parallel to the straight line joining O to the position of <J at the 
Una 31- 

109. To project a jtarticle fnyin a given point P mth a given 
reioeit^ V m that it shall pans through anoOier given pomt Q. 

TTic v<?Iocity iit P being known the common directrix HK of 
all p«mtb»lic paths from P to Q is constructed 
by dmwing a horistontat at an altitude V''l2g 
above P. With centres J', Q and radii PH, 
QK wo describe; two circles intersecting in 
S imii S'. Then S, S' are the foci of the 
pambulic trajectories which could be de- 
scribwl from P to Q. There are therefore 
two |Mraboltc paths. 

The two foci are at equal distaoces from the chord PQ, one 
lying on ca«h aide. The two directions of projection may be 
ftmnd by biwjcting the angles HPS and HPS'. If y,, y^ are the 
t U\e*« dirtctioas of projection make vntJi the chord PQ, and 
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fi the angle PQ makes with the horizon, it easily follows that 

7i + 7i = i*" - /3- 

We notice that the three sides of the triangle P8Q are known, 
viz. PS^V^lig, if y be the altitude of Q above P, QS^PS-y, 
and PQ is the known distance of Q frova P. 

It is clear that when PQ is greater than the sum of the radii 
PH, QK, the two trajectories are imaginary. The greatest possible 
distance of Q from P in any given direction PQ is found by making 
the foci S, S' coincide and lie on PQ. In this case PH ^QK = PQ. 
Drawing a horizontal line H'K' above HK so that HH'^PH, 
it immediately follows that QK' = QP. The locus of Q is therefore 
a parabola whose focus is P and directrix H'K\ This new para- 
bola therefore touches HK at its vertex H. It is represented in 
the figure by the dotted line. Unless the point Q lie within the 
space enclosed by this parabola, it is impossible to project a particle 
from P with the given velocity V, so thai it shall pass through Q. 

If the particle is to be projected fix>m P with the least velocity 
which will enable it to reach Q, the direction of projection must 
bisect the angle HPQ and F* = gr(r + y), where r is the distance 
PQ. 

leo. Ex. 1. A particle is projected from a point P with velocity T, so as to 
pass through a point Q whose coordinates referred to P as origin are x, y, the axis 
of y being vertical. Prove that the directions of projection are given by the 

quadratic 

_ , 2K« , 2F% ^ 

tan*a tana+l + — ^-=0. 

gx gx* 

and that the two times of transit are the positive roots of 

gH*-i{V^-gy)fi-^if^=0. 

Prove that the product of the times of transit is independent of the initial 
velocity V and is equal to the square of the time occupied by a particle falling from 
rest verticaUy through a distance equal to PQ, 

Prove also that the polar equation of the bounding parabola is V^lgr= 1 + cos 9, 
where the origin is at P and $ is the angle r makes with the vertical. 

See Arts. 154 and 155. 

Ex, 2. Prove that every parabolic trajectory meets the bounding parabola in 
a point whose abscissa is x=2i^cota, and whose depth below the directrix of the 
trajectory is h cot' a, where h is the height of that directrix above the point of 
projection. 

If they meet, the curves must touch for otherwise it would be possible to find a 
trajectory which would pass through a point beyond the boundary. 
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Ki. a, Tb« poinl P beiag fixed aad Q having any poaition, tlu? tangcats at P, (^ 
W <uw iwnbaltc ptth liom PUt<i meet in T. thuxe to the other in T'. the velmitjr 
at P bviog ipren. Prove thai the loous of the middle poinl of TT' is the direotrix 
of cither punboU. 

Prove »iao that far either parabolic path, the vclocitleH at P, Q are as PT to Tlj. 
•Bd for lb* two ittlha lli« limen of truisit from P to (/ ate aa PT to PT'. 

He i. lifoTtof vortical height k Elands on a plane hill-side which makes an 
«B^ B with the horiiloii. I'rove that a Kim which can lire with muzxle velocity I' 
tma Ih* top of the foci comniandii a district whose shape is an ellipse of 
MOentricitf HJria, and whose area is i sec ar''{r- eels' a + 2kg)l g''. 

[Coll. Ei. 18Wi,l 

Tbv pui^Klliiid wboEe focus is the top of the fort and whose directrix plane ie 
itt ma altitude C^/.q is the boundarr of lUI places which the shot can renoh. 
Aft. IS9. Tfae paraboloid cutn the plane hiU-sidu in an ellipne whose projection on 
« boriMintol plane is a circle. The rest follows easily. 

Ex. 3. At a bocizoDlal distance ii from a gan there is a wall of heiftht h which 
M gnmter tluui a -^'/c'; prove that if (he shot be fired olV with a velocity s io a 
Httiecl pUoo at right angles to that of the wall, there will be a distance on the 

oUmt aid* uf Uw wall oaminaDded by the gan Mjnat to , iii (*^ ~ "'<'" ~ 3'"'^)^ 
fwnrided litis expression is real. [Coll. Ex. 1893.] 

Et. fl. A particle is projected with velocity V a,\onii a stinight trietionless tube 
of liaigth r. inclined at an angle a to the borisonlal. and after leaving the tube it 
4Merib«sa iiarabiilic trajeclory : prove that its range on the horiitontal plane through 

Urn poiDt of projectiou i« icosa+ - cosa sin a ll + f 1+ ^^^. iL where 
l-'i.r'-ajrfBina. [Coll. Ei. HWH.J 

Hj, 7. Twu smooth pUnea are at right angles with their edge of inlerseotion 
borixontal and are equally inclined to the horizon. Prove tliat a perfectly elastic 
|«rtiele projected horixontalty in a direction perpendicular to the oonmon edge 
fmm a point verticaMy above it will return to its originai position after two 
T«baiind*. (Coll. Ex. 1891!.] 

Ki. H. Two piinibola.1 have their axes vertical and veilioeg downwards and the 
loeuxif t*eli curve is on (he otlier. A particle, whose coefficient of restitution is 
nsi^. n projeotcd so as to rebound bom the curves at each focns in snccesnon ; 
tmnv that it will after the saaond rebound pass through its point of projection and 
faOonr tu fthniiial path again. [Coll. Ex. 1897.) 

Xi. t. Two pBTticlea ore proivvted from the aame point at the same iostanl 
■llh vdocitie* r, r', and in directions a, a'. Prove thai the time which elapses 
WNWIB lluir tianaits through the other point which iH cumiuou to both their paths 
to* "'•wfa-a') [Math. T. 1841.] 

Kt. UL X nuin iravelling round a circle of radius » at speed v throws n ball 
ban Us hand at hiiigbl A above the ground with a relative velocity I' eo that it 
■light* at the QButre of the circle. Prove that the least possible value o( t' ii, aiven 
Wf n = r».Blv'(fl'4 *■'(-«.), (Coll. Ex, 1886.1 

If Uur man were stationary, the least *alne of V is given in Art. 1S9. To And 

£1 f vlocttj we add lo this ( - v)'. 
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161. Ex. 1. A particle is projected from a point A with a velocity I' in a 

direction making an angle a with the horizon. After rebonnding from a Tertieai 

wall, elasticity e, it hits the ground, elasticity e\ Find 

the condition that after the second reboond the particle 

may pass through A. 

Problems of this kind are solved by considering the 

motion in two directions separately and equating some 

element (usually the time) common to both motionB. 

Consider first the horizontal motion ; the blow at C is 

vertical and does not affect the horizontal motion, but 

the blow at B must be taken account of. Let ON=K 

and let t^, t, be the times of transit along the arc AB 

and the broken arc BCA. Then A=KcoBati, and the horizontal velocity of the 

rebound at B being ^Fcosa, we have also h—eVcoBot^, The whole time is 

k 

(''cos a 

Consider next the vertical motion, the blow at B may now be neglected while 

that at C has to be allowed for. Let t,, ^4 be the times of transit along ABC and 

CA. U k=ANxrehaYe 

-k=Vanat^-igt^^ 

One root of this quadratic is negative and the other is positive. The former 
indicates the time before leaving A at which the particle might have passed the 
level of the ground and is here inadmissible. We take the positive root. If T' be 
the vertical velocity of arrival at C taken positively, 

Both the values of ^4 thus found are positive, and give the times of transit from 
C to ^ according as the particle passes through A on the up or on the down 
journey. Taking both these values we see that the required condition is found by 
equating t^ + 1, to either of the values of t^+U. 

Ex. 2. A ball is projected from a point A on the floor of a room, so as to 
rebound from the wall (elasticity e) and hit a given point B on the floor. Let the 
intersection of the floor and wall be the axis of y and let A be on the axis of x. 
If u, r, to be the components of velocity of projection and .r, y the given coordinates 
of B, prove that euy=eva + vx, and 2vws=gy. 

Ex, 3. A particle is projected from a given point O on an inclined plane in a 

direction making an angle y with the 
plane, the inclination of the plane being 
/3. Investigate the condition that the 
particle passes through O at the nth 
impact. 

We consider the motions parallel and 
perpendicular to the plane separately. 
The motion parallel to the plane is not 
affected by the impacts. If T represent 
the whole time of transit from O to 
again, we have Vooay=igBmfiT, 

The motion perpendicular to the 
plane is affected by each impact. The 
particle starts with a velocity Vahyt hits the plane Bt Ai with the same nonml 




(•iMtLy aOrM ■ time T,, wbete V lia y = ^ji cot ffT^. The partiola rebounds with ii 
pcrfi«ndioQlu Tsloeit; tVaiity and tbe time of transit from .-Ij to A, in rouoil a^ 
before. Ttae whole time of tcuiait U therel<tre 

^, + ^I^*o. = ia^■sin7/„<K)B)^; (! + «+.. . + ,--'1. 

£qiuLtuiB the two comptete times, we b»ve the condition 
oot7.oOtp = (l-e")/(l-r). 
whieh we notioe is independent of the velocity of projection. 

Lei A, , Bf. Ik. be (he points at which the tnn^^nts to the path are parallel to 
Ifae insliBod pluic. The time of transit from O to II, la obvioanly equal to JT,, 
*hil« lb»t ftoni B| to n^ ia i [T, + I',), and so on. I! (*, be the point at whioli the 
tjtngent £« perpendicular to the plane, tbe time from (^ to C, ia ulRarl; equnl to \ T. 

Mt. t- A ball nhoae eUutimty is t in projected with a velocity V and rebounds 
tram ko iBolieed pUne wkioh pasaex throng b the point of prajection. It Ii,, lU, R, 
be may thice consecative ranges on the inclined plane, prove that 

fij- (( + !■>) fl,+c"n,=0. [Math, T. 1(M3.] 

Kr. 'u At two points A. fl ol n porabolio path the direotiona of motion an at 
ri^l angle*. It D he the diataiiee Ali, the inaUnatioD to the hDrixon, V the 
wlodljr al.4 oir fi, prove that y = i)Dili=»iae). 

Kr. n. A particle ii projected from a point on a rough horizontal plane vith a 
velaeil; equal to that which wonld be acquired in failing freely through a height h, 
and in a direction making an angle n with the plane. The particle it inelosllo and 
Uie eoetUcieol* of both the friolions are taken equal to unitj, prove that the range 
ttom the point of piojeotion to where the particle comen to rest id equal to 

;, (1 -r sin 2a). [Coll. Ei. 1807-1 

Tb« paritde drsGriben a pamboU with a range 2h ain 2a. On urriTine at the 
pUne, then is an inipnUive Criotion which rcdnres the horixontal velocity from 
rcoBB Id f' — rcoB b - V sin a. After deacribing n ejiacG >'. when r'^ = 2ffi', the 
particle !« ledocet) to rest by the finite friction. The whole nuige is 2ftain 2i« + i''. 

Kt. T, A perfectly elastic particle alidei down a leni;th ' of a smooth lixed 
iudiDcd plane, and Rtrikea a smooth rigid horiEontol plane passing through the foot 
of the ioclioed plane. Trove that the maximum range of the eoiining parabolic 
IMth, a* the inclination of the inclined plane is varied, is 81/3^3- [Coll. Kx. 1896.] 

Ex. 9. A smooth inclined plane of mass H. inclined to the boriion at an 
aagla a, is free to move parallel to a rertioal plane through the hne of jjreuleBl 
■tops. A paiticia, mass ni, in projected from a point in the lowest edge, up the 
(M« of the plane with a velocity V making an angle p with the linti nt greatest 

•hjp*. Prove that the ranj^e of the particle on the plane is ;— - . — — ? . 

[Coll. Ex. 1897,] 

K^, 9. Two iiialined planes interneot in a horizontal line, their inclinntions 

to iba bnriaon being a and ^; if a particle be projected at right angles to the 

(Ormor Inai a point in it sg u to ><trike tlin otiier at risht angles, the TelooitjF> of 

INVjaoUop u 

sin/JiaMa/|«iua-«n^cos(«+3)l]*. 
■ boisf the dlstanos of tlie point of projeotiou from the intersection of the planeM. 
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Ex. 10. A heavy partide descends the oatside of a circular arc whose plane is 
vertical. Prove that when it leaves the circle at some point Q to describe a para- 
bola the circle is the circle of curvature at Q of the parabola. 

Thence show that the chord of intersection QR of the circle and parabola and 
the tangent at Q make equal angles with the vertical. Prove also that the axis of 
the parabola divides the chord QR in the ratio 3 : 1. 

The first part follows from Art. 36. Since the pressure is zero at Q, v^/p, and 
therefore p, must be the same for the circle and the parabola. The rest foUovs 
from conies. 

Ex. 11. A particle projected horizontally from the lowest point ^ of a circle 
whose plane is vertical leaves the circle at C and after describing a portion of a 
parabola intersects the circle at D. If B is the highest point of the cirde prove 
that the arc BD is three times the arc BC. [Despeyrous, Coun d^ Mic»] 

Ex. 12. A particle is projected so as to enter in the direction of its length a 
smooth straight tube of small bore fixed at an angle 45° to the horizon and to pass 
out at the other end of the tube; prove that the latera recta of its path before 
entering and after leaving the tube differ by ^^2 times the length of the tube. 

[Math. Tripos, 1887.] 

Ex. 13. A man standing on the edge of a cli£f throws a stone with given 
velocity u at a given inclination in a plane perpendicular to the edge. After an 
interval r he throws from the same spot another stone, with given velocity r at an 
angle i^T + d with the line of discharge of the first stone and in the same plane. 
Find r so that the stones may strike each other ; and prove that the maximnni 
value of r for different values of is 2v*lgw, and occurs when sin9=v/ii, w being 
v^B vertical component. [Math. Tripos, 1886.] 

Ex. 14. A particle is projected from the highest point of a sphere of radius c 
so as to clear the sphere. Prove that the velocity of projection cannot be less than 
V(ipc). [Math. Tripos, 1893.] 

Resistance varies as the velocity. 

162. To determine the motion of a heavy particle when the 
resistance of t/ie medium varies as the velocity. 

Let the particle be projected from any point with a velocity 
V in a direction inclined at an angle a to the horizon. The 
equations of motion are 

d^x _ dx ^_ dy 

dt^'^'^Jt' 1^"^^""^' 

:. dw/dt -^tcx^V cos a^ dy/rf^ + /cy = — jr^ + Fsino. 

Both these equations are of the linear form, multiplying by ef^ 
and integrating, we find 

ica? = Fcos a (1 — «"**) ) 

icy^-^ + Cf^sino + ZXl-e-'O) ^ ^' 
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where scL^g, so that L is the limiting velocity, Art. 111. The 
horizontal and vertical velocities at any time t are 

dx/dt = Fcos 06-"*, dy/cU = - Z + ( Fsin a + L) e""^ . . .(2). 

163. From these equations we deduce the general character- 
istics of the motion. We 

notice that when t is in- 
finite /iup==F cos a. There 18 
there/ore a vertical asymp- 
tote at a horizontal distance 
OH = Fcos a/ K from the ori- 
gipu Let the tangent at 
intersect the asymptote in 
r., then OTo = V/k and 
V=^K. Or». Since any point 
P may be taken as the origin, it follows that tlie velocity at any 
point P is proportional to the length PT of the tangent at P cut off 
by the vertical a^mptote. 

Tracing the curve backwards we make ^ = — oo ; we then find 
that both X and y are infinitely great. Since the exponential is 
infinitely greater than t, both y/x and dy/dx have ultimately the 
same ratio. Representing this ratio by tan 13, we have 

tan^ = tana + Z/Fcosa (3). 

The curve has therefore an infinite branch, the tangent or asymp- 
tote to which makes an angle ff with the horizon, determined 
from the initial conditions by this equation. This asymptote is 
at an infinite distance from the origin. 

164. Eliminating the exponentials from the values of x and 

y, Art 162, we find 

y^xtsLufi — Lt (4), 

a linear equation which must hold throughout the motion. 

Drawing a straight liue OB parallel to the oblique asymptote, 
this equation shows that the vertical distance of P from OB is 
PB ss Lt, where L is the limiting velocity. 

The perpendicular distance of P from OB being Lt cos ^, the 
resolved vdocity at P perpendicular to the oblique asymptote is 
constant The resultant acceleration at Pis therefore parallel to BO . 
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166. Oeneral principle. Since the resistance varies as the 
velocity, the resolved resistance in any direction is proportional 
to the resolved velocity in the same direction. The general 
principle proved in Art. 154 for motion in a vacuum will therefore 
apply to the motion with this law of resistance. The circumstances 
of the motion parallel to any fixed straight line are independent of 
those in any other direction, 

166. Let the particle be projected from a distant point E on the oblique 
branch with such a velocity that it describes the trajectory. Consider the oblique 
resolution of the motion in the direction of (1) the tangent or asymptote at E 
and (2) the vertical. In the former motion the particle is acted on only by the 
resistance, and the acceleration at any time is therefore - ku, where u is the oblique 
component of velocity parallel to the asymptote. In the latter motion the particle 
starting from rest is acted on by gravity as well as by the resistance and has thus 
acquired its limiting velocity L. This component is constant in direction and 
magnitude so that the acceleration is zero. 

Combining these two motions, we see that in any position P of the particle, 
the velocity v along the tangent PT is the resultant of the vertical limiting 
velocity L and a velocity u parallel to the oblique asymptote. If U and u be cor- 
responding velocities at any two points O and P of the trajectory, u^Ue"'^, where 
e is the time of transit from to P; Art. 102. We also notice that the resultant 
acceleration at P is equal to - ku. 

Taking a parallel OB to the oblique asymptote and the vertical as axes of 
reference we have 

^=l7(l-e-'^)//c, yi = Lt (1), 

where {= OB, ti—BP. If we refer the motion to the tangent at O and the vertical 
as axes, we have ^'=OAt yi'=AP, We find by considering the motions in these 
directions separately 

Kr=r(l-<'-«'), Kv'=gt'L{l^e-'^) (2). 

167. Ex. 1. Particles are projected from a given point at the same instant 
with equal velocities in different directions; prove that the locus at any time is a 
sphere. 

Refer the motion of any particle to the tangent OA and the vertical as axes of 
^, 17. Both ^, 71 are evidently functions of t which are independent of a. The 
locus is therefore a sphere whose radius is ^ and whose centre is at a depth ^ 
below O. Art. 166. 

Ex. 2. Particles are projected from a given point O at the same instant with 
different velocities in the same direction 0/1, prove that at any subsequent time 
their locus is a straight line parallel to OA. Art. 165. 

Ex. 3. If the axis of x is inclined at an angle i to the horizon and the direc- 
tion of projection make an angle 7 with x^ prove that 

KX= -</ sin it + (Koo87+L8ini)(l -«"**) 



Kyzs -poo8t( + (K8in7+Lco8 



»)(l-e-*OJ 
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If J/ be the point at which the tangent is parallel to x, prove that the time t^ of 
reaehing M and the ooordinates of 3/ are 

jrf - Fsinv .... 

ITcosi' Kyi=: -gcosUi-^l 8107, 

Xj (Kain 7+Lco8t) -yi (F cos 7-hL sin i)= LFtoos (t + 7) ; 
the latter equation being also tme for all points on the trajectory. 

Ex. 4. A projectile moves under gravity in a uniform medium whose resistance 
varies as the velocity. Prove that the hodograph of the trajectory is a straight 
line and that the velocity of the point on the hodograph is proportional to the 
horizontal velocity of the projectile. [GoU. Ex.] 



Resistance varies as the n'** powei* of the velocity. 

168. To find the motion of a heavy particle, when the resistance 
varies as the nf^ power of the velocity. 

£x;t -^ be the angle the tangent at any point P of the path 
makes with the horizontal, p the radius of curvature measured 
positively downwards so that p = — ds/dy^. Let v be the velocity, 
u the horizontal component. Following John Bernoulli, 1721, we 
reisolve the motion normally and horizontally, we thus have 

^ I da n I 

-=5rco8y, -7- = — ^* cosy. 

Since v cos -^ = w and p — — vdt/dy^, these become 

eft _ u du_^ KU*^ ,. 

We obtain one integral by eliminating eft, 

d^r" ff' VcOS-^y * " W" Wo" " 9 Ja (C0Slir)«+^ * 

where a is the angle the initial direction of motion makes with 
the horizon, and u^ the initial horizontal velocity. 

To effect this integration we put /) = tan'^, we then have, 
except ?i = 0, 

ln-^n — jj(l--P')'^-^dp (B). 

the sign of the radical when n is even being such that the subject 
of integration is positive between the limits -^ = a and ^ = — Jtf, 

« 
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We can conveniently take either u or p as the independent 
variable, and thus we obtain the two sets of relations, 

, _ 1 /• . _ 1 /• dtt \ 

!/•,,_ 1 f du 

^ ^j"''^ --;]«-. (l+p.)i(-i. 

1 /■ , J If pdu 

y=---j«W.P = --J ^,-.(l^^)t.n-. ,; 

The first follows from equation (A), the second and third from 
the obvious relations dx^udty dy^updt. The limits in all the 
integrals being p =/)o to /> or i£ = «o to m. 

In this manner all the circumstances of the motion can be 
expressed in terms of one independent variable which may be 
either p or u. 

It is evident that the integral (B) has considerable importanoe 
in this theory. Putting 

we see that when n = 2 orn = 3, 

W, = \\p (1 +ff + log (p + (1 +p«)*)}, W, =p + ^f. 
We may also find a general formula of reduction, viz. 

(n + 2)Trn+2 = (H+l)Fn+p(l+p^)*<«+»' (D). 

When the resistance is a constant force, say xg^ n = 0, and the 
integral (B) takes the form 



(^' __ /I + sin i/ry 
\a) " Vi^sinW ' 



where a is the velocity when the particle is moving horizontally. 

169. The equations (C) have been applied to the calculation 
of the trajectories of shot in various ways*. When the angle of 
elevation is not more than 10° to 15°, as in the case of direct fire, 

* Bashforth, Phil. Traus. 1868, Treatise on the motion of prcjectiUt, 1873; 
supplement, 1881. Proceedings of R.A. Institution, 1871 and 1885. W. D. NiveD, 
On the calculation of the trajectorie$ of shoty Proceedings of the Boyal Society, 
1877. Ingall, Exterior Balligticif 1885. An account of Siaoei's method is given 
by GreenhiU in the Proc. of the B. A. Institution, vol. xvii. See also Artillery, it$ 
progress and present position by E. W. Lloyd and A. G. Hadoock, 1898. Greenbill, 
On the motion of a projectile in a resisting medium^ Proceedings of the B. A. 
Institution, vols, xi., xu., xrv., 1880 to 1886. 



we maj regard the trajectory as so Hat that we can reject the 
sqaare of p. Taking u as the independent variable the integration 
can then be effected without difficulty. When the path is more 
inclined we can divide the whole path into subsidiary arcs for 
fiich of which p may be regarded aa approximately constant 
ibmigh of a different value in each arc. If the arcs were small 
enough the initial value of p in each arc might be taken as the 
proper ralne for that arc. For longer arcs it becomes necessary 
lo give p a mean value taken over the whole subsidiary arc. 

190t In utilleiy piMtice the tbIuub of (be integraU (C) ore oammonlj inferred 
ItalD Ubies tepecnallj eoDstructed for that pnj-poee, different tablee being used to 
Bnd t, X and ij. Opinions differ as to the best methods of conattuoting and \amit, 
time tables. Bkahtorth represents the inw of lesistance b; tv' where < is a 
fuDOticin of the »elooity whose valaes are deduced from esperiment. These values 
tot a sbot of giTBQ erOBH section uid weight and for air of given density ate 
tebnUled (or evecy few feet ut velooity. In effecting the integTations (C) the 
fUntit? I is r^arded as constant and in a long nrc a valne suitable lo a mean 
velocitj oter the arc has lo be tonnd. This difficulty having been overoome, the 
Intattnl* (C) ate tabnlated (ot different valnes of i and between certain ranges of 



In the Italian method a quantity allied to the Telocity is taken as the indepen- 
dant variable. To enable the integrations to be effected the q^imntity p is taken as 
Bopstaat throughout the subsidiary are. The integrals (C) are then detemtined 
«ilb«T by Ibe use of tables or by K'ving the index n the value suitable to the range 
ot relocilj in the trajectory. 

ha aocoQnl n[ the methods of conetmetme and using these variouB tables 
a«iilii take ns too far from our present subject. We mutt refer the reader to 
ipccikl treatisos on Artillery. 

171. Law of resistance. Many attempts have been made 
lo discover the law of resistance to the motion of projectiles. 
Posong over the earlier experiments of Robins and Button we 
may mention as the most important the long-continued aeries 
made by F. Bashforth with the help of his chronograph. By this 
i&Htrumunl the timeB taken by the same projectile in passing 
over a tnicoeauoD of equal spaces can be measured with great 
aecunwy. Other experiments have also been made on the con- 
tinent, for example by Mayevski in 1S81. It appears from all 
lhc«e exjwrimenta that the resistance cannot be expressed by 
any une power of the velocity. The general result is that for 
low and high velocities the resistance varies as the square of the 
velocity, and for intervening velocities as the cube and even a 
higher power of the velocity. 



• 
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To be more particular, let v be the velocity measured in feet 
per second, d the diameter of the ogival headed shot in inches, 
to the weight in pounds. Then taking the resistance to be 

/3 — ( Tooo) ' Bashforth's experiments show that 

V < 850 n = 2 )8= 61-3 
v> 850<1040 n = 3 )8= 744 
v>1040<1100 w = 6 )8= 79-2 
v> 1100 < 1300 n = 3 )8 = 108-8 

V > 1300 < 2780 n = 2 )8 = 141-5. 

Mayevski's experiments led to similar results except that the 
highest power of n was n = 5. The values of /3 were also different 
because the shots were more pointed than in those of Bashforth. 

We may notice that though the resistance for low and high 
velocities follows the same general law, yet the value of the 
coefficient is much greater for the high than the low velocities. 
When the velocity of the shot approximates to that of the velocity 
of soimd in air, we might expect a considerable change in the 
law of resistance and this is shown in the results given above. 

172. To discuss the motion when the resistance varies as the square (^ the 
velocity. 

In this case we can obtain two first integrals of the equations of motion. 
Besolying normaUy and horizontaUy as before, we find 

v^ , du ^ , ds .,, 

Dividing the latter equation by u and integrating 

logu=A-KS, /. tt=tio«"** (2), 

where Uq is the horizontal velocity at the point of projection and s is measured 
from 0. 

Besides this we have the integral (B) already obtained in the general ease hj 

eliminating dt from the equations of motion. Writing p= - dsldr// and v cos ^=a» 

in (1), we find as before 

dt ^ u du_ KU^ 

d^jf" gcoB^\J/* dt~ cos^ ^ '' 

■■■ h-^ I Sj' -H h*'-'" «• 

vbere f =tan ^ as before, and the radical is to be taken positively. Integrating 

^==-'-{p^{l+t^+U,8{p+J{l+tl^)}+B (6). 
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g ■ between (3) and (G) we find 

^,''" + PV(l + P') + log^P + ^'(l + P')! = C (8). 

This U the intriotic eqa&tion □( the path. 

178. To discuss the form of the carve it will be coDvenieDt to piftoe Che origin 
at the highest point so that initial]; p = 0. We then have 



_^.a-e^) = J>Vfl+P') + l08lP + s'(l + I>')l . 



. 17). 



Whea I 



o positive infinity «e see trom (2) and (7) (hat u tends to 
lero and p to minaa infinity. Since b; (3| or (0) 

gdt=-udp and 3iii=jml(= - uy^i, 
it (ollowi that both dtjdp and dxidp are ultimately zero, Wb shall prove that 
while r becomes altimately infinite, x tends to a lioite limit. We therefore infer 
Ifaal Ihe eaixe hai a cerlKal aiyraptolt at a finite diitancc on l)it poiilivi ridt of the 
Mflteit point. 

To prcre this we refer to (5) and retaining only the highest powera of p, we see 
that I/ii' is of the order p*. Putting v = b!p when p is very great, we find 

i7( = - judp = -b log p, gx= - Ju'dp = t'/p. 
TsUng these between the limits p = p, to infinity where p, ia any large finite 
qoulitf. the first gives the time the particle takes to travel From the position 
Used by p=Pi to that defined by p= - ixi . and the second gives the corresponding 
hoiiunlal space. We see that the first is infinite and the second finite. 

194. Conaider next the other extremity of the trajeotory. When the uo is 
ufttirely vMy great, we see by (2) that u is positive and infinite. It also follows 
I ^(T) that p tends to a limit m given by the equation 

■ + m^;(l + m«) + log{«. + V(l + "'')) = (8). 

M tbs left-hand side passes from a negative quantity to positive infinity as m 
infinity, it is clear that this equation has at least one positive 
, It the eqnation could have two real roots, the differential coefficient of the 
1 side would vanish for some intervening value of m. Bat since ths 
iDtial coefficient is 3^(1 + m') this is impossible. It follows that the curve on 
jiMyatire tide of thi higheit point hai an aiymptolt inclined at a finite angle lo 
giariivit. We shall now prove that tkiA atgmplole u at a finite dittaiiee from fht 

b prove this we eiamine the limiting valne of the intercept of the tangent on 
ia of y, via. y -xp. when p=m. Remembering that gdx= -u'dp. dy = pdc. 
fHf aiy-^)- - Jpu^p + pju'dp, 

I p. As we only wibh lo determine whether the limit is 

t or not we shall integrate trom J> = in-{j to p = m. where {, is some fijule 

MHy as mtAll a< we pl(s«e. The remaining parts of the integrals will be 

d in two finite constants il and S. Writing p = m -£, we have 

P (J - »P) =J("> - f )"''«-('"- f)K<ff - JM + P^f, 

B being {={, to 0. To find what fhnotion u is ot f when { is small, we 

I (5). Bamembering that fizl/x,* nnoa 11 = 11, when p = 0. we 
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write that equation in the form 

Expanding and remembering that dfldp=2tj{l +p*) we find after sabtraeting (8) 

where l^. A' and B' are finite constants. Substituting we find by an easy integration 

where the Ae. includes only positive powers of (. Taking this between the limits 
{=^j to 0, the result is finite. 

176. Ex, 1. Prove that, when the resistance varies as the square of the 
velocity, the time of describing the infinite arc on the negative side of the highest 
point is finite. 

Referring to equations (C) and writing p^m-^, u^szt^j^ we see that the time 
of describing the infinite arc from p=m to p=Pi is M^(M-p^), where If is a 
finite quantity independent of ^ or p. This result is finite ; see also Art. 116. 

Ex, 2. When the resistance varies as the square of the velocity, prove that 
the polar equation of the hodograph is -^=oo8' ^ ( f> "^ m ^^^^'^ ^^ ^ ) + -jir • 

where the origin is at the highest point, V is the horizontal velocity, XJ the 
terminal velocity and the initial line is horizontal and is measured positively 
downwards. [Coll. Ex. 1898.] 

This is a transformation of equation (5) of Art. 172, writing r, - ^, for v, ^. 

Ex, 3. When the resistance varies as the square of the velocity, prove that 
the radius of curvature p at the point where the normal makes an angle with the 
vertical is given by 

2/jcp = c sin' 0+2 sin* log cot i + sin 2^. [Coll. Ex.] 

176. Ex, 1. When the resistance varies as the nth power of the velocity, 
prove that the curve has a vertical asymptote at a finite distance on the positiye 
side of the highest point. 

We have v=U/^(l+|>^) where u is given by equation (B). Now, by the action of 
gravity, p continually decreases from one end of the trajectory to the other. After 
the projectile has passed the summit p becomes negatively great and (B) then gives 
u^Ljpt where L is the limiting velocity. We thus have v=.L when p=ao . Sab- 
stituting u=LIp in (C) and integrating from p=Pi to oo, where p^ is any large 
finite quantity, we find that t and y are infinite and x finite. 

Ex, 2. Prove that, when the resistance varies as the nth power of the velocity, 
n being > 2, the arc of the trajectory on the negative side of the highest point 
begins at a point at a finite distance from the origin. Prove also that the tangent 
at this point makes an angle tan~^ m with the horizon given by 



r 

JPo 



po «niio*' 



where Up and p^ are any contemporaneous values of u and p. See Art. 116. As in 
Art. 174, this equation has one positive root. 



In Uu tjiraiw jnilu] position of the partiole the velocity is inflnite. Sinoe 
r = »^'|l+j>'} wemijiit there hfi*e either u or ;i inflDite. It p = tB . (B) gives u = £/p 
uid titit mkkM V Guile. The equation giving n is therefore obtained b; patting 
•I = » in (B). To detemiiiie the po«itioD of tlie partiole when this oooutb we expreea 
u in terms of fi ftod use the eqoations (C). Let the initial position denned by 
p=Pa be snob that ;>, = ">-{, vhete f, is a finite qnantity aa bduII as we pleaae. 
SobstitntLng p = fn-f in (B) and using the equation given above to Gnd ni, we 
luve ii"=lr*/{ where b ie a conalant. SnbatitotiDg in |C) and integrating from 
f 3{, to { «re find thai t, i, and 1/ are Unite when {^0. 

Ei. 3, When the law of reiiBtaaoe is the nth power of the velooily, and u. 11' 
»re tbe horiiontal velocities at any two points of the trajectory at which the 

tangents make equal angles with the horizon, then -; + Ti - "S "''^^^ " '■ 'li* 
nkidt; at tile highest point. 

£>. 4. When the Tesistanoe ia t' + tv", investigate the linear equation 



u is tile horizontal velocity and p 



investigate the lin 



8 the tangent of the inclination to the 
horiion. Tbence show that the determination of (, x, y may be reduced to inte 
ICnUon. [AUegret, BulieUn dt In SoeUIA ifath. IR72.J 

£x. 5. When the resistanoe is coni^tant and equal to ig. the highest point 
bttng tbo origin and the velocity being a, prove that the horizontal veloDity u at 
aa; point of the path is u = a (tone)* where 3S = ^ + J». Thence deduce from the 
iateer*U (C). Art. 168. the values of i, x, y in terms of tan 8. 

If (< or =1. the subsequent path has a vertical asymptote which is at the 
SahediaUnoe J = 2iia'/0(4r''l)lf Ji>J. bnt is at an infinite dietanoe if x-^l,. If 
(>1 tba particle arrives at a point C at whioh the langeat is vertical in the finite 
UsM «ii/if («= - 1). the coordinates of C being Uta^jg (in' - 1) and - o'/ig («" - 1). 

On the nc^tive side of the origin, the carve begins with a vertical asymptote 
which ii infinitely dislunt and the time of describing the aro is infinite. 



197. 



1 



8 ai the cube of the velocity, the equatioii (1 



- (p - in) (p' + mp + m' + 3), 



Ike origin being taken at the point at wbiob the velocity is infinite and m being the 
Mnwpouding value of p. 

To diacDU tbe motion we subatitnte this value of u in the integrals (C). For 
Bndiution of these integrals to elliptic forms we refer the reader to a paper by 
Ull in the Proceedlnfff 0/ the Royal Artitlny Jiutitatum, vol. z[v. inao. 

ffliow that for the cubic law of teeistatioe tbe velocity is a mmimnm at 
R point ciren by the ntigativa root of the quadratic p'-in(ni' + 3)p=I. Show 
>Wthtt when the direction of motion is perpendicular to the oblique asymptote. 

_ Uu bciiwntal velcclty u Is given by - = m + - where L is the limiting velocity. 
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178. Some fonniilflB have also been given by the late Prof. Adams to. determine 
the ooordinates of a particle projected at any inolination to the horizon on the 
rapposition thai the resistance varies as the nth power of the velocity and that the 
path is not very carved. These were first pablished in the Proeeeding$ of the 
Royal Society and proofs were given in Nature^ vol. xu., 1890. These appear to 
be long, but th^ admit of great abbreviation. 

179. The equation of a trajectory being given in the form oo8^=/(/>oos^), 
it ie required to find the law of renetance. 

We notice that the equation can be written in this form, except when p cos ^ is 
constant, for in that case pcos^ cannot be taken as the independent variable. 
This excepted curve is the catenary of eqoal strength. 

Resolving horizontally and tangentially, we have 

^(vcos^)s -i2co8^, j-s ^R^gsinif (1). 

d 
Eliminating dt i2cos^=^(t7Cos^)(i2+^sin^); 

.-. i2t7^(C08^)=-p8in^^(l7C08^) (1). 

Remembering that the normal resolution gives v^lp=geoB ^, we have cos ^=/ (v*/^). 
Substituting this value of cos^, the expression for the resistance R has been 
found. We may also write the«expression in the form 



R^%='9(l'f^^Uvf) (2), 



dt? ''^ -^ ' dv 
where /=/(v*/p) and the sign of the radical follows that of sin ^. 

180. Ex, 1. Find the law of resistance when the trajectory is a cycloid with 
the cusps pointing downwards. 

In this curve p=2acos^, .*. f=vl^2ag. We then find that the reeistanee 

12= - 2p (1 - i^l2a^)^. Since the radical follows the sign of sin ^, 22 accelerates the 
particle on the ascending and retards it on the descending branch. Since 
t7=co8^4^2ap the particle comes to rest at the cusp. The resistance R is then 
acting upwards and is equal to 2p, the particle then moves vertically. See Art. 176, 
Ex.5. 

Ex, 2, Find the law of resistance when the trajectory is the catenary of equal 
strength with the concavity downwards. 

The normal and tangential resolutions show that v is constant and 12 = ~ ^ sin ^. 
12 is a resistance therefore only on the descending branch. 

Ex, 8. Find the law of resistance in the parabola p 008*^= 2a. 
Ex, 4. Find the law of resistance in the circle p=a. The resistance is 

-ig{l~v*la^g*)^ and v^=:agooB\f/, 



CHAPTER IV. 



CONSTRAINED MOTION IN TWO DIMENSIONS. 



Constrained Motion, 

18L A particle, constrained to describe a given smooth fixed 
curve, is under the auction of given forces. It is required to find the 
velocity and the reaction between the curve and the particle. 

Let the curve be referred to fixed Cartesian coordinates and 
let its equation be y =/(^). Let (a?, y) 
be the position of the particle P at the 
time t, m its mass, X, Y the resolved 
forces. Let the tangent at P make an 
angle yft with the axis of x, and let p be 
the radius of curvature. Let R be the 
pressure of the curve on the particle 
taken positively in the direction in which 
p is measured ; this direction is generally 
inwards. 

When the path of the particle is known the relations between 
p, the arc s and the other lines of the curve are also known. It 
is therefore generally more convenient to choose the tangent 
and normal as the directions in which to resolve the acceleration. 
Resolving in these directions, we have 




dV ^» -rr • 

mv-T^Xcosy^-^ x sm-^ 

= — X sin ^ + Fcos •^ + 5 



(1). 



(2). 



From these two equations we may deduce all the cilrcumstances of 
the motion. 
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Considering the tangential resolution we see that since 

cos y^ = da/ds, sin -^ = dy/ds, 

mvdv =i Xdx + Tdy (3). 

There are two cases to be considered according as the right-hand 
side of this equation is or is not a perfect differential of some 
function of x and y. 

In the former case the forces are called conservative. Let 

Xdx^-Ydy^dU (4). 

We therefore have by integration 

^t;2 = J7+C (5). 

Let {x^t yo) be the coordinates of the initial position A of the 
particle, and let U become Uo when we write for x, y, their initial 
values. We therefore have 

imv«-imV=Cr-Cro (6). 

This equation is one case of a general principle usually called 
the Principle of Vis Viva. 

The dynamical peculiarity of this case is that the equation of 
the tangential resolution can be integrated without using the 
equation of the constraining curve. It follows that if the particle 
is projected front a given point A with a given velocity and if it is 
conducted to another point P by constraining it to move along an 
arbitrary curve, then, whatever the path may be, the velocity of the 
particle on an^val at P is always the same. 

182. When the forces are such that Xdx + Ydy is not a 
perfect differential of any function of x and y the velocity cannot 
be found without using the equation of the constraining curve. 
Putting y=/ (a:), we find 

imv» =/{ jr + Tf (x)} dx + C. 

Since X and Y can be expressed as functions of x by the help 
of the equation of the curve, the integration can be effected. L^^ 
the integral be F{x). We then have 

^iv^ - imvQ^ = F(x) -Fixo). 

In this case the change of vis viva does not conserve the saia^ 
value for all paths. 



183u Let OS next take into consideratioi 
I normal resolution, viz. 



the equation of the 



— = — Jl sm l!r + y c 

p ^ 



B^l^ + R 



The terra mifi/p is called the centrifugal force of the particle*. 
This is another name for the normal component of the effective 
furce. Arts. 36, 6S. 

Tl)e force R is called the dynamical pressure of the curve 
OH the purticle, and — it is the dynamical pressure of the particle 
on the curve. The two terms — XBin'^+ Fcos^ make up 
the resolved part of the acting forces along the normal to the 
curve and are together called the statical pressure of the forces 
on the particle. Taken with the opposite signs they are the 
Btaticfti pressure on the curve. 

184. We are now in a poeitiau to apply the two fuudameatal 
thoorems to determine the motion of a particle on any given fixed 



fint, we use the equation of vis viva, viz. 

change of kinetic energy = work of the forces. 
this way we find the velocity. 

Stoondly, the dynamical pressure on the particle in any 
ItioD is given by the cquatiou 

wip* _ /normal \ /dynamicah 

p \force inwards/ V pressure / ' 

180. Work Functloii. The usual methods of finding the 
pIc of a system of forces are explained in books on Statics. As 
Oowftvcr the solution of our djmamical problems depends so much 
"" our knowledge of these rules, it has been thought not im- 
P^i^Jjer to recall to mind those few which we shall here use. A 
""^ro complete list applictkble to a system of rigid bodies is to 
"" found in the author's Rigid Dynamics. 

*" It i> portupa nnDGoeaur; to observe that the centriruHal forcn is not an 
'^''^Ml Into* acting on tbe pftrtiole in additioo to the improssed forcM. ll U 
****lj a □■me (or the qaaiitity mp'/p. ami measures the amount of force which 
'*'***. art tovarda the couGBve aide ol the patli to produce the curvature 1/p; the 
"**» at til* particle twinp m and tbe yeliwit.v r. By tlie tirst law of motion the 
•^''^'i'lK taodit to muvt in a straight line and the forge neceasar; to curve tbe path 
|^^BHMM#I to ba wvtaX to OTOWomfag tt» owiUrifdgal foraa. 
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If Xy Y are the components of a force F the work done when 

the particle receives a slight displacement da from the position 

x,y to x-^-dx, y-hdy may be written in either of the equivalent 

forms 

Xdx + Ydy^F cos 4>d8 (1), 

where 4> is the angle the direction of i^ makes with the tangent to 
the path, see Art. 70. That the work of the two forces X, Y is 
equal to that of their resultant is proved in Statics. It is also 
seen to be true by resolving the forces along the tangent; we 
then have 

da ds ^ 

which is equivalent to the equation (1). Either side of (1) is also 
called in Statics the virtual moment of the force F. 

The integral U when used in the indefinite form 

U=^JFcoail>d8 + C 

is called sometimes the force function and sometimes the work 
function. The definite integral J7— £/o is the work done by the 
force F as the particle moves from the position (xo, y^ to the 
position {x, y). Here Uo represents the same function of x^, y^ 
that U is of a?, y. 

186. Work of a central fbrce. Let the central force F 
be regarded as repulsive in the standard case. Let it tend frt)m 
the centre S and be equal to f{r) where r is the distance of the 
particle from 8, Then since drjds is the cosine of the angle 
the distance r makes with the displacement ds of the particle, 
the part of the work function due to i^ is fFdr. The integration 
is to be taken from the initial position A to the final position B of 
the particle. 

When the force under consideration is gravity the centre S is 

regarded as being infinitely distant. We then replace dr by ± dy, 

the upper or lower sign being taken according as y is measured 

downwards or upwards. Supposing the weight of the particle 

to be mg and that y is measured downwards, the work of the 

weight is 

imgdy^mg{y-y^). 

This rule is usually read thus, the work done by gravity is the 
weight multiplied by the vertical space descended. It should be 



QDliced that the work is independent of the horizontal displace- 
ment. See Art. 70. 

187. Work of on elastic ■trlng. The case in which the 
particle is attached to a fixed point jS by an elastic string differs 
from that of a ceutral force tending to the same point in a certain 
discontinuity. If J be the unstretched length, r the actual length 
and E Young's modulus, the tension T is given by Hooke's law 

t 
is zero when the string is slack, i.e. r<t. 

Let the work be required when the string ia stretched from a 
length I, to It. and let T,, T, be the tensions at these lengths. If 
both It and /, are greater than I, the work is 

Tho Work done by the tension ia therefore equal to 7ninns the 
arMmetic meun of the tensUma multiplied by the extension. The 
work done by the force which stretches the string in opposition to 
the tension is the same token with the positive sign. 

This nile is of considerable use when the length of the string 
undergoes many changes during the motion, being sometimes 
greater than the unstretched length and sometimes less. It is 
important to notice that the rule, as given above, holds in all 
these cases provided the string ts tight in the initial and final 
t>tatt». If the string ia slack in either terminal state, we may 
still iise the same rale provided we suppose the string to have 
it« natural or unstretched length in that terminal state. 

188. Hie equation of vis viva holds also when the particle is 
^ne from constraint and is acted on by any conservatine system of 
Jhrcee. For, whatever curve the particle may describe, we may 
■oppose it to be constrained, like a bead on an imaginary wire, 
to describe that path. The pressure is then zero throughout the 
tnottun, but, what more immediately concerns ua here, is that 
the equation (6) of vis viva continues to hold under these 
circumHtAncea. 
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189. The whole area or space taken into consideration when 
the forces are expressed in terms of the coordinates is called 
the field of force. Such a field is usually defined by expressing 
the force function (when there is one) as a function of the co- 
ordinates. 

It follows from the principle of vis viva that when a single 
particle moves in a field defined by a force function the kinetic 
energy of the particle in any and every position differs fix)m the 
value of the force function at that point by a constant. The 
constant is independent of the direction of motion, so that two 
particles of equal mass projected from the same point with equal 
velocities but in different directions will always have equal velocities 
whenever they pass over a given point ofthefisld. 



XOO. Mgamyl — ■ Ex, 1. A partide is projected from a given point on a 
smooth onrre and is acted on by no forces* Prdve (1) that the velocity is constant 
and (2) that the pressure varies as the oorvatore. 

Ex. 2. A heavy particle P describes a carve and in any position a normal PQ 

is drawn outiroreb, so that PQ is equal to half the radius of curvature at P. 

Prove that the velocity v and the pressure R on the particle measured inwards are 

given by 

r* = 2pi, Rp = 2mgz\ 

where 2, z' are the depths of P and Q below a certain horizontal straight line, 
which may be called the level of no velocity. Prove also that the particle leaves 
the curve when Q crosses the level of no velocity. 

Supposing that the axis of 2^ in the standard figure of Art 181 is drawn 
upwards, the two fundamental equations for a heavy particle are 

i WW* - lmvo'= - w^ (y - yo)» 
tnv^lp = -mg cos ^ + JR. 

If we draw a horizontal straight line at an altitude y^ such that gyi =pyo+ i V* 
we see that 

«=yi-y» 2'=y,-y+ipco8^. 

The results to be proved follow immediately. If the particle is constrained to 
remain on the curve merely by the pressure R it will leave the curve when S 
changes sign. But this is what happens when Q crosses the level of no velocity. 

Ex. 3. A particle is swung round a fixed point at the end of a string in a 
vertical plane. Prove that the sum of the tensions of the string when the particle 
is at opposite ends of a diameter is the same for all diameters. 

[CoU. Exam. 1896.] 

Ex. 4. A heavy particle, constrained to describe an ellipse whose plane is 
vertical and major axis inclined at an angle a to the horizon, is projected from the 
upper extremity A of the major axis with a velocity v^. Find the velocity r, 
with which it passes the upper extremity B of the minor axis and the pressure 
at that point. 



Bioce Uie altitude of B above A is the differenoe between ihe projec(io) 
*od CB on tbe TcrtUal, the eqaatioD of 
Tb viirs (tiTe* 

il«ll','-t,'J=-IH/(60OBO-«Billll). 

Tliu giTCH two equal nJaee of v, with 
oppoette Bigni. One or the other is to be 
lakeu ucording as the particle is pro- 
jmUd Irani A apwards or downwarJa. 
If the Taluei of i*, are imaginar; the 
{■article will not reach II. 

The preneoie R, at II is fonnd by re- 
•dItui^ tiie torcsB along BC inwarda. We have 

"■-' =niBCOsa + R,, 
Pi 
mtwtt ft = a'/6. 

Let UK eupiiOBe that in addition to ila weight the particle is acted on by a centre 
of fone at the focus S snch that the attraction at a dietaooe r is fir". The cqua^ 
dm ol vii Tt<a would then have □□ the right-hand aide Ihe additional term 
- j^i'Jr, the limits being the initial and the linal values of r, i.e. i- = (i(l-<-r| and 
r=a. Art- lefl. The Telocity i; ia then given by 




•nd tbe preastue le detennined by 



a)- 



-il-(l + ')"*'! 



Pi 






+ iii. 



I.M OS next attach the pattjole to the centre C by an elastic string vihoae 
■atiual UiDgth ia I. The effect of this is to add another term to each equation. 
If t-cl> and -ea the Btring is stretched throughout and the term to be added to the 
•qnaUoo o( ris viva is - i(r,+ T,)(6-a) where T„ and T, are the tensions at J 
and B.see Art. 187. lu our case T„ = Eia-l)lt aud T, = l':{b-I)IL If however 
l->-b and -en the string becomes slack at some position of the particle between 
J andO: the term to be added is now -HT„ + T,)(l-a) where r, = Oand Tg has 
iba iune va^ne as before. Lastly if l>-b and >a the string is slaok throughout 
aDil no term is to bo added. 

The wiuation of preesore will also have an additional term on the right-hand 
aide. Thii term is T„ where T, has the same value as in the equation of via vivo. 

In tliia vay the velocity of the particle and the prosaure at any point may be 
tmaA with vase no matter how oomplicatad the fornes may be, 

Kt. ft. A amall ting without weight can slide (reely on a smooth wire bent 
Into the lortn ot an ellipse. An elastic string whose natural length is I aUo passes 
lkn>ii^ the ring and has one end attached to the focus S and the other to the 
aoDtre €. The ring being projected from the extremity .-1 of the major axis, prove 
that the *eloeity p, , and the pressure Ji, at the extremity 8 of the minor axis are 



nby 



"K 



'.') = (f, + r.)(n- 



-6). 



beginnlnit and end t>( the transit. 



the string is atretehed al the 
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Ex, 6. A heavy bead is initially at the extremity of the horiaontal diameter of 
a uniform heavy smooth circular wire whose plane is vertieaL The system falls 
from rest through a space equal to the radios. The oironlar wire is then suddenly 
fixed in space. Find the snhseqoent motion of the bead, and determine if it erer 
comes finally to rest. Find also the pressure on the wire for any possible position 
of the particle. 

Ex. 7. A particle, constrained to describe a circular wire, is acted on by a 
central force tending to a point on the circumference and varying inversely as the 
fifth power of the distanoe, prove that the pressure is constant. 

Ex. 8. A particle is constrained to describe an equiangular spiral and is acted 
on by a central force tending to the pole whose acceleration is /ur". The partide 
being projected with a velocity Vq at a distance a^ from the pole, prove that the 
velocity and pressure are given by 

2m 
n+1 



t^ - V= - z^ (»*^* - «*^*)» 



— = ( ro*+ — ^ a*** I r ai* sin a. 

m \ " n+1 / r n+1'^ 

If Yis-8 and v^^»Jti.la, the pressure R^O. The tpiral it therefore a free 
path when the force varies ae the inverte cube of the dietance, and since any point 
may be regarded as the point of projection, the velocity at every point i$ given 6y 

v=J/jLlr. 

Ex. 9. A particle is constrained to move in an ellipse along which it is pro- 
jected, and the straight line joining the foci attracts according to the Newtonian 
law. Prove that the resultant attraction varies inversely as the normal and thai 
the velocity is constant. 

Ex. 10. A particle of unit mass moves in a smooth circular tube of radius a, 
under the action of a centre of force which repels as the inverse square of the 
distance. If the centre of force be midway between the centre of the circle and 
the circumference, and the particle be projected from the end of the diameter 
through the centre of force remote from that point, with a velocity whose square is 
^M iij^ - m^t the particle will oscillate through an arc Sra/S on either side of the 
point of projection. [GoU. Ex. 1897.] 

Ex. 11. A particle is constrained to describe a lemniscate and is under the 
action of two central forces tending to the foci and varying inversely as the cube 
of the distance. Supposing the forces to be equal at equal distances from the foci, 
prove that the pressure at any point P varies as the distance of P from the centre 
of the curve. 

Ex. 12. A particle slides down a smooth curve in a vertical plane. If the 
pressure on the curve is always X times the weight of the particle, prove that the 
differential equation to the curve is y + c =a {dxjdt - X)^. [Math. Tripos, 186S.] 

191. Rough Curve. When the particle slides on a rough 
curve the friction acts opposite to the direction of motion and ik 
magnitude is fi times the normal pressure taken positively. The 



equations of motion are by Art. ISl 

viV -j- = X cos ■t^ + T sin yfr ± f^R, 

— = — .Xsin-^ + l'cos^± R. 

\ is important to determine the signs of the terms coDtaiuing 
IWfore proceeding with the solution. The initial value of the 

jcity being known the second equation determines the initial 

action of it Taking R to act positively in the directioix thus 
it will continue to be positive during the subsequent 

tjon until it vanishes. The initial direction of the velocity 

ing known, the friction pJi must be made to act in the first 
piation opposite to that direction. If the particle start from 

i the friction /^R must be made to act opposite to the direction 
tthe tangential force. The sign of ^L will then continue un- 

loged until either the pressure R or the velocity v vanishes and 
mes reversed in direction. 
I To solve the equations of motion we in general eliminate R. 

membering that when s and iff increase together p = ds/d^^, we 
a an equation of the form 

f nang the geometrical properties of the curve we express P in 
B of ^. The equation being linear, we then have 
v'e'^* = C+fPe"^*df. 
i value of V being found, the value of R follows from either of 
B equations of motion. 

\ in. ■Timrl'^. Ei. 1. A partiale ie projected witb k valoaitj V aJoDg k 
h horizoDtnl cirole in ■ mediam whose re«iatance varies as the square of the 
Prove that 



r U the Telocity after a. 



I the arc deftoribed. aad p is a aonstaot. 
I £z. 3. A small bead of unit raass is coDstrained to move aloug a rough wire. 
1 the (onn of an eqaiaDgnlar spiral of acgte a, Id a medinm whose 
luoe a F* COB a/c aud in Doder the action of no other rorces. If the euoSoient 
bI tHctioD is cot a, prove that the time of travetlin); [lom a dietaoce f to a dialaQOH 
I (rom the pole is t'{b- c}iV noaa where cj = b -f, and I' is the Telocity at the first 



l|ttie> 



IbeH poiuta and is directed Irom the pole. 
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Ex, 8. A heavy particle moves on a rough cycloid placed with its convexity 
upwards and vertex uppermost. The particle is started with an indefinitely small 
velocity at the point at which the tangent makes with the horizon an angle e eqoal 
to the angle of limiting iriction. Prove that the velocity at a point at which the 
tangent makes an angle with the horizon is 2,Jag sin (^ - e) and that the partide 
will leave the curve at the point at which the velocity is s/^g (cos } e - sin (e). 

[GoU. Ex. 1889.] 

Ex, 4. A particle is projected horizontally with velocity V along the inside of % 
rough vertical circle from the lowest point, prove that if it complete the cireoit it 
will return to the lowest point with a velocity v given by 

t;«= F« « - *^» - 2ap (2Ai« - 1) (1 - «-*^»)/( V + 1). [Coll. Ex. 1887.] 

193. Condition that a conitrained motion ii also free. 

It has already been pointed out that the required condition is 
that the pressure R must be zero throughout the motion, see 
Art. 190, Ex. 8. In this way we easily obtain several useful cases 
of free motion. 

If T and TiT be the tangential and normal components of the aooelerating foiw 
estimated positively in the directions in which the arc 8 and the radius of curvatoie 
p are measured, we may prove that the condition R=0 leads to the result 

2T=-r^ {pN), This is obtained by eliminating v* between the normal and tangentU 

resolutions in Art. 181 and differentiating the result. This form of the criterioo 
though necessarily true is not sufficient to make 12=0. As no notice is taken in 
it of the initial velocity, it is generally less convenient than the simple mk 
that R=0, 

104. Bzamples. Ex, 1. A particle is constrained to describe a smooth 

circle under the action of two centres offeree 
tending to fixed points £•, S' on the same 
diameter, the accelerating forces being fiji* 
and fi'lr^ where r, K are the distances of the 
particle from the centres of force. If S and 
iS'are inverse points, prove that the pressure 
can be made zero by giving fi'Jfi and the 
velocity of projection suitable values. 

Let a be the radius ; h, b' the distances of S^ S' from the centre C, Since the 
points are inverse hb'=a^. If P be the particle the triangles SfPC, S'PC are 
similar and r^lr=alh. The fundamental resolutions give 

- = ^ cos SPC + 3- cos S'PC+- . 

From these we easily obtain 

Jl_l / , A* m' \ a«-6»J ,/by) 1 




In ofdet Uikt R=0 we havn two oonditions 



(1) 



12) 



SiiuM r'Jr=u,'t. the Giat condilion sfaovs Chat the tADgentUl acoeieralioDB due 
ID the tiro foicea are eqaal Kt all poiutB at the circle. Since any point maj be 
nguded a* the point of projectioii the second condition gives the vulocity at all 
pinnta ot the orbit. Since Hg is zero at an infinite distance, this fcrmula shows 
llal the ralocit; st uxy point ot the orbit it the same hs if the particle were coa- 
dnsted tiom rest at on infinite distance to that point ; Ait. 161. 

1/ the two centres of force are indefinitely near to each other the resultant 
attnctioii at an; point P nt a finite distance fl-om Iheni is the same as that of a 
BinplE centre ot force of donble the intensity of either. Hence we arrive at Mewtoo's 
ikeorem tliat a eire)e can be deicribtd fretty xiitder a ainglt ceulrr of fiirct whoir 
settUralion variu at tht invent fifth power, tht centre of force being on the eir- 



Wh«n the partiele comes indefinitely eloie to the two oentrea of foroe. (hey 
oanuit be considered aa one centre. The particle passes between the two oentres 
wilfa an infinite velocity. The two centres of force altracl the particle in opposite 
diradioua Willi forces fi/(<i - A)* and ii'/(b'-a)*, both being infinite. The resultant 
fens tending to the centre of the circle is therefore /ila(a~b)* which is also 
taiflfdt*. This la«t force gives the initial curvalurc to the subsequent path. 

B». 2. A particle describes a catenary oiider the action ot a force parallel to 
ibe orditute. Bbow that if the prtasure is zero, both the force and the velocity 
nxj as the ordinate. 

Hx. a. 8how that a particle can describe a parabola under a repulsive forue iD 
til* focua (oryinf! as the distance and another foroe parallel to the aijs always 
Ihna times the magnilurle of the former. Prove also that it two equal particles 
dMOrtbD 111* ewne parabola under the action of these torcen, their diri^ctioi 



S^. t 



D wQl always ir 
If a 



1 filed confocol parabola, 
be described under the actio 
! N, prove that 



[Coll. E».] 
force F tending to the 



[Math. Tripos.) 



196. Doei the particle leave tbe curve 9 If the particle 
ia a small ring whieh slides on the curve it is obvious that it 
eaaiiot separate from the curve. In this case the pressure R may 
have any sign. 

If the particle slide ou one side of the curve the pressure on 
the particle must tend towards that side on which the particle 
Oiovc«. The pressure li must therefore have the sign which 
siiit« this direction and must keep that sign throughout the 
motion. Whon therefore the analytical espression for R given 
by thi- nonaal reaoliition (Art. 184) changes sign the particle 
sepantt*'* from the curve. 
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Since the forces in nature cannot be infinite the points at which 
R can change sign are found by putting i2 = in the normal 
resolution. Let mf be the resultant force, and let its direction 
make an angle ^ with the normal. Then 

— s= mf cos <b + Jt. 
P 

The possible points of separation are therefore given by 

V^ ssfp cos if}. 

Now 2p cos 4> is the chord of curvature in the direction of the 
force mf. Representing one-fourth of this chord by c, the 
equation becomes v^ = 2/b. Hence the particle can leave the curve 
<ynly at a point such that the velocity is that dtie to one-fourih the 
chord of curvature in the direction of the resultant force. Art. 25. 

106. Bzaaptoa. Ex. 1. A heavy particle is sospended from a fixed point C 
by a string of length a. A horizontal velocity Vq is suddenly commnnicated to the 
particle so that it begins to describe a vertical drole. It is required to determine 
whether the particle wiU oscillate or the string become slack. 

The equation of vis viva shows that the velocity v at an altitude y above the 
lowest point of the circle is given by 

i;a=V-2py (1). 

The tension R is given by 

a a m 
.: ^=V+a^-3py (2). 

If the particle osciUate the velocity is zero at the extremities of the arc of 
oscillation. It follows from (1) that the altitude of this point above the lowest 
point is v^ftg. If the string becomes slack the tension vanishes at the point 
of separation. It foUows from (2) that this occurs at an altitude {v^+a^)ISg above 
the lowest point. These points cannot be real points unless their altitudes are less 
than the diameter. 

We also notice that the altitude of the first of these points is greater or less 
than that of the second according as Vq* is greater or less than 2ag. 

If VQ^:>6ag neither point is real. The partide must describe the whole circle 
•and the string does not become slack. 

If VQ*<2ag the velocity vanishes at an altitude less than that at which the 
tension vanishes. The particle therefore oscillates and the string does not become 
slack. 

If v^<.bag but >2ag the string becomes slack before the velocity vanishes. 
The particle therefore leaves the circle and describes a parabola freely in space. 

If the particle, instead of being suspended by a string, were constrained to 
move like a bead on a vertical smooth circle of radius a the partide could not 
separate from the circle. It therefore oscillates or describes the whole dxole 
■according as v^<. or >4a^. 



Bx. 3. A bead cu tijde on n horiKoclnl cirole ol radiui a and is acted on only 
by the Unsion of an elutle itriog, the Qataral length ot vhieh in a, fixed to a point 
in tbe plane of the circle at a distance 2ii from its eeatre; tiad the candition that 
the bead ma; juM go round. Prove that in this ease the pressareB at the 
eiticniitiea of the diameter through the filed point will be twice and four times the 
weight of the bmd if th&t neight be snoh its to Htretch the string to double ita 
□atnra! length. [Math. Tripos, 1860.] 

Et. S. A heavy particle i» allowed to slide down a smooth vertical cirole of 
radins 37n from rest at the highest pomt. Show that on leaving the circle it movee 
ID a jiarabi>la whose latus rectnm ia 16a. [Colt. Ei, 1695.] 

Ei. i. A particle moves oa the onteide of a smooth elliptic cylinder whose 
asia is faoriEontal. The major aiie of the principal elliptia seotion is vertical and 
the eocentricity of the section is e. It the particle start from re>t on the highest 
genei»tor, and move in a vertical plane, it will leave the cylinder at a point whose 
eoeenlrie angle is 0, wheT« <*cos*^ = 3cos#-2. [Coll. Ex. 18U2.] 

Ej!. 5. A poiticle is projected horizontally from the lowest point of a smooth 
elliplio arc, whose major axis 3a is vertical and moves under gravity along the 
side. Prove that it will quit the curve at some point if the velocity of 
n r is such that V' lies between Itga and ga (5 - e'), where r is Che acoeU' 
trieity; and if the velocity have the latter vaiae, prove that the particle wiU 
«antina« to move ronnd tiM ellipse in the periodic time 

&'j. 6. A particle, projected inside a smooth circular lube, moves onder an 
Mtnetive (oroe varying inversely as the sijuare ot the distance from a point within 
Uis rim of the tube and in its plane. Prove that the pressure cannot vanish at any 
point if tlu> particle is performicR complete revolutioutt. [Coll. Ex. IBOT.) 



¥ 



197. HoTlng curreB of conatralnt. To find the equations 

motion of a particle coiiHtriiiued to slide on a curve moving in 

own plane. 

hvi be any point of the plane of the curve which it will be 
conn-nient to take an origin. Let / be the acceleration of this 
point, then the motion relative to will be unchanged if wo 
ftpplj' to every point of the curve and to the particle an accelera- 
tion equal and opposite to that of 0. If we also apply to every 
point an initial velocity equal and opposite to that of 0, we 
may regard a-s a fixed point. Tlie point is then said to have 
been reduced to rest. 

Wc «hall now take as the origin of the polar coordinates r, 0, 
where 6 M nit'a>4ured frum a straight line Of fixed relatively to 
the curve. Let a be the angular velocity of Of referred to a 

ighb line Oj- fixed in space. Let <f> be the angle the radius 



^^>1 
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vector r makes with the tangent. The equations of motion are 

d«r (d0 y P ^ R , ' 
d^ \dt J m ^ m ^ 

r at \at J m '^ m ^j 
where P, Q are the components of the impressed forces, and/i,/^ 
those of/ 

These equations may be written in the forms 

since rdd/dt = v sin ^, dr/dt = v cos <f>. 

These are the equations of motion we would have obtained if 
we had supposed the curve to be fixed in space and the particle to 
be acted on (in addition to the impressed forces) by three fictitious 
forces. The introduction of these forces is said to reduce the curve 
to rest. 

These forces are, (1) the force i^i = — mf by which the origin 
is reduced to rest ; (2) the force ^2 = moV acting on the particle 

along the radius vector from the origin : (3) F^^-^mr rr acting 

perpendicularly to the radius vector in the direction tending 
to increase 0, We also observe that the expression R — 2mmv 
takes the place of the pressure of the curve on the particle. 

Here v represents the velocity relatively to the curve. The 
velocity in space is the resultant of v and the velocity of the 
point of the curve occupied by the particle. 

By resolving the impressed and the fictitious forces along the 
tangent we obtain an equation free from the reaction, and fix>m 
this the velocity v of the particle relatively to the curve may 
be found. This equation is 

By resolving the forces along the normal inwards we have 

— =i\r + JB-2mart;, 
P 

where N is the normal component of the impressed and fictitious 
forces. This equation gives R, 



mv 



AiU'. 1!)9.] TIME IK AS ARC, if 

f/ the curve turn with a uniform angular oelodt;/ about i 
iirufin fixed in space, these equations become 

im iv' - v„') =J,nt^-rdr + J(Xd^+ Ydv) 
= J^wimV +U + C, 
= — iiita'r sia ^ + (Y cos y^ — X ain -t^) +■ R — '2mo)V. 



19a. a^ifiigl— . Ex. 1. A beaJ can slide (reel; on a smooth eircnlar wire. 
Initittll; Lhe tw&d is at rest &t n point A. The circle then begina to torn with 
anifonn ongnlu' velocity about & point O in the rim. where OA ie a diameter. Prore 
UwC vbea the bead is nt a dist&Qce r from 0. the pressure on tlie carve 

where a is the rudias of the circle anil in the masa iit the bead. 

To reduce the cirele to rest we apply the fictitiouB acoeleratinR force Fj—<^. 
BefK« ii!' = iiirt* + C. Since the head m initially at reet in space, it has a velocity 
relatively to Ibe curve v= - ai .2a when r = 2ii. Heoce C-0 atid r=: - uir through- 
out the motion. To lind tlie presB(u«, we have 

SubvUtnting for v its valae. this gives the result. 

£c 3. A bead ja at rest on an equiangular Bpiral of angle a at a distance a 
fram ihe pole. Tlie spiral begins to turn roand its pole with an angular velocit; u. 
Prove that th« bead comes to a position of relative rent when r^acoaa, and that 
the picMUTG is then ^mu'a ain 2a. Prove also that vhen the bead is again at its 
urtglnal diitance from the pole, the preHsmeis inur'iisina(3-i-ain'a). 

199. Time of describing an arc. A heavy particle is in 
utable equilibrium at tlie lowest {Mint A of a smooth fixed cm-ve. 
Find the time of a xmall oscillation. 

Lt-l be the angle the normal at any point P near A makes 
_with the vertical, a the arc AP, p the radius of curvature at A. 
I ^ is altimatcly equal to ejp. The equation of motion is 



dt' 



= -ffsin* = -3(^H 



5«=4 



when HiQ ^ is expanded in powers of «. If the arc of oscillation is 
xufiiciently small we may reject all the terms after the first powera 
of ti. The time of a complete oscillation is therefore iir -Jpfg. The 
lime <jf otcillaiiun is therefore the sayne as if the constraining curve 
were replaced by the circle of curvature at A. 

When it is necessary to take account of the small quontitiee 
of the order k*, it is more convenient to replace the equation of 
totion by its Urst integral, as in Art. 200. 
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Ex. 1. A particle P makes small oscillations about a position of stable eqni- 
libriom at the point ^ of a smooth curve under the attraction of a centre of force 
situated at a point C on the normal Oil C to the curve, the magnitude of the force 






being / (r) where r = CP, Prove that the time of oscillation is 2ir <^ — \^ where 

F=sf{a), a=AC taken positively when C is on the convex side of the curve and 
p=OAiB the radius of curvature. Notice that the time is independent of the law 
of force but depends on its magnitude F bX A, 

Ex, 2. A smooth wire revolves with constant angular velocity w about a fixed 
point in its plane and a bead is in relative equilibrium on the wire at an apse at 
distance a from the fixed point; prove that, if slightly disturbed, the period of a 

small oscillation is — ▲ / - * where p is the radius of curvature of the wire at 

(a V «-p 

the apse and is less than a. [Coll. Ex. 1887.] 

Beduce the curve to rest, and use Art. 199. 

200. Time of detciibing a finite arc. By using the 
equation of vis viva the determination of the time can be reduced 
to integration. The equation of vis viva is 



mi-'^^O' 



where U=<l>{x,y) is a known function of the coordinates {x, y). 
The constant C is known when the velocity is given at some 
point B whose coordinates are (A, k). We use the known equations 
of the curve to express any two of the variables x, y, 8 in terms of 
the third. Choosing s as this variable we have U = yfr{s). Hence 

ds 



V2.«=±j 



the integration being taken from one extremity of the arc de- 
scribed to the other. 

aox. Ex. 1. A heavy particle is projected from a point i4 of a vertical circle^ 
centre O, with such a velocity that it would come to rest at the highest point B. 

Prove that the time of transit from ^1 to P is ^ /- log -~- where BOA = a. 

V ^ cot Ja 

BOP ^9 and a is the radius. We notice that the time of arriving at the highest 

point is infinite. 

Ex. 2. Prove that the curve such that the time of descent of a heavy particle 
from rest at a given point A down any arc AP is equal to the time down the chord 
is a lemniscate. 

Taking A for origin and using polar coordinates, $ being measured from the 

downward vertical, the condition gives / —j-. —=i 2 ^ / — - . Di£ferentiating 

JOis/{reoB0) V oos^ 

both sides and solving the di£Ferential equation we find that f^ssAua^B. The 

condition that the lower limit on the left-hand side is zero is found on trial to be 



HtM^ed bj this viae of r. The rwintred curve ie therefore n lemniscate m'tli the 
uis iDcUiwd Bt ftu angle of 45° to the vertical. 

i. A. Benet remulia tbat if the ratio of the times weie k : 1, tbe diSerentUl 
eqnallon would b« 

(f - 1) (j^)'+3*''a'' ft- ~ + (*'tan'fl - 1) r»=0. 
TLb ipiadialio girea dr/rdfl=/(fl), and the nolntioo ib roduced to integration. 

The huloryoflhis problem is given in the liullflinde la SoeieU iIatMmaiiqiie>. 
ToL II. lAf»t. ll nai lirsi solved bj Euler in his Mieaniqut 17S6 and an«rwa[ds 
by FUHB in tbe JW^miwrw tCr. de Saint Pderibourg, 1821. Bispal gives a. geometrieal 
proof to Linuville, ni. 16JT. 

£r. 8. A particle is acted on by a centre of force varying as the distance. U 
tlie lime of describing htaa rest an arc from ■ given point A is eqoal to the lime 
at describing the ohonl. prove that tbe coive is a leroniioate. OsBian Bonnet, 
LiourllU. vol. IX. 

Ex. A. It the time of deeoent ol n lieavy partiele from rest at a given point A 
Aown any arc JF bean to Ibe time of descent down the chord h ratio eqnai to 
t]i« ratio that tbe length of the arc bears to k timeB the length of the chord. 
plow » " =Cjr, where j/ it the vertical ordinate of P and C is a constant. 

202. Subject of integration infinite. A difficulty aome- 
GiiueH arises in finding the lime of describiag a finite arc AB if 
the velocity is zero at either limit. Let a particle lie projected 
from a point A in huc/i a manner that tlte velocity of arrival at B 
w xero. It ia required to find the time of describing the arc AB. 

Let the points A, Bhe determined by s = a, a = b. Since the 
velocity at B is zero, we have C = — ■^(6). The time of describing 
the arc AB or BA is therefore given by 

V2.. 



J ^ — 

■'[f(»)-^(6)l*' 



the liinits of integration being a, b. 

The subject of integration^ is infinite at the limit s = 6, but 
the integml itself may be finite. If we write s = b + ff, we can 
expresB the work f7 in a series ; let 

U-U,= ->^(a)-^{b) = Mo" + .... 
where >» i« the lowest power of o- in the expatiiiion. The part 
of tbe integral Irom » = b—a to b {a being small) is ± \ tt/^i^ ■ 
This vuiuiheH with a if n< 2 but is infinite if h = 2 or > 2. 

If. R8 upunlly happens. Taylor's ex|)ansion holds tnie, wo have 
,,H» I . The time to or from a position of rest ia then finite. 
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If the point £ is a position of equilibrium as well as of rest, 
we have dUjds = when o- = 0. It follows from Taylor's theorem 
that n = 2. The time to a position of rest at equilibrium is therefore 
infinite. If Taylor's theorem does not hold, n may lie between 
1 and 2 and the time is then finite. 

Another rule, given by DespeyronB in his Cours de Mieanique, is usefal when 
gravity is the acting force, li B is a. position of eqoilibriam the tangent at B is 
horizontal. Let p be the radius of corvatore at J3, $ the angle the normal at any 
point P near B makes with the vertical. The equation of vis viva is then 

The time t of describing a small angle a is therefore given by 

\PJ "Jo(1-oos(?)*"n/2Jo ^"' 

The time of tramit from A to B is therefore infinite unless the radius of curvature p 
at B is zero, 

208. fiTHinpl— I Ex, 1. A heavy particle is constrained to describe the 

curve x^+y^=a^, the axis of y being vertical. Show that the radius of curvature 
at every cusp is zero. Show also that a particle projected from the lowest cusp 

with a velocity (2^a)^ will arrive at the next cusp in a time which is three times 
that of fiiUing freely from rest at the origin to the lowest cusp. 

[Desp^yrous' problem.] 

Ex, 2. A small ring can slide freely on a smooth wire bent into the form of a 
cycloid. The axes of x and y being the tangent and normal at the vertex B, the 
force function is given by U=My^ where m is positive and <1. Prove that if the 

particle is projected from a point P whose ordinate is h with a velocity {2Mh^)^ the 

l-w 

time of arrival at J3 is t where M^ (1 - m) t=2a* h " . 

Ex. 3. If the only force acting on the particle is gravity U=gy, lfy = Ms^ + . . . 
prove that p = Ns^~^ + . . . where N~^ = Mn (n - 1), provided n > 1. Hence n<2 when 
p=0 and n=2 or is > 2 when p is finite or infinite at the position of equilibrium. 



Use the theorem p g = g = jl - g)] . 



Motion in a cycloid. 

204. A heavy particle is constrained to move in a smooth 
fianed cycloid whose plane is vertical and vertex downwards. It is 
required to find the motion. 

Let A, A' be the cusps, the vertex, OQD a circle equal 
to the generating circle placed with its diameter on the axis OD, 



ABT. 204.] 



FUNDAMENTAL PROPERTIES. 
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C its centre. Let PQN be a perpendicular on the axis drawn 
firom any point P on the cycloid. The following geometrical 




properties of the cycloid are given in treatises on the differential 
calculus. 

(1) The tangent at P is parallel to the chord OQ and the 
arc OP is twice the chord OQ. 

(2) The radius of curvature at P is parallel to the chord QD 
and is equal to twice that chord. 

(3) The distance PQ is equal to the circular arc OQ. 

Let the angle QDO = ^, and let a be the radius of the gene- 
rating circle. The tangential and normal resolutions at P give 
(Art. 181) 



.(1). 



d?8 . - 8 

^=-(7Sin^ = -5r- 
v« ^ R 

- = — 7CO8 + — 

The first equation shows at once that the motion is oscillatory, 

Art. 118. The time of a complete oscillation is ^ \/ - and is 

independent of the arc described. Let t be measured from the 
instant at which the particle P passes the vertex, let c be the 
semi-arc OB of oscillation. The first equation gives 

It follows that if two particles oscillate in the same or in equal 
cycloids both starting from the vertex, the two arcs described 
in equdl times are in a constant ratio, viz. that of the complete 
arcs. If therefore the circumstances of the motion of a particle 
oscillating from cusp to cusp are known, those of a particle 
oscillating in any smaller arc can be immediately deduced. 
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205. If 6 is the depth below the cusp of the extremity B of 
the arc of oscillation, we have by the principle of vis viva 

t;>=25f(2a-6-Oif)- 
It follows at once from the geometrical properties of the curve 
that 

The first term is twice the resolved weight of the particle along 
the normal at P ; the second is the centrifugal force of a particle 
moving uniformly with the velocity due to the depth below the 
cusp of the extremity B of the arc of oscillation. 

206. fiTninpl— I Ex. 1. A particle oeoillates in a oomplete cycloid from 
cusp to cusp. Prove the following properties. 

(1) The velocity v at any point P is equal to the resolved part of the velodfy 
V at the vertex along the tangent at P, Le. r = Tcos^. 

(2) The time of describing an arc OP is proportional to the angle ODQ, Le. 

(3) The particle moves as if it were rigidly attached to the generating eirde, 
that circle being supposed to roll with a oniform angular velocity on the base AA'. 
This follows firom the last result because d^ldt is constant. 

(4) The centrifugal force at any point P is equal to the resolved part of the 
weight along the normal at P, and the pressure is twice either of these. 

Ex, 2. A heavy particle starts from rest at a point A ot tk cycloid, prove that 
the time T of transit from any point P to any point Q is given by 

'J(pq)-^J{i-p){i-q) 



cos 



(»V9- 



I 

where p, q, I are the depths of P, Q and the vertex below the level of A, and a is 
the radius of the generating circle. 

Ex, 3. A particle slides down a smooth cycloid starting from rest at the cusp. 
Prove that the whole acceleration at any instant is in magnitude equal to g and 
that its direction is towards the centre of the generating circle. [GoU. Ex.] 

The required acceleration is equivalent to the resultant of g and R/m; the 
result foUows at once from the triangle of accelerations. 

Ex. 4. A smooth cycloid is placed with its axis AB inclined to the vertical, 
and its convexity upwards ; a particle begins to slide down the arc from A, and 
leaves the curve at P ; the perpendicular from P on AB cuts at Q the circle on AB 
as diameter, and QR is a diameter of this circle ; prove that PR is horizontal. 

[Math. T. 1S88.] 

207. When a pendulum is removed from one place to another 
the number, n, of oscillations in any given time (such as a day) 
is altered by the change in the force of gravity and the alteration 
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of the length I of the pendulum due to a change of temperature. 
Since the number of oscillations in a given time varies inversely 
as the time of a single oscillation, we have n^ => Cg/l where C is 
8ome constant Taking the logarithmic differential, we find 

This formula is a very convenient first approximation to the value 
of Sn. 



Ex. 1. Prore that a aeconds pendolum brought to the summit of a 
Bumntain x miles high loses about 22x seconds per day if the attraction of the 
moantain ean be neglected. If the mountain is of the form of table-land, the loss 
b only fire-eighths of the above amount. The length of the pendulum is supposed 
lobe unaltered. 

B J Dr Young's rule the attraction at the top of table-land isp(l-^-j nearly 

where a is the radius of the earth. 

Ex. 2. A railway train is running smoothly along a curve at the rate of 60 
mfles per hour, and a pendulum which would ordinarily oscillate seconds is observed 
lo oeeillate 121 times in two minutes. Show that the radius of the curve is 
approximately a quarter of a mile. [Coll. Ex. 1895.] 

Ex, S. If the moon be in the zenith, prove that a seconds pendulum would be 
losing at the rate of ^ivth of a second per day. 

The moon attracts the earth as well as the pendulum and its disturbing effect is 
measured by the difference of its attractions at the centre of the earth and at the 

pendulum. This is -v,- [-] p where M=^E is the mass, and r=60a is the 

distance of the moon. 

209. Ex, 1. A heavy particle oscillates on a smooth fixed curve, and the 
periods of oscillation in aU arcs are the same. Prove that the curve is a cycloid. 

Let the axis of y be measured vertically upwards from the lowest point of the 
curve and let y = h be the initial value of y. Let the equation of the curve be 
M=f{y)t where < is the arc measured from the lowest point. Since v^=2g{h-y) 
the time t of reaching the lowest point is given by 

Put y = hz. then ^2gt = h^ T "Q^f . 

J VU~') 

Since the time t is to be the same for all values of A, we have dtldh=0. Hence 

This equation requires that the second factor under the integral sign should be 
zero. If this were not true we could, by taking h small enough, make that factor 
keep the same sign, while hx varies from hz=Otohz=:h, Every term of the integral 

ironld then have the same sign and the sum could not be zero. Hence h^f (hz) is 



/ 



124 MOTION IN A CYCLOID. [CHAP. IV. 

independent of h, and therefore/' {hz) = Af (^)**^ where Jf is a constant independent 

of h and z. We thos find by an easy integration that the arc/ (y) = 2MyK This is 
the equation of a cycloid having the line joining the cusps horizontal. 

Ex, 2. A body of mass M can slide on a perfectly smooth horizontal plana 
and has attached to it a thin tube in the vertical 'plane containing the centre ol 
gravity. The form of the tube is such that the periods of the oscillations of i 
particle of mass m placed in it are the same for all arcs. Prove that the form of 
the tube may be derived from a cycloid by elongating the ordinates perpendiealir 
to the axis in the ratio J{M+ni)UM, This problem is due to Clairaut ; Miu, de 
VAcad., Paris, 1742. 

210. Resiitiiiff medium. If the particle oscillate on a 
smooth cycloid in a miediv/m resisting as the velocity, the tangential 
equation of motion becomes 

d?s « ds 

where n^^gjita. This problem has been discussed in Arts. 121 
and 126. The interval between two successive passages through 
the lowest point is always the same and the successive arcs of 
descent and ascent are in geometrical progression. 

// the resistance vary as the square of the velocity, the motion 
is discussed in Art. 129. 

211. TautochronouB curves. When a particle oscillates 
on a given smooth curve either in a vacuum or in a medium 
whose resistance varies as the velocity, we know that the oscilla- 
tion is tautochronous about the position of equilibrium if the 
tangential force F=m^s where s is the length of the arc measured 
from the position of equilibrium and m is a constant, Art. 118. 
If therefore any rectifiable curve is given a proper force to produce 
a tautochronous motion can at once be assigned. 

A catenary is a tautochronous curve for a force acting along 
the ordinate equal to m*y because the resolved part along the 
tangent is obviously m^s. 

The equiangular spiral is tautochronous for a central force 
fir tending to the pole, because the resolved part along the 
tangent being vi^s where m^^fi cos' a, the time of arrival at the 
pole is the same for all arcs. 

In the same way the epicycloid and hypocycloid are tauto- 
chronous curves for a central force tending from or to the centre 
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! fixed circle and varying as the distance, because since 

esolved part along the tangent, viz. firdr/ds, varies as $. 
these cases the time of arrival at the position of equilibrium 
least positive root of tan n^ = — n//c (Art. 121), where 2/ev is 

distance and n* + /c* = m^ The whole time from one position 

mentary rest to the next is tt/w. 

i properties of tautochronous carves are more fully discussed in the author's 
!>ynamic8. A historical sommary is also there given. 

L2. Rough cycloid. A particle slides from rest Ofi a 

cycloid placed with its aads vertical in a medium whose 

jnce varies as the velocity. Prove that the motion is tauto- 

0U8, 

lie descending motion is given by 

-r: = /ifi— ^rsin^ — 2fcVy - =R —gco&<l> (1), 

i V is really negative. Eliminating R 

J«^t;« + 2i«; + -^sin(^-€) = 0, 
dt p cos € ^^ 

► tan € = fi. This may be written 

J^(c«t;)+2^(e«i;) + ^c«8in(^-€) = 0, 

led jT = — M - > ^^^^ is w = — /i^. Put e^ds = dw\ 
at p 

d?w c% dw a _. ... X /x 

ow w = fe^f^ 4a cos ^d(t> = 4a cos e e'^ sin (^ — e). 
K}uation therefore reduces to 

dt^^ " dt ^4acos«€"" 

his is the linear equation, Art. 121. We infer that at what- 
point of the cycloid the particle is placed at rest, it arrives 
e point E determined by w = 0, that is ^ = e, in the same 
Such a motion is called tautochronous. The point E is 
y an extreme position of equilibrium in which the limiting 
>n just balances gravity. 
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The time of arrival at ^ is given by the least positive root of 
the equation tan n^ = — nJK where n* + /e* = ^/4a cos^ €. The whole 
time from one position of momentary rest to the next is ^/w. 

So long as the particle is moving in the same direction the 

constant /i retains the same sign. The motion is therefore |: 

given by 

e-*^ sin (^ - €) = Aer"^ sin {nt + B). 

When the particle arrives at the next position of rest, it will begin 
to return or will remain there at rest according as the value of ^ 
at that point is greater or less than the angle of friction. 

Motion in a circle. 

213. A heavy particle is constrained to move in a fixed drdt 
whose plane is vertical. It is required to find the time of describinj 
an arc. 

Let C be the centre, A and B the lowest and highest points of 

the circle, a its radius. Let P be the 
position of the particle at any timet, 
if} the angle CBP. 

Let the particle be projected from 
the lowest point with a velocity V. 
The equation of vis viva gives 




( 



2a ^V- F« = - 2ga (1 - cos 2<^). 



Let us put F* = 2ghy so that the 
velocity of projection is that due to 
a height A; we also put A = 2a.#c*. I{ k>1, the velocity at 
the lowest point is more than sufficient to carry the particle 
to the highest point of the circle, the particle therefore goes 
continually round the circle in the same direction. If /c < 1 the 
velocity at the lowest point is insufficient to carry the particle 
round the circle, the particle therefore oscillates. If /c = l the 
pai-ticle arrives at the highest point with a velocity zero, but only 
after an infinite time has elapsed, Art. 201. 

Substituting for F^* in the equation of vis viva, we have 



i(fy='^'-«^'* (2x 
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f ^ be the time of describing the arc AP which subtends an 
[igle 2^ at the centre, we have 



v/i'-/: 



(3), 



V(^ — sin' ^) ' 

here one radical is positive and the other has the same sign as 
4>ldt. 

If #c = 1, the integral is a known form. We have 

yf-'-/^*-'»«'«"(M) <*'■ 

'hen ^ = ^, t is infinite so that the particle takes an infinite 
ime to reach the highest point. 

If K>\, we write the integral in the form 



/g_ ■ lf» d<l> 



(6). 



'his elliptic integral* gives the time of describing the arc which 
abtends an angle ^ at the highest point of the circle. The time 
f arriving at the highest point is found by writing Jtt for the 
pper limit. 

214. When k<\, we put /c = sin a. We see from (2) that 
in ^ cannot exceed k and that the velocity is zero when sin ^ = /c; 
be particle therefore oscillates on each side of the lowest point 
hrough an arc AD or AE which subtends an angle a at the 
ighest point. Let sin ^ = /« sin -^^ so that -^ varies from zero 
^ir. We then find after an easy substitution in (3) 

liis elliptic integral determines the time of describing an angle ^ 
rhere ^ and -^ are related by the equation sin^^K sin '^. 

We can construct the angle -^ geometrically. Describe a circle 
rith centre C to touch BD^ and let BP intersect this circle in Q ; 
hen the angle BQP = -^^ For another construction we draw a 
herd A'F equal to the chord AP, then the angle CBF = ^. 

* The reader is referred to Prof. Greenhill's Treati$e on the applieation$ of 
'liptie functiom. He begins with the problem of the simple oircalar pendulum as 
sing the best inirodnetion to the theory of theee functions. 



«^ 
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In obtaining (6) we supposed the sign of cos -^ to be the same 
as that of the radical in (3) and therefore the same as that of 
d^jdt. Since cos^ is positive, it then follows from (6) that 
dy^jdt is positive. The point Q therefore travels round the circle, 
being the lower or upper intersection of BP with the circle accord- 
ing as P is moving from A to D or from D to A. 

216. Series for the time of oscillation. We may approxi- 
mate very closely to the time of a complete vibration by using a 
series. If T be this time, the formula (6) gives \T when the 
upper limit is Jtt. We have by the binomial theorem 

(l-iic»sin»i/r)-^ 

= l-h^(>csin^)«-h...+ '2.4 6... ^2n (^^^^V^)'" •*• - • 
By a theorem in the integral calculus 



/, 



**/ • •x.^jf 1.3.5...(2n— 1) TT 
^{.mirrd^^ 2.4.6:..2n -2 



It immediately follows that 

where /ic =: sin a and a is the angle subtended at the highest point 
of the circle by the half-arc of oscillation. It is also useful to 
notice that k is the ratio of the chord of the half-arc to the diameter 
of the circle. 

The first term of this series represents the time of an infinitely 
small oscillation. The other terms are regarded as small correc- 
tions to this time, and are sometimes called the "reduction to 
infinitely small arcs.** The second term is usually a suflScient 
correction. Thus suppose the arc of oscillation on each side of the 
vertical to subtend an angle of 36'' at the point of suspension, 
then a = 18° and >c = •^. The second term is only about ^th and 
the third ^ J^th of the first. 

axe. B«lation lMtw»«ii eonttnnons and oMUlatory mottoma. Comparing 
the formulfB (5) and (6) we see that the integrals are the same except that the 
moduli K and I/k are reciprocals. This leads to a theorem by which we connect i 
motion aU round the circle with an osciUatory motion. 

Let two particles P, P' be projected from the lowest points A^ A\ of two oirdM 
of radii a, a\ and let these be acted on by unequal gravitational foroea g and /« 
Let the velocities of projection F, V be soch that the modoU are redprocdi. 
Then k being less than unity, we have F*=4a^K*, V^^iayiii*. It then foUom from 
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rliat pceoedeB that the partide P' travelB round the oirele and P oseillateB in a semi- 
xe equal to AD, where the angle DBA=a and icasin a. 





Liet P, P' be the positions of the particles when the angles ABP=^, A'B'P'=}f^, 
There sin 0=k sin ^. If t, t' be the times of describing the arcs AP, A'P* we have 

It follows therefore that nJ^t^^f^Kj-^* ^** ^mlU P, P* therefore eorre- 

pond to each other in the two motion$t and it %$ eaty to $ee that they are 
feometrically connected by the relation 

chord A P _««_ chord AD 
chord A'P* " o^ " diam. A'B' ' 

It is obrioasly oonvenient that the particles should occupy corresponding points 
U the same instant of time. We therefore choose the constants a\ ff^ so that 
\ =: t*. We then have g*la'=k*gla. The equations of motion take the forms 



/a d<t> , ta'i^ drf^ 



where the coefficients on the left hand are equal. 

If we make the radii equal we can suppose both particle$ to describe the $ame 
circle. We then have 

a'=a, g'^K^g, V'=^V, A'P'=^.AP. 

K K 

a 17. Ex. I. If the circle described by P' has ilJIf for its diameter, prove that 
P, P' move so as to be always on the same horizontal line, the gravitational forces 
being g and git* respectively. 

Ex. 2. If the circles are equal and the arc PP* is bisected by a point Q, prove 
that Q moves on the circle as if it were a third heavy particle acted on by a gravi- 
tational force g"^gK. The velocity of Q at ^ (and at all points) is equal to the 
mean of the velocities of P and P'. Prove also that Q goes half round while P* 
goes all round. Sang, Edinburgh Trant. 1865, vol. 24. 

These results follow at once from Art. 216. 



The investigation of 
these relations is properly a part of the theoxy of elliptic integrals, but the following 
theorem will serve as an eaunple. 

B.D. ^ 
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If T, T' be the periods of oadllation corresponding to two semi-aros which 
subtend angles a, a' at the highest point of the oirole and so related that 
sin a = (tan i aO^ then will T= r (eoe i aO^ 

The half are of oscillation being defined by sin a=ir, the time t of describing 
the angle ^ is given by 



V a joV(l-«*8in'^)""joOos0' 



where sin0=jcsin^. Let 2^=0+ ^, so that ^ is the angle the arc A'Q in the 

• Ail 

figure of Art. 218 subtends at B*. Eliminating ^ we find tan^= ^. We 

shall now change the independent variable firom ^ to 9. The simplest (though not 
the shortest) method of e£feoting this is to find d^ by differentiation and sin* ^ bj 
trigonometry both in terms of $, The substitution is then obvious and we have* 

fjf dyff _ 2 C9 dS 

jos/(l-««sinV)'"l + «Jov/(l-X«sin«tf)* 

where \=2»JkI{1-^k). Bemembering that ir^sina and sin^^irsin^, we now 
write X=sina' and sin^'^Xsio^. 

Let two particles P, P* oscillate in the circle APB through arcs AD^ AN which 
subtend angles a, a' at the highest point B^ then the last equation shows that the 
times (, t', of describing corresponding angles 0, ^\ axe connected by the relation 

t=2t'/(l+ic). 

To compare the changes of the values of these corresponding angles we refer to 
the figure of Art. 218. As P moves from ^ to D and back to ^, Q travels round 
the semicircle A'QB\ 2$ increases from to r, and ^' increases from to a. 
Thus the oscillation from ^ to D and back to A corresponds to the oscillation A 
to D' only, i.e. a complete oscillation of P corresponds to half a complete oscillation 
of P'. If r, 2* be the times of a complete oscillation of P, P, we have therefore 

r=T7(i+ic). 

The two angles a, a* are connected by the relation 

. , . 2Jk , l:i:COSa' 

sma=X=^-3^; .-. Jk= — : — r-» 
1 + ic ^ smo' 

Since k<1 and a'<iir we take the lower sign in the value of ^k, Henoe 
sin a = (tan i a')K It follows also that t = 2t' (cos i a')*. 

Ex. If a], 04, ... be a series of angles connected by the relation 

sin 0^1= (tan J oJ», 

and if Tj be the time of a complete revolution in an arc subtending ia^ at the point 
of suspension, prove that 

Tj =(860^01. sec ^04 ... tocD)^,2w»J(alg). [sang.] 

a 19. Oo-azlal OlrttlM. Two heavy particles, constrained to describe the 
same vertical circle, are projected from any two points with velocities due to their 
depths below the same horizontal line. It is required to prove that the straiglit 
line joining the particles always touches a co-axial circle. 



* Cayley's ElUptie Functiont, Art. 248. 
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Let Oy be the radical axis of two oo-axial oiroleB whose centres are C, C, 
«et a tangent at any point T of one circle intersect the other in two points P, Q. 



ON M 





Liet PM, QN be perpendicolars on the radical axis. By a known property of 

x>-azial circles the tangents PT, QT drawn from points on the outer circle satisfy 

;he relations* 

Pr«=2 . CC . PM, Qr»=2 . CC . QN. 

In the time dt let the tangent move into the position P'TQ*, Then since the 
elementary arcs QQ\ PP*, make eqnal angles with the chord P'Q', the triangles 
QTQ\ PTP are similar: hence 

arc QQ'/aro PP'= QTIPT. 

It follows from these two geometrical theorems that 

(veL of Q)«/(vel. of P)^=QNIPM. 

[f then the point P move with a velocity equal to (2p . Plf)^, the point Q must 

nove with a Telocity equal to (2p . QN)^. It follows that the points P, Q are the 
positions of two particles moving with velocities due to their depths below Oy. 

If the radical axis is external to the circle described by the particles, the 
particles go round the cirde. If the radical axis intersects the circle in the two 
points D and £, the particles oscillate in the same arc DAE. 

In the figures the particles have been supposed to move the same way round the 
:ircle. If their directions axe opposite the chord PQ envelopes a circle or a part of 
% co-axial circle situated above Oy. 



* The properties of co-axial circles are fully discussed by geometrical methods 
in Lachlan's Modem Pure Oeometry. The following is an analytical proof of the 
property Pr»=2 . CC . PM. 

Let c, c' be the distances of the centres C, C from Oy, 9 the length of a tangent 
Irawn from O to any co-axial circle. The equations of the circles are therefore 

««-2c'j: + y«+«««0 (1), 

4^-2c«+y« + 3»-0 (2). 

If X, y be any point P external to the first circle, PT a tangent 

pr«=a»-2c'jr+y»+««. 

If P lie on the second oirole this becomes 2{e-e^x by subtracting the second 
equation. This is the result to be proved. 
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The point of oontaot T diyides the chord PQ in the ratio of the velocities ai 
P, Q. That point is therefore the centre of gravity of two masses placed at P, Q 
inversely proportional to the velocities at those points. The ordinary formabe for 
the centre of gravity enahle as to write down the distance of T from any straight 
line. It follows, for example, that the depth of T hehw the radical axis is the 
geometrical mean of the depths of P and Q, 

Some positions of P, Q, and therefore of T, being known from the initiAl 
conditions, the circle enveloped by the chord touches PQ in T and has its centre 
in OA. The distance between the centres C, C may also be found from the 
equation PT>=2 . CC . PM, If x, x' are the initial depths of P, Q, I the initisl 
chord, it follows that ^(2 . CCr) = ll{>Jx+^x'). 

Let the two particles P, Q take the positions P*, Qf after the lapse of any finite 
time t. It follows that a third particle R moving on the circle with a velocity doe 
to its depth below Oy will describe each of the finite arcs PP^ QCg in the same 
time I. By adding or subtracting the time of describing the arc P'Q, we see that 
the times of descrihing PQ, P'Q!^ i.e. the arcs cut off by any two tangents to a co-axial 
cireUf are equal. 

When the radical axis is external to the system of circles there are two pointi 
L, L* one on each side of Oy which are the positions of the two co-axial ciicles 
whose radii are zero. Since L is an evanescent circle the distance OL is equal to 
the tangent drawn from O to any co-axial circle. Also, for the same reason, amf 
straight line drawn through L divides the circle APB into two parts which are 
described in equal times. 

aao. Bzamplaa. Ex. 1. A circle is drawn to touch at their middle points 
the chord and arc of oscillation of a particle which is moving on a vertical circle 
under the action of gravity. Prove that a point on the first circle in the same 
horizontal line with the particle moves with a velocity equal to 2^{gr) sin^^acos^^ 
where r is the radius of the circle on which the particle moves and a, 9 are the 
angles which the radius drawn to the particle makes with the vertical at the instant 
when it is stationary and at the instant considered. [Math. Tripos.] 

Ex. 2. A particle describes a vertical circle of radius a with a velocity due to 
its depth below the highest point B. Prove that the radius of the circle enveloped 
by the chord joining any two positions of the particle at a constant time interval 7 
is a/cosh* {T^gja). Prove also that the depth of the point of oontaot of the chord 

and its envelope below B is 2a/cosh (^ cosh (2 ^^^^ (iVW^ ^^'^ ^iJ^lff &ro ^® 
times from the lowest point of the extremities of the chord. [CoU. Ex. 1897.] 

Ex. 8. Prove that if a particle move round a circle so that its velocity is pro- 
portional to the product of its distances from two fixed points in the plane, one 
inside and one outside, any circle drawn through them divides the orbit into two 
parts which are described in equal times. State the corresponding result when the 
points are both inside, or both outside. [Math. Tripos, 1888.] 

Describe two consecutive circles through the fixed points A, B to cut the given 
circle in the points P, P' and Q, Q'; we shall prove that the times of describing 
the elementary arcs PP*, QQ' are equal. 

The distance between any two parallel tangents to these co-axial circles is 
easily seen to be proportional to the product AP . BP where P is the point of 
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contaet of either. If then PH, QS are any two normals to the circle APQB inter- 
secting the conaecntiye circle in R and 8, the time of moving from P to 12 is equal 
to the time from Qio 8, 

Beeaoae the given drde and the circle APBQ are symmetrical about the straight 
line joining their centres, the tangents PP*, QQ' make equal angles with the 
normals PR, QS; the lengths PP*, QQ' are therefore proportional to PR^ QS. 
The ares PP*, Q(f^ therefore, are also described in equal times. 

Let ABCD be any one co-axial circle cutting the given circle in C, D. Then 
describing aU the co-axial circles, each elementary arc PP* in the larger arc CD 
has a corresponding elementary arc QQ' in the smaller arc CD, and these are 
described in equal times. The times therefore of describing the smaller and larger 
area CD are equal. 

Wherever A, B may be, let two of the co-axial circles cut the given drde in 
C, D and C, D'. It follows from what precedes that the times of describing the 
ares CC, DD' are equaL 

Ex. 4. A partide osdllates in a circular arc EAD, see fig. of Art. 219. A 
tangent is drawn from A to the co-axial circle to cut the arc of oscillation in X 
A horizontal tangent to the same co-axial outs the same arc in Y. It follows from 
the theorem of Art. 219, that the time of moving from ^ to X is twice that 
from A to Y. Prove that this is equivalent to the theorem 

fr d^ r» d^i^ 

where sin^'=2sin^cos^(l-«^ sin' yj/)^ (1 - ir* sin* \J/)-^. 

[Cayley's Elliptic Functunu, Art. 249.] 



CHAPTER V. 



MOTION IN ONE PLANE. 

Moving Axes. 

221. The components of velocity and acceleration along the 
axes of coordinates, the tangent and normal to the path and in 
some other directions have been already considered in Chapter I. 
The solution of the more diflScult problems in dynamics requires 
however that we should have &t our command a greater power 
of resolution than is given by these. We shall now investigate 
the general components for any moving axes in one plane. 

222. To avoid the continual repetition of the same argument, 
we shall use the term vector to represent the subject under con- 
sideration, whether it be a velocity or an acceleration. 

Let us understand by a vector any quantity which has direction 
as well as magnitudey and which obeys the paraHelogram law. 
Thus the radius vector of a point P is a vector and its resolved 
parts along the axes are the coordinates x and y. Again the 
velocity of P is a vector, and its resolved parts along the axes 
are dx/dt and dy/dt. The acceleration of P is also a vector and 
the resolved parts are d^x/d^ and d^/dt\ Lastly if iZ be any 
vector whose direction makes an angle yfr with the axis of x, its 
components along the axes, supposed to be rectangular, are R cos '^ 
and R sin yfr, 

223. Fundamental theorem. A vector R having been 
resolved in the directions of two rectangular axes Of, Ori which 
turn rotmd a fixed origin in a given manner , it is required to find 
the rates at which these components are increasing with the time. 

Let P be the position of the moving point at any time t 
Draw a straight line PQ to represent the instantaneous direction 
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and magnitude of the vector R. Let u, v be the resolved parts of 
the vector in the directions of the axes 0(, O17. 



n X'' 





After a time dt, the point P will occupy a position P', the 
vector R will become R + dR and may be represented by the 
straight line P'Q'. The axes Of, Orj will turn round through a 
small angle c2^ and will take the positions 0^, Or/', The resolved 
parts of i2 + dR along these new axes will be u + du, and 1; + dv. 

At the time t the component of the vector in the direction Of 
is u. At the time t + dt the component in the same direction 
(Le. in the direction Of not Of^ is 

(u + du) cos d^ — (v + dv) sin d<f>. 

The rate of increase of u in the direction Of is found by sub- 
tracting the component at the time t from that at the time t + dt 
and dividing by dt 

If we represent the rate of increase in the direction Of by t^i, 
we have 



11,= 



_ [(t^ + du) cosdif} — (y + dv)smd<l}\ — u 



dt 



When we reject the squares of small quantities according to the 
rules of the differential calculus, we write unity for cos d^ and 
d<f> for sin (2^. We therefore have 

du d<f> 

In the same way if the rate of increase in the direction Or/ 
be Vi, we have 

(u + du) sin d^ -f (v + dv) co8 d4> — v 



dt 



d6 . dv 
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224. This theorem is of great importance and particolar attention should be 
given to the meaning of the letters. The rate of increase of u in the direction of 

the moving axis O^ ib —. Its rate of increase in the direction of an axis fixed in 

ipace which is coincident with the position of 0( at the time t and which U left 

behind when 0( moves into some other position ^(' i^ ^ - 17 ^ . It U the laXter 

rate of inereoie not the former which i» required in dynamics. 

To make this point clear let us snppose that u represents the component 
velocity of a point P, Then 

, _ /component along 0^\ _ /component along 0^\ 
"V attimet + <ft j"V timet /* 

, _ ^. _ /comp. along A / comp. along Of \ 
vwp-y timet+dt J^X timet )* 

When it is necessary to distinguish between these two we may call the first the 
relative rate and the second the tpace rate of increase of the vector. 

225. There is another method of establishing the fundamenid 
theorem which is very generally used and which puts the argument 
into a more algebraic form. 

Let the moving axis 0^ make an angle (f) with an arbitrary 
direction Ox fixed in space. Then if U be the component of the 
vector along Ox, 

U = ucoQ (f) -- V ainif} ; 
dU fdu d<l>\ J. / ^^ ^^\ 



dt 



fdu a0\ . / a* . »t;\ . . 



This gives the rate of increase in the direction of the fixed 
axis Ox, Let Ox coincide with Of and be left behind when Of 
moves into the position Of, then = though d^jdt is not zero. 
By definition dtfjdt — Ui, and therefore 

du dd> 

Again let Ox coincide with Oi; and let it be left behind when Oiy 
moves to Orf, Since ^ is the angle Of makes with Ox measured 
from Ox round positively in the direction fi;, the instantaneous 
value of is — ^TT though as before it is increasing at the rate 
d^jdt. By definition dU/dt is now Vi^ and hence 

dv d6 



\ 
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Ex. 1. To deduce the components of velocity and acceleration along and 
Uar to the radiut vector. Art. 35. 

ke the arbitrary axis of ( to coincide with the radios vector, then ^=0. 
f (=r, 17=0 as the components of the vector r, the space components of 
feyare 

_d^ de _dr _di7 de _ dd 

""-dt'^'di'-di' *'~dt'*"^5?"''5F' 

; the velocity as a second vector, the components are u=drldt^ v=rd$ldtj 
pace components of the acceleration are 

_du d0_d^_ /dey 
^'dt'^dt'dt^ ^\dt) • 

dv d0 1 d / .(W\ 

To deduce the componenU of acceleration along,the tangent and normal, 

g the axis of ^ parallel to the tangent, we have 0=^. Let the velocity 
;tor, then u represents the velocity and t7 = 0. The components of accelera- 
herefore 



du dylt du dv d\lf d\U 

^ dt dt dt' ^ dt dt dt 



To find the components of velocity and acceleration with 
to moving axes. 

the position of the moving point P be given by its co- 
ss (f , 17) with regard to two rectangular axes Of, O17 which 
•iind a fixed origin with an angular velocity d^jdt Let 
be the components of the velocity of P parallel to the 
ineous positions of Of, O17. Let (JT, Y) be the components 
icceleration of P. The relations between (f, 17), (w, v\ {X,Y) 
it once from the general theorem. We have 

"'"dt'^^di' ""'dt^^dt ^^^' 

^ dtt dd> TT ^^ . ^ /-Dx 

uting for u, v in the latter expressions their values given 
former, we have 

de ^\di) ndtVdij 

Ihe origin is also in motion, these equations reqaire some 
atioQ. Let p, q he the components of the space velocity 
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of the origin in the directions of the azea Let u, v continue to 
represent the components of the space velocity of the point P. 

To find u, V we add to the expressions (A) for the relative 
component velocities the component velocities of 0, Art 10. We 
thus have 

-"^f-'f • -'*S*ft (^> 

These equations give the motion of P referred to a system of 
moving axes having any fixed origin but always remaining parallel 
to the original moving axes. With these values of u, v, the 
accelerations X, Y will continue to be expressed by the 
formulae (B). 

228. We may deduce the expressions (C) for the accelerations 
X,Y ia terms of the coordinates f , rj from the theory of relative 
motion, explained in Art. 10. 

The motion of P in space is made up of the velocity relative 
to M together with that of M in space ; see fig. of Art. 223. Now 
OM is the radius vector of M, and the component velocities in 
the directions OM, MP are f ' and f^', while the accelerations in 
the same directions are 

r-W* and |j^(f ^') 

where accents represent differentiations with regard to the time. 
Again regarding M as fixed, MP is the radius vector of P, hence 
the component velocities of P along MP and parallel to MO (not 
OM) are 17' and 17^', while the accelerations in the same directions 

1 // 
are 17"— i;^'* and - -j: (17" ^')- Adding together these components, 

17 dt 

we obviously obtain the values of w, v ; X, F already given in 
Art. 227. 

aao. Ralatlv* and actual patli. When the motion of a point is referred to 
moving axes 0(, (hi it is necessary to distinguish between the path in $pace and the 
path relative to the moving axes, Sappose a sheet of paper to be attached to the 
moving axes and to torn round the fixed point with them. The point P traces 
out on this sheet the relative path whioh is not the same as that traced out on t 
sheet fixed in space. 

The coordinates of P in the relative motion are ((, 17) and the displaoementB 
parallel to these axes are d^ and dif. The direction of the tangent of the relative 
path and the radios of curvature of that path are therefore found by the ordinaiy 
rules of the differential calculus. The coordinates of P in the path in space avs 
also ((, i|), but the displacements have just been proved to be d( - tid^ and cdy +(if. 
These must be used instead of dx and dy in the formula of the differential eaUmJm. 



1 



Iiel na r«pi«a«iit b; Bc«eatB the dittsTentiBl coefGcisnta with regard to any 
indapendiilit vftriable I. Tht formala of tht dijfmnlial ealcuiiu giving the ipaee 
motttm of P TtftrrtA 10 j\x.tA atet mny be adapted to moving oiM by icriting u, v 
/or x", tl' ntptetieily. vihert u = {'-ij^', ti = i|'+£*'. and u^, v^for x", y" vktee 



TLun, if ^, X t>e the snglee the tangents to the relative and aotaal paths malie 



with Of, and />, A be the radii of 



ol these paths, we have 



«' 



jVl', 






V') *■- 



,o pnvely s^iiBtrical properties in wluch 
D auxiliary arbitrary qnantitfintrodnoed 



e wiah the aj 



be the independent 




When ve apply kiaematieal theorems ti 
the idea of lime is absent, we regard I s 
to rt^iesent the independent variable. 
Tenable, ve write t = t. 

The effect of these changes may be exhibited in a figure. Lei P. i^ be the 
poailion* in ipaoe of the moving point at 
the times r, t + ifr.and Of, Of' the pomtions 
eS the axis of retereace at the eame times. 
ir FU. ys be perpendiculars on Of, Of. 

OM=f, ON-f + df. MP = j,, 

SF = it*dii (Aj. 

L«t FiV, PH be perpendioakTS on Of 
and P'W reepectivelj. The coordinates of 
P, P" referred to axes Of, Oij filed in space foe a ti 

Oif=f, Oif' = f + df-.|d#. MP^ii. M'P'^i+dv + Clip (B). 

These vnlues of itM\ PH toUow at once from Art. 2-23, but they may bo 
obtaloed by projecling the broken line OS, SF oa Of, Oii. If x he the an^le the 
tangent PF makes with Of and da the arc PF, we hove tanx = J"H/Pif and 
(^J' = lP'W)«4(P£f)'. Mid these by aubstitotion from (B) lead to the same results 

9AO. Many of the formnin need in the differentia! calculns may be inferred 
by teaolTing the aeoelerations in different directioDs. For example, the fonoutn 
tot thfl radius of cnrratnre in polar coordinates may be written down by simply 
rwBolvmg the polar aeoelerations ol Art. 85 along the tangent and equating the 
ntmlt to I"//.', The expressions (or R in Cartesian moving and fixed axes tony be 
obtained in the mmu way. 

SSI. Tlirnwrlt- Ex. I. The position of a point P it referred to reotan- 
(ttUr Bua (fi, <Ji wliioh move so that Q describes 
a Bhwi eurr* Ali while Ql ia always a tangent to 
Dm carte. Prove that (he component velocities 
and keoalatations of P ate 

■Iwn p' la the angular velocity of f , and ^' = t'jp. 

D*diu» an expreaaion for the tadias of eurvature of the space locus of P. 
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Ex, 2. A particle P is attached to the extremity of a string of length I which 
is being wound on to a fixed curve after the manner of an involute. Prove that 
the component accelerations of P along and perpendicular to the straight portion ^ 
of the string are respectively 

where 0' is the angular velocity of (. Also 0'= - f /p. 

Ex. 3. Assuming the earth to be uniformly describing a circle of radios a 
about the sun with velocity U^ and the sun to be moving in a straight line in the 
plane of the earth's orbit with a uniform velocity K, prove that the radios of 

• * **u -*u. u-*- - {V^+2VUan0+U^)^a ,_ 
curvature at any pomt of the earth*s orbit m space is ^ --,,-.- — =7-: — ~ — , where 

$ is the angle the line joining the earth and sun makes with the direction of the 
sun*s motion. [Coll. Ex. 1891] 

Ex, 4. A fine string wound round a circle has a particle P attached to its 
extremity and the circle is constrained to turn round itt centre in its own plane 
with a uniform angular velocity w. The particle is initially in contact with the 
circle and has a velocity V normal to the circle. If ( be the length of string 
unwound at the time t, prove that ^=a'(tf't^ + 2aKt. 

Ex, 5. A particle P is attached by a rod PA without mass to the extremis of 
another rod ABj n times as long, which revolves about the other extremity B^ the 
whole motion taking place in a horizontal plane. If ^ be the inclination of the 
rods, <a the angular velocity of ^B at the time t, prove that 



^ + n f ^ cos « + w^ sin ^^ = 0. [Math. Tripos, I860.] 
dt \dt J 



d^e dta fdbi 



aaa. Olilique axes. The general method of finding the resolved velocities 
and accelerations of a point referred to moving axes may be extended to obliqne 
axes. These extensions however are not of any great importance because obliqae 
axes are seldom used in mechanics. 

Let 0^, O17 be any two axes which make angles 0, <t> with an axis Ox fixed in 
space. These angles we shall suppose to be perfectly arbitrary so that the angle 
iOri between the axes is not necessarily constant. See figure of Art. 223. 

Let PQ represent any vector ; u, v its components obtained by oblique resoln- 
tion according to the parallelogram law. Let ti,, v^, represent as before the rates 
of increase of the components of the vector in directions fixed in space but coin- 
cident with the positions of 0(, O17 at the time t. 

Let us resolve the vector in a direction perpendicular to 0^. The resolved 

parts of u^ and v^ are clearly zero and r, sin (0 - 6), Since ^0^=dd^ 17017'= d0, the 

resolution gives 

« a\r.tA. flv [(«+^)8ind^ + (v + dv)Bin(0-« + (i0)]-[i7sin(0-^)] 
t;|Sm(0-cfj— ^- 

dS dv . < V d<b 

By resolving in a direction perpendicular to O17 we obtain in the same way 

dib du . . dtf 

iij sin (0 - 5)= - 17 -|^ + , sm (0 - tf) - u cos (0- ^) -J- . 



U {. 9 ue Uie oblique eoordinates of P, the spaoe Taloeitiee u, v ot P are 



n(*-fl) + ,ooe(*-fl)- 



' dl dl 



»«in(*-e)=-1,;jJ^4-,'Bill(*-S)-f0«lW-B)- 



The tdnuitage of resolving paipendiculftrty to O4 and Oij is thnt only one of 
the eoropoDents u,, i:,. entere iato the Tesotution. We IhuH obtain each indepeu- 
dently of the oih^r. If we resolve in the directionB Of, Oi) we obtain the values 
of u, + r, cos(^~0) and r, -t-u, 00s (^-0) and, from these, u, and Vj can be obtained 
fay soWiog the eiiaations. 

These values of u,, c, were first given by H. W. Wataon in the Math. Tripos ot 
1S61. 

ass, BTpar-aeeaUrattoiw. It is seldom that we use higher differential 
ooefficients with regard to the time than the second. Art. 31. When then? are 
required the general tiieorem on vectors (Art. 333) gives the components for differ- 
•altal coefficients of any order. 

Let r, >i he the coordinaleB of a moving point referred to Died axes, then 
Xa = <'*'i''i', V^ = d^j!dt' are the Components of the space hyper-acceleration of 
the n** OTiler, Art. 21. Let Of. Oij Ini any set of moving axee, the relations 
batwcen (he ep«oe ootnponents of two suocessivo orders of acceleration are 

I Mieanique. by Abel 



Et. 1. A point moveB along a curve with velocity u. prove that the components 
along tlic langeDt and nocrnal ol the acceleration of the third order are respeotively 



d^ u» if (,^\ 



Kr. 2. A point P moves along a curve with uniform velocity. Prove that 
tknl^lcot J' where t, S are the angles the diameter of the parabola ot closest 
ooDtad and the direction of the byper-aoceleralion make with the normal at P. 
Show also (hat the lemi-Ialus rectum of this puabola is p cos' i. 



D'Aleinbert'a Principle. 

234 When a single particle moves under the action of given 
fufCin tliu equations of motion may in general bo found by re- 
(wiring the forces in some eonvecicnt directions. In the case 
rif a nysteni of partictcis the mutual reactions must also be taken 
into the account; these are in general unknown and will have 
((> be eliminated from the equations. It is important to be able 
to write down some of the results of this elimination without 
Am forming the equations of motion of eveiy particle. Various 
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methods have been given to efiFect this either completely or 
partially. 

When in a statical problem, we wish to avoid introducing into 
our equations the mutual reactions of two bodies, we treat the 
two as one system. We resolve and take moments for the two 
bodies as if they were one. We may adopt the same method in 
dynamics. 

235. In applying this principle to dynamics, it will be found 
convenient to use the term effective force. This may be defined 
as follows. When a particle is moving as part of a system, it is 
acted on by the external forces and the reactions of the other 
particles. If we consider this particle to be separated from the 
system and all these forces removed there is some one force 
which, with the same initial conditions, would make it move in 
the same way as before. This force is called the effective force on 
the particle. 

It follows that the effective force is statically equivalent to 
the impressed forces which act on the particle and the reactions 
of the rest of the system, but is differently expressed. Let m 
be the mass of the particle, (a:, y) the Cartesian coordinates ; the 
components of the force which must act to produce any given 
motion have been proved to be md^x/dt^ and md^/dt^, these then 
are the components of the effective force. In the same way if t; 
be the velocity and l/p the curvature of the path, the tangential 
and normal components of the effective force are mdvjdt and mt^jp. 
See Art. 68. 

236. Considering any one particle of the system, we know 
that the resolved parts of the effective forces in any directions 
are equal to the corresponding resolved parts of the impressed 
forces and the reactions. It immediately follows that the effective 
forces on each particle, if reversed, are in equilibrium with the 
impressed forces and the reactions. But, by Newton's third law, 
the mutual reactions of any two particles are in equilibrium. 
Making then any selection of the particles of a system, the reversed 
effective forces of those particles are in equilibrium with the external 
forces which act on them, excluding their mutuxil reactions, but 
including the pressures (if any) of the remainder of the system.. 



RESOLDTIONS AND MOMENTS. 



Some of the equations of motion may therefore be tbund (1) h 
« equating the 8um of the resolved parts of the eBective forces ii 
&ay convenient directions to the sum of the resolved parts of 
the external forces, (2) by equating the sum of the mornents of 
the effective forces about any point tu the sum of the uiomeuts of 
the external forces. 

The resolved partH and moments of the external forces may 
be written down by the rules of statics. The components of the 
effective forces in various directions have been found in the 
preceding articles. The moment about any point then follows 
by multiplying that component by the length of the perpendicular 
from 0, Art. 6. 

If (■'i. 'Ji)' ('^3' y^i ^'^- ""^ the Cartesian coordinates of a system 
of mutually attracting particles whose masses are j/i], v^ Sec, and 
if these are acted on by the external accelerating forces (Jl,, Y^), 
(X-t. }'a) &.C, the equations of resolution and moments are 



)by I 

is in I 

ts of ^ 

( 



'(if) 

'Vdt' 



.^^x. ..(g) = . 



where the S implies summation for all the particles. 



SST. So long as we confine oai attenlioij to i-eHoIutioii8 sod momentB it is 
amitoeaaaxj to include the mutual actions of the partiolea under conaiderntian. 
U hovever wb ose the principle of virtaa) velocities to eipreas the uonditioDB of 
eqai]ibriimi we must tememliet that the puttiuleB mo; not be rigidly connected 
logstlm. Kow the work ol two equal and oppOBite forces F, -F, acting on two 
pMiieJoa dlsUuit r trom each other ia proved in etatics to be Fdr. It is obvious 
thai lliis dues not vanish unless the distance r is invariable. This point is impor- 
tant in uAing the principle of vIb viva. 

The nio«t oonvenient way of applying the principle of Virtanl Velocities to 
Djnamloal prc-blems is to use Lagrange's equations. 

238, When the selected system of particles is a rigid body, 
thv luiilual distauces of the particles composing it are invariable. 

It IK proved in statics that the position of such a body in 
space of two dimensions can be defined by three quantities usually 
called coordittatea. For example, these might be the Cartesian 
coordinates of some point and the angle which some straight 
tine lixed in the body makeci with some straight line 6xed in 
Three independent equations of motion, free from mutual 



•pace. 



i 
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reactions, are therefore necessary and sufficient to determine the 
position of the system at any time t These three are supplied 
by the two resolutions and the equation of moments above 
described. 

It is proved in statics that a system of forces can be reduced 
to a single force R acting at some convenient point and a 
couple G. The components of the force R are equal to the sums 
of the components of all the forces of the system, and the couple G 
is equal to the sum of their moments about 0. This is usually 
called Poinsot's method of compounding forces. We shall now 
apply this method to find the resultants of a system of effective 
forces. 

239. A system of particles, rigidly connected, moves in space 
of two dimensions. The coordinates of the centre of gravity are 
(^> y)> t)he angle which a straight line fixed in the body makes 
with a straight line fixed in space is 4> and the whole mass is M. 
It is required to prove that the effective forces of the whole system 

are equivalent to two effective forces J^-^t ^7}^ acting at the 

centre of gravity, and an effective couple Mk^ -^ , where Ml^ is a 

constant which depends on the form and structure of the body or 
system. 

Let m be the mass of any particle of the body, x = x + ^, 
y = y + r) be its coordinates. Then since Xm^/'Em, Emrj/lm are 
the coordinates of the centre of gravity referred to the centre of 
gravity as origin, it is clear that 2mf = 0, 2mi7 = 0. 

The sum of the resolved parts of the effective forces parallel to 
the axis of x is 

-. d^x d^^ .# - ^. ir^ 

The resolved part parallel to the axis of y may be found in the 
same way. These two effective forces are the same as the effective 
forces of a particle whose mass is M placed at the centre of gravity 
and moving with that point in space. 

240. To find the effective couple we take moments about 
the centre of gravity. Remembering that f , rj are the coordinates 



-1 Sr')--"[( de-" dfj^W-^'l-de^"'"- 



a^"'(fS-'S)-a{^"''''3?} 



jf the particle m, when referred lo the centre of gra\ity, the 

.Njupie i 

" {^ dp 

Since Smf = 0, 2Tm; = 0, the right-hand side reduces tu the firet 
Serm- Let p, 5 be the polar coordinates of the particle m, referred 
Ul the ccDtre of gravity as origin, then ^ij — ijd^ = pd&. The 
iH|le is therefore 

Wa shall now introduce tl<e condition that the particles are 
Hgidly connected together. When this is the case the dBjdt of 
>veiy particle is equal to d^ijdt, and the length of every p is 
mnstant during the motion. For, let a be the angle the radius 
I'ector p of any paiticle m makes with the straight line fixed in 
Jie body, then 5 = ^ + «. Though a may be different for every 
[Mulicle, yet its value does not change duiiiig the motion, hence 

ie/iii = 0, and dfi/di = d^/dt The effective couple is(2rap=)^. 

241. The constant %mp' is called the moment of inertia of 
:be system about an axis drawn through the centre of gravity 
lerpendicularly to the plane containing the particles. 

To fitul Ute moment of inertia of any system about any axis. 
ve vtitUiply the mass of every particle by the square of its distance 
'rom the axis and add the results loyether. 

When the particles are bo close together that they form a 
K)ntinuouB body, the sum is an integral. Thus for a circular 
irea of radius a and density D, the area of any element is p d6dp ; 
leoce the moment of inertia about an axis drawn through the 
icnCrc perpendicular to its plane is 

%mp'=iiDpd0dp.p* = D[\f^'\.[ei 
vhere the square brackets imply that the quantity is to be taken 
>etween the limits of integration. These limits being ^ = to n, 
tod V to Sir, the moment of inertia about the centi'e is ^^u'. 

In the same way the moment of inertia of a rectangle whose 
lidcs are Sa and .6 about an axis drawn through the centre of 
f perpendicular to its plane is JJtf {o' + b"). 



■jjbpe. 
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The moment of inertia of a sphere of radius a about a diameter 
is iMa\ 

The moment of inertia of a triangular area about any axis is 
the same as that of three particles each one-third of its mass 
placed at the middle points of the sides. 

242. The moment of inertia is of special importance in rotational motions, 
for, in a certain sense, it measnres the dynamical significance of the form and 
stnxctore of the moving body. Thas all firee bodies having eqoal moments of 
inertia rotate with equal angular accelerations when acted on by equal couples. 
The translational motion depends on the mass and the position of the centre of 
gravity, Arts. 92, 289. 

243. gfilHfllOTiey of Hi* •qnatl6nfc The equations of motion of a particle 
moving f^:eely are 

where X, Y are the accelerating components of the forces, Arts. 68, 78. We shsll 
now prove that when the initial values of x, y, dxjdt^ dyfdt are also given, these 
equations are sufficient to find x, y as ftmctions of t. 

To prove this we replace the proposition by a more general theorem, the limit- 
ing case of which is the proposition to be established. Let r be any very small 
time which we shall afterwards replace by dt. Let x = (t), y = ^ (t) ; the equations 
may be written in the functional forms 

0(t + 2r)-20(t + r)+0(O=JrT») 

^(e + 2r)-2^(t + r) + ^(e)=yT«J ^^'' 

where X, Y are known functions of (t) and ^ (t). 

Representing the initial time by t=:0, we suppose that the four initial values 

0(0). ^(0), 0(t)-0(O), ^(r)-^(O) (2) 

are given. Putting e=0 in (1) we deduce the values of (2r), ^ (2r) ; again putting 
tr=r we obtain (8r), ^(3r), and so on. Thus by a continual repetition of the 
process the values of (nr)^ ^ (nr) and therefore of (e), ^ {t) can be found. 

That the solution of the two equations of motion of the second order leads to 
results which contain four arbitrary constants (to be determined by the initi&l 
conditions) is also proved in treatises on differential equations; see Forsyth's 
Differential Equations^ Art. 178. 

244. On 8wi«ral and partteolar Integrals. The Cartesian equations of 
motion of a free particle are 

x" = X, y" = r (1), 

where accents denote differential coefficients with regard to the time. These an 
usually solved by combining them together so as to obtain a perfect differential. 
We then have by integration 

F{x, y, x', y', t) = C (2), 

where C is a constant. When an integral is obtained in this manner there Is 
nothing to limit the initial conditions. However the particle may be projected the 
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*>]0«UaD 13), atWi detennininR the proper value of C, most be true throughout the 
whole motion. Soeb mi iniegrtil is called a general integraL An iotegr&l which 
i« true on]}' foi special initial cooditioiia is oftlted a particular Integral. 

a«S. If kDj equation such aa (2) be atbitraril; written doivn contaioing one 
arbittary eonBtant we na; engnire lehat tAi dynamieal probUm ii of vhiek tlial 
rqaation u a gnerai integral. 

To ui«wcr thi* we diflerentiate (2) and mibititute from (1). We then have 

dx ^dg'' 

Since the Hate of motion at an; time t mny be taken at the aTbitrar; initial 
motion the quantities z. g. x', y' are really arbitrary. The forces .V. I' must there- 
fore be lach na to make [3) an identitj. 

To determine X, V we differentiate (3) partially with regard to any of the four 
letter* ', g. t', g'. treating the others as constants. Supposing that .V, 1' are 
inleuded to be funotions of t, y only, they are constants wlien we dilferentiati^ 
pailially with regard to i', y'. In this way we may obtain, by Baccessive diSeren- 
liatiolis, ceveral equations each containing X, Y in the liist degree. 

If these equations lead to inconsistent values of A', Y we infer that the given 
eqoatim) eaiiaot he a general inlef^ral. 

U may also happen that all the equations to tind X. Y are identical, and in 
thi* cose the forces .Y, 1' are to a certain cedent arbitrary. Bertrand has shown 
thai this can happen only when the integral (S) has the form 



^(9 



(V-'W+Z^ =p w. 



This IheretoTe, when X, Y are ronetions of i, y only, is the only general 
integral wlUob can be common to several dynamical problems. Liimville'ii 
JouTHul. 18G3. 

Kr. 1. If i''' + ]i''-%f(x. y) = C be taken as the general integral, prove that 
Xsd/jiLr, Y = itfldy. This is the equation ot vis viva. 

Jix. 3, Prove that iy'±x'g = C with the npper sign cannot be a general 
integral: but, with the lower sign, is ■ general integral when the resultant force 
ttait lo llie origin. 



The Principle of Vis Viva. 

246. To investigate the principle of vis viva for a si/steni of 
particiet. 

Besidufl the external forces which act on the several particles 
we must hum take into nccoutit their tnutuitl actioDH and re- 
nctioDH. 

Let m be the mass of aiiy one particle ; a:, y its coonliuatea ; 
lot X, Y be the components of alt the forces which act on that 

10—4 
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particle. The equations of motion of that particle are 

-S=^' -S=^ • <^>- 

Multipljdng these by dx/dt and dy/dt respectively and adding the 
results, we have 

<m^-t^H'i*^% <^> 

Summing this for all the particles of the system, we have 

The right-hand side of this equation, after multiplication by dt, is 
the work done by the forces as the system makes a small dis- 
placement, Art. 185. 

Amongst the forces X, Y are included the unknown reactions 
on the several particles, but it is clear that we may omit from the 
right-hand side all the reactions which would disappear in the 
principle of work in statics. 

When the remaining forces are such that the work integral 

fl.{Xdx + Vdy)^U+C (4), 

where ?7 is a known function of the coordinates of the particles, 
these forces are said to form a conservative system. Art. 181. 

Representing by v the velocity of the particle m, the integral 

of (3) becomes 

JSmi;2 = J7 + a (5). 

Let ^0 be the same function of the initial coordinates that V is 
of the coordinates at the time t, and let v^ be the initial value 
of V. The equation of vis viva may also be written in the form 

iSmir'-iSmt;o*=?7-C/o (6). 

247. The principle of vis viva is important for several 
reasons. 

(1) The principle is of general application. The forces in 
nature are such that there is a work function, and the unknown 
reactions, in general, disappear from the equation. 

(2) When there is only one way in which the system can 
move, that motion is determined by the principle. 



<3) The principle gives a relation between the cii-cumstances 
of the taotioQ in any stated position of the system and those at 
the ioitJAl stage. When the intermediate motion its not required 
this is particularly important. 

84B. TIM n««a fnnctlon. Thi? equatioD of via viva can be asefull; eni' 
[■toyed only when the inleRrations neccHBarj to obtain the force tunotion U can be 
r'dscted. It is also important to notice beroreband what forces and reactions ma^ 
be omitt^ in lonolag that eqaation. 

The aoling foroei ma; be clasirified thop, 

<1) the external forces which act on the particles, 

{3) the mntoal actiona of aucb of the particles aa are rigidly connected 
together. 

(S) the mntiul attnutions of independent particles. 

(I) the preaanres due to an; fiied curve or sarfoce on which some of the 
p«rdclea are oonatrained to move. 

The vitemal lorce>i are in general central forces tending to or from fixed points. 
ll followB from Art. 1B6 that, when each force is eome fnnatlon of the diatance 
(ram tlie fiied point, the contribntion of each to the work function can be 
tategrateil. 

I>el It be Iho mulanl action between two particles whose iDatanlancoua diatance 
apart U r, and let J! he measured positively when the action tends to increaae r. 
It i* proved in tlalicti that the work of both the action and reaction is Rdr. 

ll foUowB from this that the reactioo between an; two particles which keep an 
iDTBiiable diatanoe from eaoh other Ihrongboat the motion disappears from the 
rqaation of via riva, for in such a case dr~0. 

If any two independent particles repel each otbei with a force It which is a 
ioiowD lanction o[ their diatance r, the contribntion of this force to the work 
tnnetion can be int^xated. 

// tiro partiettt art etmneclcd together by a light Ktrtng. even if bent by poasing 
oTer smoath pDlleys, liied or moveable, the work of the tension is - Tdl, where / 
b the whole length ul the string. If the length of the string is invariable the 
work b tern, The nclioti of an iuextensihle airing may therefore be omitted in 
Ibr Mjuation of vis viva. If the string is extensible and the tension obeys 
Ilwikc'i lav, the correepouding work can be found by integrating - Td!, see 
Art. IW7. 

S4*. If one of the portictea ia roimmhifd (o move on a mooth fixed eurvf 
•ehoH rquatlon It f{r, ]l) = f), let ll be the normal preesoie. The work of B \» 
Iteoofdii this is xero beoause ^, being the angle between the direotion of J? and 
tha are of the path, ii ^v. It however Ike curve it iUelf coiutrained to move, the 
anfle f i> not necessaril; a right angle and the work ma; not be zero. Since the 
•Miaalion of the moving curve wilt contain I, Ihia is nsoall; expresaed by sajiOK 
Ibal (A* i/ttmftrital rilaliont tamt not tontain the Unit rxptieillji, if the rcaetiovt 
art 19 ditappear. 

If fJkf eunv ortur/atr it rough, the friction acta along the tangent to the path, 
uid ihe work ■■ aero only when the particle in coBtaol is not in motion. 
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260. Energy. Selecting some geometrically possible ar- 
rangement of the particles as a standard position, the work done 
by the forces as the particles move or are moved from any other 
given arrangement to the standard position is called the potenticd 
energy in the given position. 

Let the standard position be called 8 ; let the system move 
from some given initial position A and at the time t let its position 
be P. It has already been proved (Arts. 69, 246) that 

Kin. En. at P - Kin. En. at -4 = work A to P. 

But Pot. En. at P = work P to S, 

Pot. En. at -4. = work A to S. 

.'. Kin. En. at P + Pot. En. at P = Kin. En. at -4 + Pot. En. at A. 

It follows therefore that the sum of the kinetic and potential 
energies is constant throughout the motion. This sum is called the 
energy of the system, and it has just been proved that the energy 
of the system is constant and equal to its initial value. 

This theorem is true whatever standard position may be 
chosen, but it will be found convenient to so choose this position 
that the system may finally arrive there. When this choice is 
made the potential energy represents the whole work which can 
be obtained from the forces as the system moves to its final 
position. 

251. As a simple example, let a heavy particle fall firom rest 
at the ceiling of a room to the floor ; the kinetic energy after 
falling a distance z is ^t^szmgz. Let us take the floor (i.e. 
z = h) as the standard position, because the particle cannot 
descend any lower; the potential energy at the depth z is 
mg (h — z). The whole energy is therefore m>gh, which is constant 
throughout the motion. At the ceiling the energy is wholly 
potential because the particle starts from rest ; on arriving at the 
floor the energy is wholly kinetic, all the available potential 
energy having been changed into kinetic energy. 

252. Degrees of Areedom. If a system contain n particles 
free to move in space of two dimensions, its position can only 
be defined by the use of the 2n coordinates of the particles. 
There are evidently just 2n different ways in which the particles 
can be moved, all other displacements being compounded of these. 



The system is thoti said to have 2n degrees of freedom. If some 
nf the particles are constrained to move on k given curves, or 
more geaerally if there are k given relations between the 2n 
coordinates, only 2>i — « coordinates are necessary to fix the 
portion of the system and there are then 2n — « degrees of 
treedoto. The degrees of freedom of a system may be defined to be 
the number of coordinates required to fix its position. 

253. Vta Yiva of a rigid body. When some or all of the 
particles of a system are rigidly connected together a simple and 
useful expression for the vis viva cim be found. Let {x, y) be 
the coordinates of the centre of gravity, ^ the angle which a 
straight line fixed in the body makes \vith a straight line fixed in 
space, and M the mass. The vis viva is then 

^— ^{(S)"-(fn-^(t)'. 

where Mh' is the constant called the moment of inertia of the 
body about the centre of gravity, see Art. 241. 

To prove this, let jb = .'" + f , ^ = y + »? be the coordinates of any 
particle m, then 

Mince £mf = as in Art. 240 the middle term is eero. Hence 

^— «{(S)^(l)V^"'{(f)'-(S)]- 

This equation expresses the pi-oposition that the whole vis viva 
of a moving system, wketlier rigid or itat, is equal to that of a particle 
of mass M moving viith the centre of gravity togetfier tinth tlie 
vis viva of the viotimi relative to the centre of gravity. 

To introduce the condition that the system is rigid we change 
to polar coordinates by writing 

(df )" + (dvY = (dsf = {dpY + (pdey. 

Remembering that ddjdt is now the same for all the particles and 
equal to d^jdt (Art. 240) and that dpjdt is zero, we find 

ia)'-(S)i=<^-^)(f)-=«^@)"- 
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954. HTBinrlWi Ex, 1. An endless light string of length 2Z, on whieh are 
threaded beads of masses M and m, passes over two small smooth pegs A and B 
in the same horizontal line and at a distance apart a, one bead lying in each of the 
festoons into which the string is divided by the pegs. The lighter bead » is raised 
to the mid-point of AB and then let go. Show that the beads will just meet if 

^^= 2 (^^ . [Bfaih. Tripos, 1897.] 

We notice that only two positions of the system are contemplated in the 
problem, yiz. (1) the initial position in which the bead m lies in AB^ and (2) tiie 
position in which the beads are in contact. In both these oases the kinetic energy 
is zero. The principle of vis viva asserts that the change of kinetic energy i$ equal 
to the work. It immediately follows that the work done when the system panes 
from the first to the second position is zero. Let x be the depth below AB sk 
which the beads meet. Then omitting the tension, Art. 248, we have 

mgx-{-M{x-^(P-al)]^0, 

We also have by geometry 4j;^+a^= ^* Eliminating x we obtain the result. 

The circumstances of the motion when the beads m, M are at any depths y, ^ 
below AB may also be deduced from the principle. We have 

J(iiM?2 + lfr'«) = mpy + JU^{i,-^(P-.al)} (1). 

Since the sum of lengths joining m and if to il is 2, we have the geometrical 
equation 

N/(Ja« + y«)+V(J«'+'7')=« (2). 

Differentiating the second equation, we have 

^(i«T^^"^;/(^'-M^-" <''• 

Joining this to (1) we have the values of v, v' when y and 17 have any values not 
inconsistent with (2). 

Ex, 2. A particle of mass m has attached to it two equal weights by means of 
strings passing over pulleys in the same horizontal line and is initially at rest half 
way between them. Prove that if the distance between the pulleys be 2a, the 

velocity of m will be zero when it has fallen through a space ^—^ , . 

[Coll. Exam.] 

Ex, 3. Two pails of weights IF, ir, are suspended at the ends of a rope which 
is coiled round the perfectly rough rim of a uniform circular disc of radius a 
supported in a vertical plane on a smooth horizontal axis, and the pails can descend 
into a well so that when one comes up the other goes down. If the pails be 
allowed to move freely under gravity, and, when the heavier has descended a 
distance h from rest, a drop of water be thrown off from the highest point of the 
rim of the disc, prove that this drop will strike the ground at a horizontal distance 
X from the axis of the disc given by 

;ra ( J Tr + IF+ it) = 4/16 (IK - w), 

where W is the weight of the disc, and h is the vertical distance above the ground 
of the highest point of the rim of the disc. [Math. Tripos, 1897.] 

The equation of vis viva gives 

Jf'*«w» + (Jf+m)t7»=2(lf-m)^6. 



The tliooryof parabolic motioD gives .r = c[, luid h = ^!il'. Putliag ui = t/i 
t^ = 1 d', «e obuia the requited valae of x. 

Ka. 4. Two Email boles A, B are made in a smooth horiitontiil table, the 
dktoooe •put being S<i. A parttelo of maas it re«t« on the table midway between 
A *xtA H; And * particle of masa m, hsnga beneath the table, BUGpeniled from <V b; 
two «itaal weightleag &d(I in extensible strings, pasxing through the two holes. 
The l«ngtli of e>ch string is a (l + aeoa). A bloff J ib applied to M in a direction 
perpendionUr to AB; show that if J->^Mmag tun n, .1/ will oRCillale to and fro 
throogh a diatanoe 2a tan a. But it J- is lesx than this quantity and e<iual to 
Silpuia (tan a - tan ^), the distanoe through which .V oscillates will be 

2"|p(P + 2)}*. where p^Beoa-aecji. [Coll. Ei. leOo.] 

The effect of the blow J ij to communicate an initial velocity !' = J/.U to the 
inasB .V, leaving » uiitially at rest. 

Ex. 5. Two particles .W, m are connected by a string passing over » smooth 
pulley, the teaier mass m hangs vertically, and HI rests on a plane inclined at bq 
angle a to the vertical. M starts without initial velocity from the point of the 
inclined plane vertically under the pnlley. Prove that .If will oscillate through a 
-^-° where A is the height of the poUey above the initial 



[Coll. Ei. 1897.] 
3 placed in a circolar 



diibuioe - 

[MMitiDn of .V, ni U greater tlian J/ cos a but less than ilf. 

Er. 6. Two eqaal particles connected by a string a 
tnbe. In the circnroferenoe is a centre of force varying as the inverse distance, 
Une particle is initially at rest at its greatest distance from the centre of force, 
prove that if v, f' be the velocities with which they pass tbtotigb a point 90° from 
the ce»t»« of force, <-"''''' + e"''''''' = l. [CoU. Eiam.) 

Kx. T. A thin spherical shell of mass SI is driven out symmetrically by an 
iDtantal explosion. Prove that if when the shell has a radius a the outward 
velucity of each particle be V. the fragments con never be collected by their 
mutoal attraction unless V^<.Mla. (Coll. Eiani.] 

The attraction of a thin spherical shell on an element of itself is the same as 
if half tliu mass of the shell were eollecled at Ihe centre. 

Hi. >i. Three eqaol and atmtlar particles repelling each other with forces 
vmrying M the distance are connected by equal inexlensible strings and are at rest : 
11 one airing be out. llie subsequent angular velocity of eitlier of the other strings 
/l-20( 



will m? I 



v^« 



. 6 being the angle I 






(Christ's Coll.) 



Ki. )). All etoatic string of mass tit and modulus E rests unstretched in the 
form of a circle of radios a. It is now acted on by a repulsive force situated in 
iU centn whose maiuitude is r>(diitano«J~^. Prove that tbe radius of the circle 
when itnextcomeaturost is a tout of the quadratic t^ -nr-mnlEv. [Coll. Exam. | 
Kt. 10. A ciiouUr hoop of iwUns h, without mast, has a heavy particle 
rigidly attached to it at a point distant r from its centre, and its inner surface is 
>ll on the uul«r surface of a llxed circle of radius a {h being greater 
d). andar the action ol a repelling foroe from the centre of the Gxed circle 
I to M times the distance. Prove that the period of small oscillations of the 



p«lU b« »r 



= ('-)'• 
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Prove that when c=6, all oBciUations large or small have the same period: 
and prove further that in the general case the hoop may be started so that it will 

continne to roll with uniform angular velocity eqnal to {/tbl{h - a)}^. 

[Math. Tripos, 1886.] 
The following is a simple (but not necessarily the shortest) method of writing 
down the equation of vis viva in problems of this kind. Having selected some 
independent variable to fix the position of the system, say, the inelination tf of the 
straight line joining the centres C, O of the two circles to the vertical, we find the 
coordinates x, y of the particle in terms of by projecting OC, CP on the vertical 
and horizontaL The vis viva, being the sum of m (dxldi)^ and m{dpldt)^t follows 
immediately. Equating the half of this sum to the force function ^m/t . CC^+C 
we have an equation giving dBjdt in terms of 0, 

It is then easily seen that, if the constant C be properly chosen, the value of 
d0ldt reduces to the constant given in the question. To find the small oscillations, 
we differentiate the equation of vis viva and reject the squares of 0. 

When c=at the path of the particle is an epicycloid and the oscillations large 
or small are, by Art. 211, tautochronous. 

256. Rotating field of force. When a particle moves in 
a field of force which rotates round the origin with a uniform 
angular velocity n, an integral of the equations of motion can be 
found which reduces to that of vis viva when n = 0. 

Let Of, Off be two rectangular axes which rotate with the 
field of force, and let X, Y be the component accelerating forces. 
We then have by Art. 227 

Multiplying these by d^/dt and dij/cft and adding, we find 

d^d?^,dnd*ri „Jtdi dn\_j,^ ydq 
dtd^^Ttlt*"' VcU'^^'dt)-^ dt^' dt' 

We introduce the condition that the field of force rotates by 
making Z, Y such functions of f, rj only that X^dUjd^ and 
Y=^dU/dv. Then U is a function of f, 17 only and not of t The 
equation then becomes 

i(i;3-.n«r») = Cr+a (3), 

where v is the velocity of the particle relatively to the moving 
axes and r is the radius vector. 
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I may notice that if U be expressed in teniis of the co- 

t X, y referred to tixed axes, the expresaion will coutain ( 

A, except whcD the force ia central and teods to 0. 

The equation, when written in the form (2), is a slight ex- 

teDsiim of that given by Jacobi in the Coviptea Rendua, Tome IIL 

p. 59, 1836. 

If V be the space velocity of the particle, A the angular 
mamentum about referred to a unit of mass, then 

V'-2i<A=v--i^^ (4). 

The equation of Jacohi then becomes 

^V'-nA = lf + C. (5). 

To prove the relation (4), let p be the perpendiouiar from on 
the tangent to the relative path. Since V in the resultant of v 
and nr, (the latter being perpendicular to r), we have 

F' = ii» + nV - 2y . Bp. A = Vi) + nr'. 
the second equation being obtained by taking momenta about 0. 
The equation (4) follows at once. 

An example of a rotating tield of force is met with in 
Afltrouuiny. If the components of a binary star describe circles 
about their common centre of gravity, the force ia always the 
same at the same point of the rotating plane. Jacobi's integral 
will therefore apply to the motion of a satellite moving in that 
plane, provided it is of such insigniBcant ma^ that the motions of 
t.hu primaries are undisturbed by its attraction. 

aSV. When the particie movefl in space of two dimensions and tfae Geld of 
loree (oUtes aboat a perpend icalsr siU with u variable aognlu' velooit; #' wu m$,j 
obtun *a ext«tuioD of the equations. 

We know that ^dVldt i* equal to thu aam of the rirtual momcnla of the 
■MM divided by di, (Art. 3M), hence 

=.\r+tv+#-(ii'-,,.v). 

ydAlilt=iY--iiX lijr l«king moments about Ibe oriniD. hencs 
I rfr> dA dV 

iW*-di~di 

[/ ii a [unction of llis moving ooordinatea i, i), t. When ^' ia oonstant, this 

intagratod and wn obtain the titjuation (S). 

Wh«n a fyrtnn of parlielii moving in a given tulnting Meld of (oroe ii under 

1. mm have (or ucb an oqaation similar to (Ii). Multiplying tbeoe by 

'0 pMticles and adding the proiluots, we have an eat«nded aquation 



..(8). 
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of yis viva. If 2r be the yis viva, A the angular momentam of the system, V the 

force ftmotion, this equation is 

T-i/A^U-k-C (7), 

where ^' is the angular velocity of the field supposed to be constant. In this fonn 
we may omit from U all the actions and reactions which disappear in the prindple 
of virtual work. 

957. OorioUfl' theorem on r«lativ« ¥ls ▼!▼«. A system of particles is 
referred to moving axes O^, O17. Supposing the system at any instant to become 
fixed to the moving axes, let us calculate what would then be the effective forces on 
the system. If we apply these as additional impressed forces on the system, but 
reversed in direction, we may use the equation of vis viva to determine the relatiTe 
motion as if the axes were fixed in space. 

Let mj, m,, &c, be the masses of the particles; (X,, Fj), (X,! Tj), drc. the 
components of the impressed forces. Let also i>, 9 be the resolved velocities of the 
origin, then, including these as explained in Art. 227, the equations of motion of 
any representative particle m are 



m 



m 






(1). 



where a=d^ldt. 

The left-hand ndes of these eqnations measuie the oomponents of the effettire 
foreet on the particle m. Art. 237< The corresponding oomponents on an imngintiy 
putide of the same mass m attached to the moving axes and momentarily coin- 
ciding with the real particle are fonnd by treating (, if as constants. These are 

These we represent by Xq, Yq for the sake of brevity. 

Transposing these terms to the other sides of the equations of motion, we hate 

).. J. \ ■ (3)- 

m 






These equations may also be used to supply another proof of the theorem in 
Art. 197. 

Multiplying these respectively by d^jdt, drildi and adding, we have, as in Art. 255, 
Summing this representative equation for all the particles and integrating 

izm j(|y + (jyj =s/{(z-x,)df+(r-r.)«j,> (4). 

If the axes rotate round a fixed origin with a uniform angular velocity, (a is 
constant and p, q are zero. The equation of Coriolis then takes the simpler form 

i2mi>«=t7+J««2wr« + C (6). 



CORIOLIS OX VIS VIVA. 

•ibFf r ;i tlie disl&nee of Ihe particle m from the origjo and f isitB velooitj 
tir^'ir to the iLTH. For & smgle particle this is tbe same an Jaoobi's mtegral. 

If Ihe angolai velooity u ia not Dniroiiii and p, q not zero, tlie Bjatem 
additional forces (.Vg, Y„) is not conservatiTe and the intc^p^tioD in 
eSeclcd except in apecial oasea. Tbe equation is however etill iraportaat, Tor the 
Snt atep in the integration of the equations (I) mnst be to eliminate the UDknovn 
raaetjoaa, if any bucIi exist. Now the equation (4) ia Free from all the reactions 
*hich would disappear in Ihe principle of vertioal vork, and that equation therefore 

raroliea n» at once with one teault at leaat at the eliminatioQ. 

I'ar tbe porpoaes of this proposition Ihe forces meaaiued by .Vg, }'g are called 

thrforfei of Moring tpiite. When the origiD of coordinates is liied, these take the 

<u»pl« form 

.v.= -^(-,*'. i-..-.^, + f^ «. 

Thl" theorem i» due to Coriolis ; see tbe Joitnuil Pohjltchnitiw, 1831. 

asB. t.aiauifa tb*oT«ni. Ej:. A. particle moves ander the action of a force 

je A = !'•—- , 1 =d" J- , where v is tbe veloot)-. 

ivaia !■«-- = {2 - n) (7 + C. 
See th« Bullriin dt la Saci€li Malhimaiigue, 1893, vol. lU. 



<r the ■ 



«ho« Cartesian com 
I Prove that the equatii 



MuiitenLs ami Jiesolictious. 

259. The equation of Momenta. If P. Q are the coin- 
jtotieitts of the foi-ce on a single particle resolved along and 
Ininaverse to the radius vector, it is clear that Qr is equal to 
the moment of the forces about the origin. Representing this 
moment by Jtf, the transverse polar equation of motion becomes 






= M.. 



..(1). 



260. When a system of muti(aUi/ atti-actitiff particles moves 
iindtir the action of external forces we have by adding together 
thu tnui»vei-se polar equations of each particle 

~"'dlV dt) — w- 

If W be the attraction t)f wi, on m,, the reaction of ni, on jm, is 
— R, an(] the sum of the moineDlK of these two niUHt disappear 
from I'hu right-hand side. If then the external forces are such 
that their resultant passes through the origin, we have ^M^O, 
and therefore by integration 



i.»^^*=ff 



■■(3), 



158 MOMENTS AND RESOLUnON& [CHAP. T. 

where JjT is a constant. This equation expresses the proposition 
that when a system of mutually attmcting particles moves under 
the action of external forces such that the swm of the monmU 
about a fixed point is zero, the sum of the angular momenta of all 
Hie particles about that point is constant For example, if anjr 
number of mutually attracting planets move under the influeDoe 
of a fixed sun, the sum of their angular momenta is constant 
See also Art. 93. 

Since xdy — ydx^r^dO (Art. 7), the equation (3) of moments 
when written in Cartesian coordinates takes the form 



.»(«|-,§).if (4> 



261. Higid lystem. When a system of particles is rigid it 
is useful to have an expression for the resultant angular mo- 
mentum about the origin. Let {x, y) be the coordinates of the 
centre of gravity, ^ the angle a straight line fixed in the body 
makes with a straight line fixed in space, and M the mass. The 
angular momentum of the whole mass is then 

wliere Mk^ is the moment of inertia about the centre of gravity. 
See Art. 241. 

To prove this, let (a?, y) be the coordinates of the particle m, 
then x = x + ^, y = y + V* Remembering that 2mf=0, 2mi7 = 
as in Art. 239, we find by substitution that 

Since dx/dt, dy/dt ai'e the components of the velocity of the 
centre of gravity, the first term is the moment of the velocity 
of a particle of mass M placed at the centre of gravity and 
moving with it. The equation therefore asserts that the angtdar 
momentum about any point is equal to that of the whole mass 
collected at the centre of gravity together vriih the angular mo- 
mentum round the centre of gravity of the relative motion. 

To introduce the condition that the system is rigid we change 
to polar coordinates by writing fdiy — lydf — /a'dft The second 

term then becomes l^mp^-i-. Remembering that dd/dt is the 
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same for every particle and equal to cUl>/dt (Art. 240), this term 

becomes Mh^^. 

at 

It follows that, when a rigid body is acted on by any forces 
whose moment about the origin is 0, the equation of moments is 

96S. Ex. 1. A pArtiole moves in a field of force defined by the force function 

Show how to find the coordinates r, ^ in terms of the time. 

The force transverse to the radius vector is Q=dUlrd$. The equation of 

moments therefore becomes ^{^Jij^p-^' Multiplying by f^dBjdt, the inte- 
gration can be effected and we find 

('*S)*-2^(»)+^ (1>' 

where il is an arbitrary constant. This integral is equivalent to a result given by 
both Jaoobi and Bertrand. 

The equation of vis viva is 

(S)'*''(5)*-»/«*^^S« «■ 

Eliminating dOjdi by the help of (1) we arrive at an equation giving dtjdr as a 
function of r. The determination of t in terms of r has thus been reduced to an 
integration. The relation between B and t mi^ then be found from (1) by another 
integration. 

Ex. 2. A particle is placed at rest at the point x=:0, r^s^a in a field defined by 



a*x 



17 =m "=- . Show by writing down the equations of vis viva and moments that the 
path is a circle. 

263. The equatioii of resolution. If a system of particles 
moves under the action of external forces, we have by resolving 
parallel to the axis of x, (Art. 236), 

2m ^- = 2mX, 

where X is the typical accelerating force on the particle m. In 
this equation we may omit the mutual attractions of the particles, 
for the action and reaction being equal and opposite, these dis- 
appear in the resolution. 

If any direction fixed in space exist such that the sum of the 
components of the impressed forces in that direction is zero, we 
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can take the axis of x parallel to that direction* We then have 

at 

I 

where ^ is a constant. This result is the same as that already 
arrived at, and more fully stated, in Art. 92. 

264. Summary of methodi of integration. When the 
system of particles moves in a given field of force the equation I 
of vis viva in general supplies one integral of the equations of 
motion. If the system has only one degree of freedom, this 
integral is sufficient to determine the motion. 

When another integral is required, there is no general method 
of proceeding. We usually search if there is any direction fixed 
in space in which the sum of the resolved parts of the forces is ' 
zero, or any fixed point about which the sum of the moments is 
zero. In either of these cases an additional integral is supplied 
by the methods of Arts. 263 and 260. The first case usually 
occurs when the acting force is gravity, the second when the 
force is central. 

When these methods fail we have recourse to some artifice 
suited to the problem. Suppose that we have some reason for 
believing that a particle describes a certain path, we constrain 
the particle by a smooth curve. If the pressure can be made 
zero by the proper initial conditions, the constraint may be 
removed and the particle will describe the path freely, Art 193. 

265. Bzamplss. Ex. 1. Two particles, of masflee m, M, placed on a smooth 
table, are connected by a string of length a + 6, which passes through a fine ring 
fixed at a point on the table. The particles are projected with velocities U and 
V perpendicularly to the portions of the string attached to them, and the initial 
lengths are respectively a and b. Find the motion. 

Let (r, e), (p, 0) be the polar coordinates of m and M at the time t. By the 
principles of angular momentum and vis viva, we have 

-"s-""' ''s='" •')• 

- BMtii *" m*''m'\ =-"'^'"" «• 

We have also the geometrical equation 

r+p=a + b (8). 

Eliminating p, $f 0, we find 

,^r yf^y »»^'«* -3fF«i^2 „, „,„ 



In this diffomitiKl eqaation. the vuiables can be seputaled and thas i oan be 
■■ipr m i L d ID termH ot r by an iatwnl. The inMention oannot be g«nerall]r 
•<«cled. 

ir tlie ijstcni oscillnte, the extreme posilionBare dttermined bjputliiig ijr/ijt = 0. 
\Vc Uiiu haTB 



(" 



-(lB('' + .«('') = .. 



- (5). 



SisM tbe left-hand itde U positive when r^O and r = a + b and vonuhea when 
f =11 there ia a mcond positive root lene thait a-^b. This aeoond root ma; be 
jifuved to be greater or less than a aocording as uiC'/a ib greater or less than 
iO'^lb. Thcae Talnea of r determine the eilreme positions of the ajsleni. We 
iiolioe that if Tbe very small, the seoond root is very nearly equal tou + b. 

If ('=0 the particle M arrivea at the origin, but the appearance when r = a + 6 
iJ the singular form 0/0 in the eqnation (5) is a warning thai the motion obanges 
its character in this case. In fact if the third term on the left-hand side of (1) Is 
retonved, the velocity ot arrival at is finite instead of being infinitely great. 

To find the temiion T of the string, we use the radial equation of motion far 
one of the particles. This gives 



■iSf-l 



1 terms of r and after si 

Mm_ / (W r*;.' > 



le Blight Tednotions 



Btio 1 : 3 lie on a amaoth 

sses through a small ring in 

equidiijtanl from the ring: 

its portion of the string. 



liinnentiatioit Hi ** fi'"' ''''/''* 

Ihe Hiring therefore does not become stack. 

Kt. 'i. Two particles whose masses ore in the 
lioriai^ntal table, and are connected by a string that pi 
the table: the string is stretched and the particles ari 
ttis Ughtn particle is then projected at right angles 
I'rore that the other pwticle will strike the ring with half the initial velocity of 
the ant particle. [CoU. Ei. 1896.) 

iix, S. One A of two particles of equal mass, without weight, and connected 
by an iuelaitio string moves in a straight groove. The other B is projected parallel 
tA thr ffovn. the string being stretched. Prove that the greatest tension is four 
Umo Ih* least. [CoU. Ei.] 

lUduMd toTMl. then Sis acted on by Tand T cos 0, the latter being parallel 
to the groove. Then S is the an^le AB makes with the groove. The partiole B now 
deacribM a cireta. and the normal and tangential resolutions give the angolar 
Ttloeity and the tension. 

Ki. 1- Two particlns m. il, ore connected by • string, of length n + fc, which 
pusei through a hole in a smooth table; M hangs vertioally at a depth h below 
Iha hi'lp. m ii projected horiKotitally and perpendioolarly to the string with velocity 
r from • point on the table distant a tiam the hole. Prove that if M just rise to 
■be l*blo. mV*\%tb^}i') = 2ilgh[a*b)\ Prove also that if JV oBctllatex. 



Wlw* t« Uw ■Ptiuo if nV'~Mga1 



W 
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Ex, 5. Two $maU spheres of masses m and 2m are fixed at the ends of a 
weightless rigid rod AB which is free to turn abont its middle point O ; the heam 
sphere rests on a horizontal table, the rod making an angle 80^ with it. If a spbm 
of mass m falling vertically with velocity u strike the lighter sphere directly, pro?e 
that the impulse which the heavier sphere ultimately gives to the taUe is 
|flttt(l + «), where e is the coefficient of restitntion between the two spheres, the 
table being perfectly inelastic. [Coll. Ex. 1893.] 

At the first impact we take moments for the two particles m, 2m aboot to 
avoid the reaction at O. We therefore have Smv'a=Ra cos a, m (u' - u) = - ii where 
a =80°. At the moment of greatest compression the velocity of approach of the 
centres is zero, .*. u'sv'cosa, and i2=:|mtt. Since the complete value oi R'n 
found by multiplying this by 1 + e, the velocity of either end of tiie rod after imptet 
is ^uooBa{l + e). The balls m and 2m rotate with the rod round O throu^ some 
angle, and 2m finally hits the table with a velocity v'. Taking the same equation 
of moments as before S^a cos a = Sntp'a, .'. R*=^mu{l + 4t). 

Ex. 6. One end of a string of length I is attached to a small ring of mass » 
which can slide freely on a smooth horizontal wire, and the other end supports a 
heavy particle of mass m\ If this particle be held displaced in the vertical plane 
containing the groove, the string being straight and then let go, prove that the 
path of fit' is part of an ellipse whose semi-axes are 2, lml{m+m')j the major axis 
being vertical. [Coll. Ex. 1896.] 

Only the horizontal resolution and the geometrical equation are required. 

Ex, 7. A rectangular block of wood of mass M is free to slide between two 
smooth horizontal planes, and in it is inserted a smooth tube in the shape of a 
quadrant of a circle of radius a, one of the bounding radii lying along the lower 
plane, and the other being vertical. A particle of mass m is shot into the tube 
horizontally with velocity F, rebounds from the lower plane, and leaves the tube 
again with a relative velocity V\ prove that 

V'^=e*V^-'2ga (1 - c«) (iW + m)/i»f , 

where e is the coefficient of restitution for the lower plane. [Coll. Ex. 1895.] 

Ex, 8. If in the case of three equal particles the units are so chosen that the 

energy integral is i(wi'+t;,'+r,^= — + — + , where r^ is the distance 

•"as ^n '*i2 '"' 

between the particles whose velocities are v^ and v,, and if r is a positive constant, 
the greatest possible value of the angular momentum of the system about itfl 
centre of inertia is iJ{2r), [Math. Tripos, 1893.] 

Ex. 9. Two equal particles are initially at rest in two smooth tubes at right 
angles to each other. Prove that whatever be their positions and whatever their 
law of attraction, they will reach the intersection of the tubes together. 

[CoU. Ex.] 

Ex, 10. Three mutually attracting particles, of masses m^, m^,mjt are placed at 
rest within three fixed smooth tubes Ox, Oy, Oz at right angles to each other. The 
attraction between any two, say mj, m,, is fini^m^r^" where r, is the distance. If 
the triangle joining the particles always remains similar to its initial form, prove 
that the initial distances satisfy the equations 



] 
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MC iwnbl* uunwwa. Ex. A onbe, of mus M. oonatiaiDed to alide on 
• umooih LoHxonul Uble, bu ft floe tabe JCB cut Ihrougb it in the vertical plane 
Ihtougli its centre of grsTitj, the extremities A, B being on the eune horizontal 
lini: and thv lingcnts at A, B hoiuontoL A particle, at mass in, ii projected into 
the tube at A with vetocit; V, deduce nnaljlioallj tram the equations of linear 
iDumeDtum and vii viva UiU the velocity at emergence at fi is also V. 

IiBt u, p be the ratoeitiea of the onbe and particle at emergence. The principles 



agm 



.yu + mr = iNr, 



Jtfii»+mr»=iHr'. 



ThcM give two tolotions, viz. (I) u = 0. |.= r. and (2) u = 3inl7S, u = (m - J/) F/,5, 
wbera S = n-yM. To interpret these we notice that there are two Betii of initial 
coaditionB which give the same linear momeDtiiiii and vis viva. These are 
delnnined by the values of u, u just written down. We have therefore reallj 
■olvvd two problems and have thus obtained two reanlta. 

Xo distinguish the solntione, we investigate the intermediate motion. Ijet P bv 
any point in the tube and let p be the tangent of the angle the tangent niakee with 
itw horitOD. If a. r now represent the horixontal velocities at P, the same tvni 
fsindplBs give 

.1/1. + «»■ = mr. Mii* + III {!>• +pV) = Hi V '. 
■rtuTBd'sD-uii the relative Telooi^. These give 



^.i— (-^•'^-)"|- 



Now r = r initially whenp-O, beoce the radical mast have the ponlive ugn and 
innat keep that ugn until it vanisbea. On emergence therefore, when p is again 
xero, 1-= I'. The negative sign of the radieal evidently gives the initial conditions 
u( the other problem. 

AVI, Bodlea wltbimt maaa. Ex, I. A heavy bead is free to slide along a 
Tod whoso ends move nithoQl friction on a horizontal circle ; prove that when 
tfaE nwia of the rod it uegli^pble compared witli that of the bead, the bead will, 
«taen *tarted. continue to slide along the rod with on acoelemtiOQ varying inversely 
aa the cube of Its distance from the middle point. [Math, Tripos, tSBT.| 

The raaotion between the rod and the particle is zero because the rod has no 
nuuM. To prove this, let /i be the reaction, if the maes of the rod, then, taking 
uiomenli aboat the centre of the circle, we have MK-d<iililt = Rp, where u is Oiv 
ikngnlar veloelty of the rod. Hence 71 = when .If— 0. 



Tbe particle P, being not acted on by any horizonta 
ne in Btncv with uniform velocity b. It x lie the dis 



furc< 



; a. c, (be peipeudioulats fruui O ou the path and o. 



Bi glvn iFildt' = b^ (a' - >=)lx'. 

K 4. A rigid wire without mass is formed into an ire 
oarrie* a heavy particle fiied in the pole. If the c 
ed in contact «itb a pcrCwlly rough horizontal plai 
onlaol will move with a nnllorin acceleration equal t 
il of Uw spiral. 



I au equianKulnr apintl 
nveiity of the wire b» 
I prove tlint the point 
IT cot a, where ■ is the 
[Math. Tripos, 1860.1 
II— I 
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aas. BqiiAtloB or tiM patb. Let P, Q be the resolyed aeedersting fotw6 
ftoting on the partide respectively along and perpendicolar to the radios veekor. 
Let P be regarded as potUive when octtny towards the origin. The equations of 
motion are 

£-'©'-'• ;iK)=« "^ 

To find the path we eliminate t. The second equation, after mnltqilioatioo bj 
f*d$ldt and integration, as in Art. 262, becomes 

f*^y=*»+2/Qr^d (2). 

For the sake of brevity we represent the right-hand side by H*. Potting tlio 
II = 1/r, we find d$ldt = J7ti*. We then have 

dr_ 1 ^ d$_ Ai 
dt^'u^dedt'" d$* 

Substituting in the first equation of motion 
Replacing H^ by its value given in (2), 



( 



(S")(»W»*5S-5 «• 



This is Laplace's differential equation of the path of the particle. The forces 
P, Q being given in terms of the coordinates u, ^, of the moving particle, this 
equation, when solved, will determine u as a function of ^, and thus lead to the 
equation of the path. To find the motion along the path we use equation (2). 
Substituting in that equation the value of n in terms of we find by integration the 
time t at which the particle occupies any given position. 

The polar differential equation of the path cannot be integrated except for 
special forms of the forces P, Q, If Q=0, the equation takes the form 

555+^=^ <^>- 

This can be integrated when P is a function of u alone, a case which is oonsidered 
in the chapter on central forces. It can also be integrated when P=u*F (9), the 
method of solution being that shown in Art. 122. 

When P=ti'P(^) the equation is linear. If one solution of the differential 
equation is known, say u=^ (^), the general integral may be determined by substi- 
tuting u=zi> {$). After integration we find z=A'^Bj[i> {e)'jr* d$. 

aao. When P=u*F{0), Q=uY{$), the differential equation of the path takes 
the linear form 

(S+~){*'+^WK/'wS-^Wti=o (6). 

The various oases in which this equation can be integrated are ennmersted 
in treatises on Differential Equations. 



Bj mallipl;iiig the eijuatioD by the proper factor we can make the left-baiid 
nde a (lerfect diSerealial. Couveree!; oboosiue any factor, we oao find the reUtiou 
between P and Q that Uub may be th« proper inlegrating Caator. If we wish 
iJu rttallmi belvrtn P, <^ to bf iiulrpiiidinl of the initial condilionM, the temu 
I a bolor must be made a perfect diSErunlial independeiitljF' of the 



Tho ooefUoient of li' 



il>u 



and thia i 






:i.i.«fmi+3=,|.i../(.)l. 



1 b]r either of the factors «ia6 or eoaS. The remaining termu mnift 
tlwrefore alao become a perfect differeDtial bj' the same factor. The cundilion thiil 

L^-tU j^ + Nu'at perfect diflcrential is N- — + ^ = 0, and the integral a 

>—- '■'•S*(^-S)- 

UnltipljiDg equation (5) by sia S, the product ii a perfect dilTerentitl if 

wliiah leducei at onoe to 

The integral. einae/'(0) = 4/u>, becoineH 

(.H,/»(...i;-»..)-a....=c m. 

when C is a oonstant. Thia ia a linear equatioD of the Gist order and can bi 
integrated a lecoiid time when Q/u> is given ae a funotion of 8. The determiiuilia 
of the path can therefore lie reduced to ialeifration ahen the relation (B) i* tatiijifd. 
re moltiply (6) by cob S, we find that the piodnut u 



,..(6|. 



In the aame way, 
■ perfect differential if 



-1^ - 



...(8). 



(ft=+s/'^de^ Uc 



ajid the integral ii 

whuh it linear and can be inCegraled a aecond tini 
Another case in which the integration of (3) c 



» Art 363. The eqnatior 

n^=/(>'f + 2|-^(W, the ioteijral is 



e effected may be deduced 



(10). 



I: 

^Mmo. fix. 1. U F=u'e{9\ and U = i'tan#, prove that <i = dBin0 ii a par. 
^|PM>r iduian) ol the linear equation (6). Thence obtain the general integral 
^^%f piUiot! 11 = 1 ain 0, where i 1b a (unetion of 9 whloh la iletermiaod by wiving 
ft linear ai|iuilion of the firat order. 

Ki. S. A pwtiele moveii under the foruee 

IP - fiu* (H + S eoa it), ({ = ^u' bid 30 ; 
that an integral of ita motion ia 



u 001 el + fL n (sin e - Kin i9) - 



)■ ooaSful 
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Obtoin also a similar integral if 

[GoU. Exam. 1891] 

Ex, 8. If the Carftesiaii aooelerating forces X, F are mirestrieted, pro?e thtt 
the differential equation of the path is 

where ^ is a constant depending on the initial conditions. 

Prove also that the determination of y as a fonotion of x can be reduced to 
integration when both X, F are functions of x only. 

Ex, 4. If X and Yjy are functions of x only, the differential equation of the 
path is linear. Prove that it can be integrated when F=y ^, and that the first 

integral is {A-\-2fXdx)^'Xy=C. 

Prove also that when ^ = ^r + — * ^ differential equation oan be integrated 
and that the first integral is 

{A+2jXdx)x^-{A + 2fXdx+xX)y=zC, 

Ex. 5. Prove that the Oartesian equations of motion can be oomplefeely 
integrated when the force function satisfies 

^_tPU_ d»l7 
dx* dy* " dxdy ' 

To prove this we notice that U=z^(y+ax) + ^{y+ a'x) , 

where a, a' are the roots of a* -Ka=sl. We then ohauge the variables to (sy +ar 
and i}=y+a'x. The new coordinates {, i; are also rectangular. The equations 
of motion become d^^/dt'^^'t^), d^jdfisrf/ (rj), which may be solved as in 
Art. 122. 

Ex, 6. If the direction of the acting force is always a tangent to the diiection 
of motion, as in the case of a resisting medium, prove that the path is a straight 
line. Consider the resolution along the normal. 

Ex, 7. If the direction of the force is always perpendicular to the path, prove 
that the velocity is constant. 



Superposition of Motions, 

271. A particle is constrained to describe a fixed curve. When 
projected fix)m a point A with a velocity Ui under the action of 
any forces the velocity and pressure at any point P are Vi and Bi, 
When projected with a velocity u^ from the same point A under 
a second system of forces the velocity and pressure at P are «i 



ttiid R,. When the particle in projected from A with a velocity 
K such that u' = u,' + Ma', and movea under the action of both 
systems of forces, the velocity and pressure at P are v and R. 
It is required to prove that 

if = Vt' + v,', R = R, + R^. 
To prove this we write down the two equations for each of 
the three types of motion. Representing for the sake of brevity 
the normal components of accelerating force by JVi, JVa, N, + JV,, 
we have 
!■.■-«,'= 2 ;(X,(ir+ r,dy). v^lp==N, + R,/m, 

v.»-V = 2/{X^+ r^y), v,'lp = Ii, + RJm. 

tf -u» =2Jl(X, + Xr)dx + (Y,+ r,)dyl, v'lp =N, + N, + Rlm. 
tho limits of integration being always from the point A to P. 
The results follow at once by subtracting from the third 

i«quation the sum of the other two. 
I 372. The following corollary will be tbund useful. 

A particle can describe a curve freely under the action of 

certain forces, the velocity at some point A being u^. If the 

piirticle is now constrained to describe the same curve the velocity 

at A being changed to «,, then the pressure at any point P is 

C,!p, where p is the radius of curvature at P. and is the 

constant m («,' — Wi'). 

^r To prove this we notice that when the velocity at ^ is u, and 

Hbe foroeM act on the particle, the pressure is fli = 0. If the 

■Velocity at A were «' and no forces acted on the particle, the 

pressure at P wouUl be mii'^/p. Superimposing these two states 

mid putting u'' = u,'— «,', the theorem follows at once. 

S7S. W« may ftlM dedooe the toUowing theorem due to OBsian Bonnet. If > 
puticle oui tiMljr describe the same curve under two different aysMms of forces, 
th* Tslocitieg at «ome point A being ceapectively u, and ii^. then the particle cui 
duaeribe the wune path ander both BystemB o( forced provided the velocity at A isu, 
where u*=u,''t-u,'. Since an; point may be taken u the point of projection thia 
rclktion betiir«eit the velocitiee holds at all points of the carve. LioavilU'i 
/ownul, Tom* n. page 1 IH. 

SV4. The following eianiplc ol OiHian Bonnet's theorem is important. It 
will bi ahown in ths clinptor on central forcea that a particle P will daaoribe an 
Iv ftbout • wnti« of fotoe in one foeus H, , whose law of attractioa U 



1 
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Ml/rl^ provided the veloeity of projection at any point A is given by 

The Hune ellipse can also be described about a centre of force in the other focos 
H, whose law of attraction is iijirf provided the velocity v, has the oorrespondiog 
value. It immediately follows that iht particle can de§crihe the ellipse freely about 
both centres of force acting simultaneously, provided (1) the velocity v at any point 
A is given by 

and (2) the direction of projection at A bisects externally the angle between the 
focal distances. 

According to this mode of proof both the centres of force should be attraetiTe, 
for it is evident that an ellipse could not be freely described about a single centre 
of repulsive force situated in either focus. But the law of continuity shows thit 
this limitation is unnecessaiy. Supposing p^ and /<, to have arbitraiy positive 
values, it has been proved that the equations of motion of a particle moving freely 
under both centres of force become satisfied when this value of t^' is substituted in 
them. The equations contain only the first powers of /A| and /u, (see Art. 271) and 
can be satisfied only by the vanishing of the coefficients of these quantities. They 
will therefore still be satisfied if we change the signs of either /C| or /<,. 

In the same way we may introduce other changes into the theorem, provided 
always we can obtain a dynamical interpretation of the result. 

S7ft. Ex, 1. Prove that a particle can describe an ellipse freely under the 
action of three centres of force ; one in each focus attracting as the inverse square 
and the third in the centre attracting as the direct distance. Find also the velocity 
of projection. 

Ex. 2. Particles of masses m|, ni,, <feo. projected from the same point in the 
same direction with velocities Ui, Us, &c, under the action of given forces Fj, F., 
&0, describe the same curve. Show that a particle of mass M projected in the 
same direction with a velocity V under the simultaneous action of all the forces 
Fi, F^f <fec. will also describe the same curve, provided 

MV^=niiUi* + m^u^ + . . . . 

Ossian Bonnet, Note iv. to Lagrange's Micanique, 

Ex, 8. A bead is projected along a smooth elliptical wire under the action of 
two centres of force, one in each focus, and attracting inversely as the square of 
the distance. If 7P, TQ be any two tangents to the ellipse, prove that the pressure 
when the bead is at P : pressure when the bead is at Q : : TQ* : TF^, 

Initial Tendons and radii of Curvature. 

276. Particles, of given masses, are connect^ together by in- 
elastic rods or strings of given lengths and are projected in any 
given manner consistent with these constraints. It is required to 
find the initial values of the tensions and the radii of curvatures of 
the paths. 



AKT. in.\ INITIAL TI'INSION.S. 

The peculiarity of the problems on initial motion is that th<- 
velocities and directions of motion of all the paiticles are known. 
It will thus not be necessary to integrate the difierential equations 
of motion, for the results of these integrations are given. 

Supposing that there are n particles, we shall require besi(lei:< 
the in equntionH of motion a geometrical equation corresponding 
to each reaction. 

To show how the geometrical equations may be formed, let 
us suppose that two particles jh,, m, are connected by a rod or 
straight string of length /. The component velocities of the 
two particles in the direction of the string being necessarily equal, 
their relative velocity is the difference of their component velocities 
perpendicular to the rod ; let these be V,, V^. If <^ be the angle 
the rod makes with some fixed straight line, the geometrical 

equation is/^= F,-7,. 

The simplest method of obtaining the relative equations of 
motion is perhaps to reduce m, to rest. To effect this we apply to 
both particles (l)an acceleration equal and opposite to that of m,, 
and (2) an initial velocity equal and opposite to that of vi,. The 
path of fli, being now a circle whose centre is at m, and whose 
radius is I. the relative accelerations are those for a circular 
motion. (Art. 30.) 

Let X, , Xj be the components along the rod of junction of all 
the forces and tensions which act on jmi, ntj respectively. We 
then have (Art. 35) 



\dt) ~ I ~m,~m, ^^'■ 



In tJiis way we may form as many equations as there are re- 
By solving these the initial values of the reactions become 

If tJie angular accelerations of the rods are also required, let 
iiY, he the component forces perpendicular to the rod which 
k on m,, fn,. Then 

'dp"m, .H, <2^ 

. J77. To find Hie cuntatures of the paths, toe refer to the eqmi- 
I of motion in apace. The velocity and direction of motion of 



170 INITIAL TENSIONS AND CUBVAITJRE. [CHAP. V. 

each particle being known, we may conveniently use the tan- 
gential and normal resolutions. We thus have 2n equations of 
the form 

-r^' -1=^ (3). 

where N, T are linear functions of the forces and tensions which 
act on the particle m. 

These reactions having been found by considering the relative 
motion, we substitute in (3). The first of these determines the 
radius of curvature p of the path of m, and the second the tan- 
gential acceleration, if that be required. 

When any one of the particles is constrained to describe a given 
curve, the initial pressure of that curve is one of the unknown 
reactions. This pressure will be determined by the normal resolu- 
tion of (3) since the radius of cui*vature of the path is the same 
as that of the constraining curve. 

278. If some or all the particles start from rest, the equations 
of relative motion are simplified, for we then have ^' = where the 
accent denotes d/dt Since however the direction of motion of a 
free particle at rest is not given, the tangential and normal resolu- 
tions are then inappropriate. We can however use the Cartesian 
or polar resolutions in space. Since ^ = 0, the polar resolutions 
reduce to ?•" and rff' which are very simple forms. We must 
however bear in mind that if we require to differentiate the 
equations of motion this simplification must not be introduced 
until all the diflFerentiations have been effected, Art. 281. We 
may also use Lagrange's equations, when the curvatures and not 
the tensions are required. These modifications of the general 
method are more especially useful in Rigid Dynamics and are 
discussed in the first volume of the author's treatise on that 
subject. 

S70. BzamplMk Ex. 1. Particles are attached to a string at nneqaal 
distances, and placed in the form of an onclosed polygon on a smooth table. The 
particles are then set in motion without impacts and are acted on by any forces. It 
is required to find the initial tensions and curvatures. 

Let ABCD &q. be any consecutive particles, and let the tensions of AB, BC, Ac. 
be Tj, T,, <fec. Let the given forces be F^, F,* ^^' ^^^ ^^^ them act in directions 
making angles a, p, <fec. with AB, BC, Ao, Let lid^ldt, l^^tjdt, Ac. stand for 
the known difference of the velocities of the consecutive particles resolved perpen- 
dicular to the rod or string joining them. 



] 



ART. 279.J EXAMPLES. 

Tbe paitiiJe B Wng reduoed to rest, C ib aoled on by r^m, aloug CI>. TJm., 
tioag CB. Tg/m, iloae CB. T,lin.j pantliel to AB. BesideB these there a 




uaptMMd Mtcelei&ting forces FJm^ and - K 
nUtiTel; to B, we have for the partiole C 



, ^-^>, 



''\ 



in{C + ,| 






oltare A, B. C, Ac. are tb« internal angles of the polygon. Ths seeood teeolution 
nuQ' be omitted il the aDgnlar accelerationa of the wreral portioni ot string an 
Dot rvquired. 

All e<iQation, ooirosponding to the fUst of these, oan be written down for each 
of the n putioler, beginning at either end, except the ImL We thus forni (n - 1) 
•qoatiODi to God the {n - 1) tensions. 

To Sod the initial radins of onrvature of the path in space of nn; particle (.' 
we resolve along the normal to the path. Let the directions of motion ot the 
putialee hoAA', BB', An. and let c,, i',. Jto.be the velocities of the particles. Then 



"4V. 



TiiinDCC + r,MnBCC'-P,sin(DCC-7), 



U tbs partiele n, ia inilially at rest, v, =0 and the last equation (nila to deter- 
mine p,. The initial tenejons ma; still be deduced from the first equation. The 
Enitjal direction of motion of the particle coincides with the diieetion of the 
raaaltant (oroe and \a therefore knovrn when the initial tensions have been found. 
The langontiol acceleration is also known for the same reason. The determination 
of the radios ot corvature requires further consideration, 

Kt. 3. Hear; partieiea, wboe>! moBiiee beginning at the lowest are iii), ni,, Ao., 
■n placed with their connecting strings on a smooth curve in a vertical plane. 
Find the initial tennlons. 

In tfaii problem the aro betwe«n tittj two partioles remains constant, so (hat 
Iha laogential aeoclcrations of all the stringa are eqoal. Let this common aocelera- 
tioa bo/. Taking all the pkrticlesaa one system, the tcnsiotm do not appear in the 
r«sultlng equation, we have therefore 

(bi, + iii, + *o.)/= - ■>,; sin ^, - wi^sin i., - ito., 
•bB« fj, ^,, itc. am the angles the tangenta at the parliules make with the 



the lowest particle, we have 



ConKidcrioK the lno lowpsi, 

Im, + ng/= - m,u na i, - i«,ff sin ^, + T,. 
ftnd BO on. Thus aU the teusiooii Tj, T,, &e, have been fonnd. 

If any tensinn id aegative. that atring immediatel; becomai alack. W« d 
natiM that the initi&I tensione are independeat □[ the velocities of the p>rUclcs. 

To find the initial leactioDB, ire use the normal resolationB. If r be the init 



veloetty of the pattiole m, we Qau Snd 



mV 



- mg ooi ^ + 



I 
I 



Ex. 3, Three eqoal particles are MDneoted by a string of length a + bmtt 
one of tbeiD is at distnnceB n, b from the other two. This one is held fliad I 
tbe others are deBoribiiig ctrolea about it with the same angular velocity so tlul 
string ig straight. Prove that iT the particle that Ra« held filed ia aet fr«e 
lenBiona in the two parts of the string arc altered in the ratios ia + biia i 
2b-l-a:3b. [Coll. Ei. 1»»7. 

Ex. t. Three eqoal particles tied together by three equal tbreads are 
about their centre of gravity. Prove that if one of tbe threade break, the oarvi 
tures of tbe patLe instantaneonsly become 3/6. 6/5, S/Sths reapeotively. of 
former common valne. [Coll. 

Kr, a. Two purtiotes are toatened at two adjacent points of a doted loop 
Biting without weight which hangs in equiUbrium over two smooth 
parallel railti. Prove that when the short piece of string hetween the paitiolet 
cat tbe product of the tensions before and after the cutting is equal to tbe ptodi 
of the weighti of tbe particles. [CoU. Ez. IMS, 

Et. 6. Two particles of equal weight are connected by a string of length 
which becomes Etraight just when it is vertical. Immediately before this inaia 
tbe npper particle is moving horizontally with velocity ^gl, and tbe lower 
moving vertically downwards with the same velocity. Prove that the rsdina 
enrrature of the ctu^e which the upper particle begins to describe is ^,^'51. 

[Coll. Ex. ieu7 

Jnet after the impatse the upper particle begins to move in a direction inolin 
tan-' 1/2 to the horizon. 

Ex. 7. Two eqtial particles A, B, are oounectad by a string of length t, t 
middle point C of which is held at rest on a smooth horiiontal table. Tbe pattic^ 
describe the same circle on the table with the same velocity in tbe same direetic 
and the angle ACB is right. The point C being released, prove that the radii 
cnrvatnre of their paths joel after tbe string becomes tight are 5^'5I/1 and ii 

Er. S. Foar small smooth rings of efjual mass are attached at equal 
to a string, and rest on a smooth circolar wire whose plane is vertical aad wb( 
radius is equal to one-third of the length of the string, so that the string join! 
the two uppermost is horizontal, and tbe line joining tlie other two is the 
diameter. If the string is cut between one of the extreme particles and the 
of the middle ones, prove that tbe tension in the boriEontal part of tbe at 
immeilialely diminished in the ratio 9 : o. [Coll. Bs. 

£jr. U. Six equal rings are attached at equal intervals lo points of a tuufoi 
weightless string, and tbe extreme rings are tree to slide on a smooth boriaoal 
rod. If the ettreme rings are initially held so that the parts ot the 



□ th«m moke EUiglea a with the vertioal, and then let ga^ the toaaion in 
llie borizoatBl part of the Btring will be inBtatttaseDiiBly dimiuishod in the ratio of 
oos' o to 1 + Bin' a. IColI. Ei. 1889.) 

Ei. 10. Three particles A, B, C are in a Btraigbt line attached to potnte on a 
etring and are moving in a plane with equal veloaitiex at right angles to thia line, 
their masses being m, m', m respeotivelf. If B come in contact with a pertectlj 
el«atie Sted obstacle, prove that the initial radius of curvature of the paths which 
.1 and G begin to describe is Jn, where .*B = BC = a. [Coil. Ei, 1B93.] 

The particle B reboQiidB with velooity r. By consideiing the rehttire motion of 
A and B «ehaTe4i>'/a = 7'/Tii. By considering the epnce motion of A, v'//>=r/m. 

Ex. 11. A light string without mass passes through two smooth rings A, B, 
OB ■ borixontal tAble. Particles ol masses p, q respectively ore attached to the 
ends and a particle of mass in to a point between A and B. If m be projected 
horizontaUy perpendicularly to the string, the initial radius of curvature p of its 
path is given by (m+p + g)/p = p/'i -<;/«, where OA=a, OB = b. [Coll. Ei. 1893.) 

Ex. 13. A ciroolor wire of mass M is held at rest in a vertical plane, on a 
■mooth horizontal table, a amooth ring of mass ni being supported oa it by a string 
vhieh passes round the wiru to its highest point and from there horizontally to a 
fixed point to which it is attached. If the wire he set free, show that the pressure 



at the ring on it is inuaediatel; dinunished by ai 



.U + 



Ibfl angular distance of the rinc from the highest point of the w 



.'ifl' 



, where 8 is 



[Coil. Ex. 1897.1 

Ba. IH, Two purticles P, P of mannes m. m' respectively are attached to the 
«ndt of a string passing over a pulley A and are held respectively on two inclined 
pUnea ca«h of angle a placed back to back wilb their highest edge vertically 
BndsT Uia pulley. It each string makes an angle ^ with the plane, prove that the 
hckTier panicle will at once pull the other off the plane if 

m'/mt2tanotaii^-l. [CoU. El. 1890.] 

Ei. 14. Two particles of masses m. il are attached at the points B, C ot a 
WnagABC, the end A being Sied. The two portions AB. BC rest on a smooth 
horiitontal table, the angle at B being a. The particle M has a velocity communi- 
cated to it in a direction perpendicular to DC. Prove tluit it the strings remain 
light, the initial radiBs of ourvatore ot the locus of .V is u(l-t-iisin^a), where 
n = af/m anil BC^a. [CoU. Ei. 1695.] 

280. To find the initial radius of curvature when llie particle 
starts from rest. In thia problem it may be necessary to use 
_difrerential coefficients of a higher order than the second. Let 
! the Cartesian coordinates of a particle, then representing 
mti&l coetiicienta with regard to the time by accents 

U-> + !,'')* 
singular form when the component velocities a!, y 
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are zero. Putting u = ay'y" — i/a/\ we have after differentiation 

u ^xjf -yx , 

v!" = xy' - y V + 2 {xf - y V). 

For the sake of brevity let the initial value of any quantity be 
denoted by the suffix zero, thus x" represents the initial value 
of af\ Using Taylor's theorem and remembering that Xq=0, 
y^ = 0, we have 

Similarly {x^ + y «)* = (O + yo"*)* ^ + &c 

If the particle start from rest the initial radius of curvature 
is therefore zero. But if the circumstances of the problem are 
such that x^'y"' — xi"yl' = 0, the radius of curvature is given by 

This is the general formula when the axes of a?, y have any 
positions. 

If the axis of y be taken in the dii*ection of the resultant 
force xi' = 0, and if we then also have x^" = 0, the expression for 
the radius of curvature takes the simple form 

•*'0 

If Fo be the initial resultant force on the particle, X the trans- 
verse force, the formula when X^ = 0, X^ = may be written 

F* 

The corresponding formula for p in polar coordinates may be 
obtained in the same way. We have when r (r"^" — r"'^') = 
initially, 

P 

where the letters are supposed to have their initial values. If the 
initial value of r" = 0, this takes the simpler form 

\p r)~ i<'0"' • 



HE 283.] 

J 281. L 
f forces and 



SVSTEM STARTS FROM REST. 



Let n particles Pj, P,, &c. at rest, be acted on by given 
and be connected by k geometrical relations. To find thi 
initial nuliiis of curvature of the path of any one particle P wu 
proceed in the following manner, though in special canes a simpler 
process may be need. We differentiate the dynamical equations 
twice and reduce each to its initial form by writing for all the 
coordinates («,, y,), {x^, y,), Sk. their initial values, and for 
("i'l ffi')' ^- zero. We differentiate the geometrical equationn 
four times and reduce each to its initial form. We then have 
!«ufficient equations to find the initial values of ^", a/"', of', &c., 

IR, Ii\ R", &c. where R is any reaction- Lastly solving these for 
the coordinates of the particular particle under consideration we 
Babstitute in the standard formula for p. 

This process may sometimes be shortened by eliminating the 
tensions (if these are not required) before differentiation. We 
thus avoid introducing their differential coefficients into the 
work. 

jIBS. SIittTtar Xatbodb We nan BometimsB aimplifj the geometriOftl rela- 
tions by inlroducing subsidiary qiiiuititiea. bs; 0, ^, 3tc. In tbia way «e oon 
eipieas all die ciMrdinatea {z^, ^,|, Ae. io terms of B, iji, &b. b; equatioHB of Uit 

x = f{9, <f, *«.), ij^F{e, *. Aa.) (l). 

where i, 9. im. are mdapcndeiil variables. Substttutiog in the djuamicol equations 
and «Un»n»ti>m the reaction*, we have Sn-c equations of the seoond order to 
detennine B, #, Ac. in lenni of t. Thtie rlimivntioiu may It avoidfd and the 
raatu thvrtly tcritttn doitn fig lurjnp JjtjiTaitge't t^ationt. Lagrange's msthod is 
dasorfbiKl in ch^. va. 

TheK equations, however obtained, contain 0, f, B"; ^, f', 0", Set. and by 
(liffenntlation we can lind kh moiij bighvr dilTerenlial equations tu are required. 

Sinoe »', ^', &c. wre xero, we find by diRerentiation 

x"'=/^"t^*'" + ..., 

j''-B(/^*"' + 2/^flV+...)h/,t('- + /^^i-+,... 
vbera aufflies »• uanal indieute partial differential ooeOicients, thus fg—dfldS. 
Tbsrc are iimLUr expression! for the differential ooeffioiaats of y, Substitutins in 
lb* sloadard tonn for p, we obtain the required radins of curvature. 

•••. W* notice that it tlie paitiiLl difleiential cotilTlcieota /g, f^, Ao. are cero 
ibe inlUal value uf i" doea nut duiieud on unj higher diOereutial coelDcieals .<f 
W. t, •to., tliau the second, and tlieee are given at once by the equations uf motion. 
Since » = !l!i"'lx'\ when Iba axis of y n taken parallel to the resultant force ou 
i1m partlclt, Ih* rttdfiu qf eurvalurr eat Ikrn be found miihout differratlating Ihe 
MlwfH of motjan. 
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Since _-/^_+/^_ + ..., 

the geometrioal meaning of the equations /^=0, /^=0, fto. dearly is that dx/dts^O 

for every geometrically possible displacement of the system. The point, whose 
initial radios of onnratore is required, mast begin to move parallel to the axis of y 
however the system is displaced. 

984. WTamiil— ■ Ex, 1. A particle is placed at rest at the origin and it 
acted on by forces X, Y parallel to the axes. If X, Y are expanded in powers of f 
and the lowest powers are X=ft, Y=g, show that the path near the origin is 
ys-fnx^ and that the radios of corvatore is zero. If X=\ft\ Y=g, the path is t 
parabola whose radios of corvatore is Bp^//. We notice that in the first of these 
cases X is finite, in the second zero. 

Ex, 2. A particle is at rest on a plane, and forces X, Y in the plane begin to 
act on it. If these forces are functions of the coordinates x, y only, prove that the 
initial radios of corvatore of the path is 

[Ck>U. Ex. 18do.] 
This resolt follows from Art. 280. 

Ex. 8. Two heavy particles are attached to two points B, <7 of a string, one 
end A being fixed. Prove that if the string ABC is initially horizontal, the initial 
radii of corvatore of the paths of B and C are eqoaL 

Prove also that if there are n particles on the horizontal string, all the initial 
radii of corvatore are eqoal. If AB^ BC were two eqoal heavy rods, hinged at 
By and having A fixed, prove that the initial radii of corvatore at B and C vre 
unequal 

In this problem we see beforehand that it will be onnecessaiy to differentiate 
the equations of motion. Take the angles 0, 0, which the strings make with the 
initial position ABC as the independent variables, Art. 283. 

Ex, 4. Two heavy particles P, Q, are connected by a string which passes 
through a smooth fixed ring O, the portions OPf OQ of the string making angles 
e, <f>, with the vertical. If the masses m, If of P, Q, satisfy the condition 
m cos ^= ilf cos 0, the initial radius of curvature of the path of P is given by 

M+m 8in'd_8in^d sin^^ 
M ~^ " ~T~ ^ ~nr ' 

where r=.OP and I is the length of the string. 

Take the polar equations of motion, eliminate the tension and differentiate 
twice. We thus find the initial values of e'\ r", r^"; since r"sO the polar formula 
for p is much simplified. 

Ex. 5. A uniform rod, moveable about one end O which is fixed, is held in a 
horizontal position by being passed through a small ring of equal weight; show 
that if the ring is initially at the middle point of the rod, when it is released 
the initial radius of curvature of its path is 9 times the length of the rod. 

[Coll. Ex. 1887.] 

Taking O as origin, the polar equation of motion of the particle shows that tfas 
initial values of r'', r'" are zero, while that of H''=^^'+2f^''. Taking moments 




SMALL OSCILLATIONS. 



The length ol the radias of curv 



This gives the 
re foUowE by the 



initial Tftlue or 9" = G$/7a. 
diSerMitiii oalcalua, An. 3S0. 

Ex, (<, Three particles whoae mossea are m,. tl.. nt, aie placed at lest at 
eomers of a triangle ABC. and mulaally ftttiact eouh other with raroea irhioh v\ 
acooiding la some poner o[ the distance. If ni,m,rf',, m,m^F^, m,m,bF„ are 
foroea, prove that the initial radius of currature p of the path of G is giren by 

+ Rijb Bin { - tfh^ a' + intPj (f 'i - *'J - Cf i' | . 

■e the angles CJ, Cfi make with the resultant force on C. 

F,-=dF,lda, F^'=dFJdl,, 

P = (in, + m,) aF, + m, (f ,e COS fl + f,A COT C). 

y = (m, + ni,) 6F,-HB, (F^ cos ,J +*',ooai C), 

Mid Jt is the resoltant forve on C. 

Dedow that the initial rodil of curvature of the three paths are inSnite when 
the trioAglc it eqtiilBteral. 



Witt 



Small oscillations with one degree 0/ freedom. 

28S. The theory of small oscillationa has already been dis- 
ciia^ed in the chapter on Rectilinear Motion go far as systems 
with one degree of freedom are concerned. In this section a 
ies of examples will be found showing the method of proceeding 

somewhat more extended. 
The particle, or system of particles, is supposed to be either 
in equilibrium or in some given state of motion. A slight 
disturbance bein^ given, we express the displacements of the 
several particles at any subsequent time t from their positions 
the state of equilibrium or motion by quantities x, y, &c 
are supposed to be so small that their squares can be 
lected. If required, corrections are afterwards introduced 
the errors thus caused. 
We form the equations of motion either by resolving and 
; moments or by Lagrange's method. By neglecting the 
BUftres of the displacements these equations are made linear in 
\]/, s, &0. They are also linear in regard to the reactions be- 
tween the seventl particles. Eliminating the latter we obtain 
linuor (jquutions which can in general be completely solved. The 
•otation when obtained will enable ua to determine whether the 

11 
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system oscillates about its undisturbed state or departs widely 
from it on the slightest disturbance. 

The principle of vis viva supplies an equation which has the 
advantage of being free from the unknown reactions, but it has 
the disadvantage that its terms contain the squares of the velo- 
cities, that is, the terms may be of the order we neglect. Being 
€tn accurate equation, it may sometimes be restored to the first 
order by differentiating it with regard to t and dividing by some 
small quantity. Generally the solution is more easily arrived at 
by using the equations of motion which contain the second 
differential coefficients with regard to t 

386. WTiiinpl— ■ Ex, 1. Two particles whose masses are m, m' are oon- 
neoted by a string which passes through a smaU hole in a smooth horizontal table. 
The particle mf hangs vertically, while m is projected on the table perpendicularly 
to the string with such a velocity that mf is stationary. If a small distorfoanoe is 
given to the qrBtem so that m' makes vertical oscillations, prove that the period is 

^^ A. / — where c is the mean radios vector of the path of m. 

\ mg 

Let r, be the polar coordinates of m, « the depth of m\ I the length of the 
string and T the tension. The equations of motion after the disturbance are 

dt^ \dt) m' rdt\dt)^' 

d?z T 

or " m 

The second equation gives f^dBjdt^h^ where ^ is a constant whose magnitude 
depends on the disturbance. Eliminating T, z and dBjdt we find 

Let r^c+^ where c is a constant which is as yet arbitrary except that the variable 
{ is so small that its square can be neglected. 

Let us now choose c to be such that the right-hand side of the equation is zero ; 
then mh^=m'e^g. Substituting for h we find 

|=^sin(nt + a), f^=^^^l^ 

m + m c 

Since { is wholly periodic and has no constant term, its mean value is zero, 
when taken either for any long time or for the period of oscillation. It follows 
that r=c is the mean radius vector of the path of m after the disturbance. This 
is.not necessarily the same as the radius of the circle described before disturbance ; 
whether it is so or not depends on the nature of the disturbance given to the 
system. 

Let the particle m before disturbance be describing a circle of radius a with 
velocity F, then mV^la^m'g, each being the tension of the string; and the angolar 
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ONE DEGREE OF FREEDOM. 

mamentoiD of m u mVa. U the dutarbanoe he givea bj a vertical blovi U ap- 
plied U the putiole ih'. Uus reacla on m b; sJi impnlEive tenainn, and. the moment 
o[ Uiia about O being zero, the angolai' momeotam of ni ia nnaltered. In tbia 
CMC ve have h = Va and we liiid c = a. If tbe diBtarbaoce be given by a Iranaverae 
blow B applied at m. the velocity of m is changed to I" wh^re I" - I'^/f/m. In 
Ihia eaw h= F'a and c is not equal to a. 

Kr. S. A particle of moae m ia sltaohed to two points A, Ji bj two tdastia 
•Iringt each having the same modolos £ and natural length I. If tbe particle be 
diqilaoed paiallel ta this line, prove that the time of oscillation iii 2r^(inl/2£). 

IColl. Ei. 1S05.] 

Kz. 3. A beav; particle han|^ in eqntlibrium anepended by an elastic string 
whose modulus ia three times the weight of the particle. The particle is alightly 
^Usplaced in a direction making an angle cot~M with the horizontal and la then 
released. Prove that the particle will oscillate in an ore of a email parabola 
teminated by tbe ends al the latus rectum. [Uath. Tripos, 1897.] 

Ex. 4. A straight rod All without weight is in a vertical position, with its 
lower end A hinged to a fiiecl point, and a weight attached to the nppei end iS. 
To B vi attached three similar elastic strings eqnally stretched to a length k times 
their natural length and equally inclined to one another, their other ends being 
atlaoheit to three Axed points in tbe horizontal plane through II. Show that, whea 
Ibe strings obey Hooke's hiw. the condition for stability of equilibrium is that the 
weight must not i-xceed that which, when suapended by one of the airings, nould 
ODM an increase o( length etjual to {(3 - ljk}AB. Show that, when thia conditiou 
ia [ullUlvd, the ^stem can perform small vibrations pai-allel to any vertical plane. 

[Math. Tripos. 1888.] 

Ki. 0. A naootta ring F can slide freely on a string which is suspended from 
two fixed pmnta J and B not in tbe same horixontal line. If P be disturbed, And 
the tunc of a small oscillation in the vertical plane passing through A and B. If 
T be the tinie.(r/3»)'g = *(rr')'/(r+f'){(r+r')'-4c'|i, where r. r" are the diatances 
AP, BF in eqailibrium and AB = 2c. 

► Ri, B. A lod of mass .If bangs in a horizontal paaitioo supported by two e<[ua1 
llml elastic strings, modulus X and natural length a. Prove that if the rnd 
live a einaU dieplaoement parallel to itself, the period of a horizontal oscillation 

Ja fc (" + ^^ y . [Coll. Ei. 1897.] 

Ex. 7. A particle of mass m is attached (o an eiaaCio string alrei'shed lietween 
two poinla fixed in a smooth board of mass il, and the board is free to slide on a 
■tnooUi table. Prnve that the period in which the partiole osoillatea is less than 
It would be if the board were fixed in the ratio 1 : ^(1 -Mn/Jf). [Coll. Ex. 18S),'.,] 
nMaoe the board lo lesU 

Ki. 8. A ring of moss iin is free to slide on a smooth horiiontal wire, and a 

H lied to It pasa«e tlirough a amall ring vertically below the wire al a depth fi, 

il«npp«rla a particle of niaie m. Prove that if the first mass be reteaseil when 

■ tippet part of the itting mokes an angle a with the vertical, and if 9 be the 

iBcUnatlou attar a time f, the equation of molion is 

h (n r Bin»») (rf»/rf()' = 2y Cos's (sec a - Bee »). 
Prove b<nca that the nnaU osciUationa about the poiilioi) of equilibrium will be 
^_ r^JBehmnnui with ■ flimple tirodulum of length nli. (Coll. Ex. 1896.] 
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Ex. 9. A orane is lowering a heavy body and the chain is paid out with a 
nniform velocity V, Prove that the small lateral oscillations of the body are 
determined by 

where r is the length of the chain at any time and $ its inclination to the verticaU 
the weight of the chain being neglected. 

Also if B,Jr=yt 2^gr=xV, prove that 

This equation can be solved by the ase of Bessel's functions. See Gray and Mathews* 
Treatise an Be$$eV$ Functiont, [Coll. Ex. 1895.] 

Ex, 10. A gravitating solid of revolution is cut by a plane perpendicular to 
the axis. A particle is fastened by a fine string of length 2 to a point in the prolon- 
gation of the axis, so that when the string is perpendicular to the plane section 
the particle just does not touch the plane at its centre O. Assuming the conditions 
such that when the particle is slightly disturbed the motion is that of a simple 
pendulum, prove that the time T of a small oscillation is given by 2(2T/r)*=i2 + ^Ut^ 
where R is the force exerted by the solid on a unit mass at O and R' is the space 
variation of the force at O, taken outside the solid, along the axis. [Coll. Ex. 1892.} 

Small oscillations with two or more degrees of fi^eedovi. 

287. OscillationB about equilibrium. A particle is in 
equilibrium under the action of forces X, Y which are given func- 
tions of the coordinates, A slight disturbance being given, it is 
required to determine whether tlie particle oscillates and the nature 
of the motion. 

Let a, 6 be the coordinates of the position of equilibrium, 
a-^x, b-^y, the coordinates at any time t. We shall assume as 
the standard case that x and y are small throughout the motion. 
Solving the equations of motion we shall express x, y in terms 
of t. By examining the results we shall determine whether and 
how nearly the subsequent motion follows the standard form. 

We shall suppose that the forces X, Y can be expanded in 
integer powers of x, y, viz. 

X^Ax^By, Y^Rx + Cy (1), 

where we have rejected the higher powers in our first approxima- 
tion. There are no constant terms because X, Y vanish in the 
position of equilibrium. Taking the mass of the particle as unity, 
the equations of motion are 

t-A.^By, ^, = B'. + Cy (2X 
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solve these we let S represent didt, 
.-. (&-A)x-Bg = 0. - B'i' + (S= - a)y = ...(3). 
Ktiminatiog y, we have the twn fcirm.-: 

*"et »fc I'-"- B„ = ,S'-A). (4). 

The firat of these is a difTerenlial equation with conBtant co- 
e£Bcients. Its solution can be written down by the usual rales 
given in treatises on differential equations. The solution contains 
four arbitrary constants, and the value lif y follows from that of a;, 
without the introduction of any new constants. 

The usual method is to aesuuie aa a trial solution ;e=ie"". 
Substituting we arrive at the biquadratic 

m'-(A+C)m^+AC-BB' = (5); 

.-. m'=i{A+C± >/[{A - Cy + ♦fiffi]. 
Assuming that no two roots are equal, let the four values of m 
be + (M, ± n ; then 

kai = Z.,e"' + i^e""' + MtB"' +.U*""' (fi). 
we Ly. L, &c. are four arbitmry constants and the values of m 
y be real or imaginary. 

It is at once obvious, if ni be positive or of the form r ±p-J — I, 
where r is positive, that the value of .r will become large by efflux 
of time. /( is therefore necessary fov an osciUatory motion that 
all the real roots and the real parts of the imayinary roots of t/ie 
determiiiantal equation (h) should be negative. 

Since the sum of the four roots of (5) is zero, some of the real 
parts must be positive unless the four roots are of the form 
±piJ — \. It is therefore necessary for an oscillatory vuttion thai 
both the roots of the quadratic (5) should be real and negative. 
The algebraical conditions for this are. that both {A - C)'+ iBB' 
and AC — BB should be positive and J + C negative. 

K» our solution represents the motion only when x and y 
n^utin snaall, it is unnecessary for us here to consider any case 
«xc(>pt that in which the roots of (5) take the forms ni' = — p', 
n^Bs — q: The motion is then given by 

x = l miipt + a)-i-M iAn{qt + 0)) ,y. 
«/ = // sill (/)( + «) + ,V sin (7t + fl)j 
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where BL'="{p^ + A)L and BM' = - (gr^ + il ) 3f . The quantities 
p', <f are the roots of 

(jo» + 4)(p« + C)-5£' = (8). 



If B^ W have the $ame sign, the roots of the qu4idratie (8) are separated 
by each of the values p*= -A, p*= -C. To prove this, it is sufficient to notice 
that the left-hand side of that equation is positive when p^=Jtco and is negative 
when fl^ has either of the separating values. 

It is also sometimes useful to notice that the roots cannot be equal unless the 
two separating values A and C are equal and that the equal roots are then 
p^= -A= -C, If AC-BB'=0 the biquadratic (5) has two equal zero root«. 
though the roots of the same equation regarded as a quadratic are unequal. 

289. To find the four arbitrary constants L, Af, a, j3, we solve the equations (1) 
with regard to the trigonometrical terms. We thus find 

By + (q^ + A)x=-{p^-q^ Lsin(i)t + a)| 

By-^(p^'^A)x= (p^-q^Man{qt+p)S ^ '* 

Putting t=0, we at once have the values of Lsina, Af sin/3 in terms of the 
initial values of the coordinates. Differentiating with regard to t and again putting 
e=0, we find L cos a, McoBp in terms of the initial velocities. 

a90. Bqnal roots. The case in which the equation (5) has equal roots has 
been excepted. This occurs when either {A-C)^+4BB'=0 or AC-BB'^O. 
When £, B' have the same sign the first alternative requires ^ = C and either B or 
B' equal to zero. In the second alternative the equation has two zero roots. 

Excepting when both B and B' are zero, the solution of the dynamical equations 
(2) is known to contain terms of the form (Lt+L') e"^. If m is positive or zero 
(or has its real part positive or zero), this term will increase indefinitely with t. 
U however the real part of m is negative and not zero, say equal to - r, the maxi- 
mum value of Lte~'* is Lire, Since L is so small that its square can be neglected, 
this term in the solution will always remain small except when r also is small. 
The existence of equal roots in the determinantal equation (5) does not therefore 
necessarily imply that the oscillation becomes large. 

a91. Before disturbance the particle P was in equilibrium at the origin under 
the inflaenee of the forces X, Y given by (1) Art. 287. When AC^BR, the 
eqnatkmt ZsO, FsO are satisfied by values of x, y other than zero. These lie 
oa the straight line Ax-k-By^O. The dynamical significance of the condition 
ACRES' U therefore that there ore other positions of equilibrium in the immediate 
ndghbcurhood of the origin. The roots of equation (8) being p^=0, q-= -A-C, 
the Ttloea of x, y take the form 

«= Lit + L, + Af sin (qt + j8). 
By a - i4 (Lif + La) - CM sin (qt + jS). 

The fint temie ropwuif A uniform motion along the line of equilibrium. 
white the trjgQiioiiietrfMl Iwflw mpresent an oscillation in the direction By = - C«. 
Whether the JfuHtah Bill fij^ or not along the line of equilibrium will depend 

on the natua ctf^ i^k&n x\ y become large. 



292. Principal oaciUationa. Let the type of motion be 
Ethat represented by such equations as (7). By giving the particle 

tbe proper initial conditions it may be made to move in either 
of the ways defined by the following partial solutions 

x^L 8in(;)( + a). y = V 8iu(^i + a) (10). 

j- = 3f !rin(?( + /3). y = M'sm(qt^-Q) (11). 

Eanh of these \s called a principal oscillation and all the modes 
of oscillation included in (7) are compounded of these two. The 
dynamical peculiarity of a ptiiwipal osdllntimi is the aijiglenees 
of tlie period. 

The solution (10) U ■om^tiin^B taken as the trial solutian instead of the 
ezpouantial nsed in obtaining (5). ['radically we then begin the boIqIiod by 
finding tbe prinoipni osoillations and tinally ootobine these into the genenU. 
lolatioti (7). 

Tbe paths of the particle when describing the principal oscil- 
lations are the two straight lines 

Ly = L'x. My = M'in (12). 

In each oscillation the ratio of the coordinates, being equal to 
L'lL or M'!M, is constant throughout the motion. We have by 
(7), using the values of p" + if, p'gr*. given by the coefficients of 
the quadratic (8). 

I'M' f.f±A){^+A) B- .,-. 

follows that when B, ff have the same sign, the ratios L'jL. 
M'lM have opposite eigna. In one principal oscillation, the co- 
ordinates X, y increoae together ; in the other, when one increases 
^ the other decreases. 

^m We also notice that when B'=sB. the two straight lines (12) 
Hh at right angles. 

Tbe dlreetiona ot Iheee reolilinear oMiiltBliiins mity be obtained withaiit invea- 
tigKting tbe motion. Tbe liuea must be so placed Ibal if the particle be displaoed 
klong eilber, the perpen die alar force must be nero. The lines arc therefore 
pren br 

Thane lines are real vben (A-C)' + *BB' is poaitive. This oondjtian ia 
■atiaflad when the rootn of ibe deterniinantal equation (G) are real or of tbe fona 

293. When the coordinates are such that only one varies along 
ich principal oscillation, they are called principal coordinatet. 
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Beferring to the equations (9), we see that if we put 

^, ff will be the principal coordinates. This transformation of 
coordinates is always possible, so long as p^ and ^ are real and 
unequal 

We may also discover the prineipal ooordinates without previoasly finding the 
▼alaes of ji*, q^. We deduce from the equations (2) 

by using an indeterminate multiplier X. If now we write (B+XC)/(J+XF)=X, 
we see that x+Xy wiU be a trigonometrical function with one period. We have a 
quadratic to find X; representing the roots by Xj, X^, the principal coordinates are 
^=x+\y, i|=x + X^, or any multiples of these. 

294. Coniervatlve forcei. When the forces which ojdt on 
the particle are conserva/tive, the solution admits of some simplifica- 
tiona Let Uhe the force Amotion, then, since dUjdx and dU/dy 
vanish in the position of equilibrium, we have by Taylor's theorem, 

U := Uo + i{Aa^ + 2Bay + 0}^)+ (1). 

It follows that the equations of motion are 

^ = X = Ax + By, g=F=£^ + Ci/ (2). 

Comparing these with the former values of X, F, we see that 
R = B. 

If we turn the axes round the origin we know by conies that 
the equation (1) can be always cleared of the term containing the 
product ay. Representing the new coordinates by f, 17, let the 
expression for U become 

U=Uo + i(A'^' + C'v') + (3), 

where A' -hC = A+C, AV = AC-B'. The equations of motion 
are then 

The motion is oscillatory for all displacements or for none 
according as A\ C are both negative or both positive. If il' is 
negative and C* positive, the motion is oscillatory for a displace- 
ment along the axis of f and not wholly oscillatory for other 
displacements. 



The level curves of the field nf force are obtained Ug therefore 
C to a constant; iii the neighbourhood of the position o 
briuni, these become the conies nient, 

Aa^+2Bxy+Cy = N, or A'^ + C'lf = jV. -es. 

The lines nf the principal oscillations are the directions of thS 
principal diameters of the limiting level conic, and the periods 
of the principal oscillations are proportional to the lengths of the 
diameters along which the particle moves. 

S0S. Tb« rapraMotatiT* parOcU. The iureBtigivtioD of the small oscilla- 
tions of a partiBle in a (tiv^ri lield of force bae a more eitencted application to 
dynamical problems than appears nt lirst siijht. Suppose, lor example, that a 
tyeietn. consiBtiiig of aeveral purticles connected together by geometrical relations, 
hma two degreea of freedom. Let the poaition of this system be defined bj the 
tvo coordinates r. y. The eqnaliona giving tbe small oBcillationii, after the elimi- 
nation of the reactions, take the form 

beeaase tlie sqaarea of x and y are neglected. If V — B' the«e are the equations of 
motion of a aingle particle moving in the field of force defined by 

U - [7^ = 1 Wj' + aBri^ + cyj. 
The inveilig&tiont given In Art. 293 and Art. 394 apply thereforv to both problems. 
To exhibit the motion of an osuiUating system to tlie eye, we take its coordi- 
nulei T, y to b? also the Cartesian coordinstaB of an imaginary partiole which 
moves freoly in llie Held of force IK We represent by a figure the level couiue, tbe 
path of tbii representative particle, and sketch tbe positions of the prinoipal 
oaoiUations. The special peouliaritieH of the motion will then become appaivnt in 
llie figarc 

396. Test of stability*. Let the Held of foi-cc in which 
the particle moves be given by the function U. Since dUldtc and 
dUldy vanish in the position of equilibrium. V must be at that 
point a maximum or a minimum. In the neighbourhood we have 

U- i\ = i(Ax' + 2Ba:ff + Cf) + ... 
If AC — IP is positive, U U a. maximum or a minimum for all 
displacements according as the common sign of A and C is nega- 
J||ft or positive, and if AV - If is negative, U is a maximum for 

^^^BEh> anCTgy l«Bt of the stability of a position of eqnilibrinBi is given by 
^^Htve in tbe Mlcanique Analytique. He givea both this proof and that in 
^^^K7- The dcmonatration tor llie ganeral catw of a system of bodies bos been 
mncli idm|ihKf<d by Lejeiine-Dirichlet in Crrllr'i Jfumal. 18*6. and Umvitlr'n 
Jotmat, 1647. See the author's liigid Ognnmici. vol. i.; the corresponrling test 
brUM aUbOity of a sUte of notion is in vol, ii. 
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Beferring ^ minimum for other displacements. It follows from 
that ^ motion of the particle, when disturbed from ite 
of equilibrium, will be wholly oscillatory if U is a real 
^* %£imum at that point The particle wUl oscillate for some dis- 
la^cements and not for others if U ha>s a stationary value, and wiU 
not oscillate for any displacement if U is a real minimum. 

We have here assumed that all the coefficients A, B, C bt^ 
not zero. When this happens the cubic terms in the expression 
for U govern the seriea The equations of motion (2) of Art. 295 
will then have terms of the second order of small quantities on 
their right-hand sides. 

Besides this if -4(7 — jB'ssO, the quadratic terms of the ex- 
pression for U take the form of a perfect square, viz. {Ax 4- By^jA. 
In this case the forces X = dU/dx and Y^dU/dy contain the 
common factor Ax + By so that there are other positions of 
equilibrium in the neighbourhood of the origin, see Art. 291. To 
determine the motion, even approximately, it is necessary to take 
account of the powers of x, y of the higher orders. 

The geometrical theory of maxima and minima has a cor- 
responding peculiarity, for it is shown in the Differential Calculus 
that further conditions, involving the higher powers, are necessarj' 
for a maximum or minimum. 

The following investigation shows how far this correspondence 
extends. 

297. Let a particle be in equilibrium at a point P^ whose 
coordinates are XQ^yQ^said let U=f(x,y) be the work function. 
Let the particle be projected with a small velocity Vi fix)m a point 
Pi, whose coordinates are a?!, yi, very near to Pq. The equation of 
vis viva gives (Art. 246) 

^^v^ + 2{V^U^) (1), 

^Vo' + 2(U-Uo) (2). 

where V = t;i« + 2([7o- CTO (3). 

Let U he & maximum at the point Pq for all directions of 
displacement, then U^ < Uq and Vo' is a small positive quantity. 
As the particle recedes from Po, Uq — U increases, but the equation 
(2) shows that the particle cannot go so far that U^-^U becomes 



greater than the small quatitity fr;-. The equilibnuni is therefore 
stable for dtHplocements In all directions, 

Let 17 be a minimum at /*„ for all directions of displacement, 
then as the particle moves from Pf the difference V — U^ increases. 
So far as the principle of vis viva is concerned, there is nothiug^ 
to prevent the particle from receding indefinitely from P„. 

Let P be a maximum for somt- directions of displacement 
and a miQimuin for others. The particle cannot recede far from 
P, in the directions for which U is » maximum, but there is 
nothing to restrict the motion in the otht-r diiectious. 

ass. Ei. A particle P is in equilibrium nader the action oC a Bj'stem ol 
itxed altructiog bodies situated in ane plane, the law of attraction being the 
inverse ith power of tbe diatance. I'rove tbaC. if o- 1, the equilibrium of P cannot 
be stable (or all dispLscementB in that plane, lliougli it may be stable tor some and 
unstable tor other diaplawments. If ic c 1, the equilibrium cannot be nnstable 
for all diiplaeements tn that plane. 

To proTe this let m^ be any particle uf the attiautiug Qiass. coordinates /, g ; 
let J-, y be the eoordia»tee a( t. The potential of m, at P is bj- definition 

tJ = L — . nliete r, is the diatnnee ol hi, from I'. We then find by a partial 

(.-l)r,-' 
dilletcntiation 

d»U, dV;, {t-l)m^ 
ii» * V ~ ^«+l ■ 

Somnilng thi« tor all the particles oF the attraotiug mass nnd writing C=ZUi. wc 
find 

(tt»^V '%«--i 

The riRbt'luiQil side is positive or negative aoootding as i^l or t <^l. 

Taking tlie equilibrium position ol P lor the origin and the prinaipal directions 
of motions (or the axe*. Art. 29i, we see b,v Taylor's Theorem 

P=u,t.l(j'C+t",rt-,.„ 

vhera J' = ir07<£r*, C = (C(7/(^'. It i« oHdent that I' cannot be a maximum tor 
aU diiplacenwnls in the plane of xg it A' + C la positive and cannot be a minimutn 
for all diapUoements in Ibe plane if this sam is negative. The result also toUowH 
from All- U»H. 

299. Barrier curve*. It is clear that this line of argument 
may be extended to apply to cases in which there is no given 
positioti of equilibrium in the neighbourhood of the point of 
projoction. Let tho particle be projected from any point P, with 
any velocity c, in any direction. Throughout the subsequent 
motion we haw 
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where £/" is a given function of x, y and Ui is its value at the 
point of projection. 

If we equate the right-hand side of this equation to zero, we 
obtain the equation of a curve traced on the field of force at 
which the velocity of the particle, if it arrive there, is zero. 
This curve is therefore a harrier to the motion, which the particle 
cannot pass. 

If the barrier curve be closed as in Art. 297, the particle is, 
as it were, imprisoned, and cannot recede fi'om its initial position 
beyond the limits of the curve. Some applications of this theorem 
will be given in the chapter on central forces. 

The right-hand side of the equation will in general have 
opposite signs on the two sides of the barrier. When this is 
the case the particle, if it reach the barrier in any finite time, 
must necessarily return, because the left-hand side of the equation 
cannot be negative. 

If the right-hand side of the equation have the same sign on 
both sides of the barrier, that sign must be positive, and U must 
be a minimum at all points of the barrier. The particle is 
therefore approaching a position of equilibrium and arrives there 
with velocity equal to zero. The particle therefore will remain 
on the barrier, see Ai't. 99. 

The barrier is evidently a level curve of the field of force 
and, as the particle approaches it, the resultant force must be 
normal to the barrier. Just before the particle arrives at its 
position of zero velocity, the tangential component of the velocity 
must be zero, for this component cannot be destroyed by the 
force. The path cannot therefore touch the barrier, but must 
meet it perpendicularly or at a cusp. 

aoo. BzamplAs. Ex, 1. Two heavy particles of maBses m, m\ are attached 
to the points ^, £ of a light elastic string. The upper extremity O is fixed and 
the string is in equilibrium in a vertical position. A smaU vertical disturbance 
being given, find the oscillations. 

Let X, 2^ be the depths of m, m' below 0\ a^b the unstretched lengths of OA^ 
JBy E the coefficient of elasticity. The equations of motion reduce to 

d?x fE E\ E 

E ,dhf E , ^( W- 



IVERAI, DECREES OF FBEEDOH, 



To solve theee we pot 

j-A=£Bin(pl + «). »/-i-.Wsin(p( + o) 

the oonatanM A. k being intnidueed to cmicel the riglil-band aides of the eqostiona 
d( EDOtioa. Sinae i = h, y = k miike d^xjilt^-O. d^!dfi-0, theae oonBtonU are the 
equilibrium values of i, y. We then find 



(■'-f-f)(.>-f) = 



&'■ 



«->- 



..(3). 



One prinelpal owilUtioD is given by (3) and the other by using iuatead ot p', 
the otiier root of the quadratic. Il follows that in one oBaillation the two particles 
•A always moving in the Bame direotiona. that is both are moving upwards or both 
downwards. In the other when one moves upwards the other moves downwards. 

Ei, 2, Two heavy partiules, of maases ni, J/, are attached to the points A, B 
of a light ineitenuble string, the upper extremity being tixed. Prove that the 
pariods of the small lateral osuillaliona are 2rlp and Sr/] where p and q are the 

y*" ~T ^■*" JZ+iifl''^''' 
•od 0.i = a, AB = b. Prove also that the magnitudes of the principal OBcillationa 
in the inolinations of the upper and lower strings to Che vertical are in the ratio 
in - bp')lap*. Show that in one principal oscillation the two particles are on the 
aaine dde of the vertical through O and in the other on opposite eidea. 

Ei. 3. Two partioUs ,V, ni, nre cctinected by a fine string, a second string 
connecia the |iartiele m to a tiied point, and the strings bang vertically; (1) m 
■a held slightly pulled aside a distance It from the position of equilibrinni, and, 
baing let go, the syateui performa small osoiltationa ; (3) M h held slightly pulled 
aaide a dlataooe k, without disturbance of m, nnd being let go the syetem perfomiB 
•nudl owiUabons. Prove that the angnUr motion ot the lower string in the first 
eaae will be the aaine as that of the upper string in the aeoond il ilk = {31+ m) b. 

[Math. Tripos, 1888.] 

Ei. i. Three beads, the masses oF which are m, m', m", can slide along the 
ridei ot a smooth Irianglv ABC and attract eavh other with forces which vary as 
the dietancG. Find the positions of equilibrium and prove that if slightly disturbed 
wperioda 3r/p of oscillation are given by 
, (Ji»-«| ll>»-m(l.'->l-"iW ((.»-«) ooB».1-m"m(p'-jS)oos'B 

-Mini'(ji'-7teos'6'-2mtn'ia"coB.l cosBcobC=0, 
a, ^, ^npreaent ni" + ni'. m + m", n'-t-m respectively. 

it mass is placed at Llie uentrv of a smooth circular 

Three strings, attoobed to the particle, pass over 

the edge ot the table and support three particles of 



^ St, S. A particle P of 

table of radius 

h poll*;* 



n n}.in,,n,; the pulleys being so plactnl that the particle Pis 
11 (liatubonce being given, prove that the periods of the o 

H=.(ia, + in,-tB,)(m,+«,-m,)(mi + i«,-mJ, 
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Ex, 6. A heavy particle P is suspended by a string of length { to a point A 
which describes a horizontal circle of radius a with a slow angular velocity ». 
Prove that the two periods of the oscillatory motion are 2ir/n and 2t Jlfg. 

801. Tartiel* on a snxflM*. Ex, 1. A heavy particle rests in equilibriom 
on the inside of a fixed smooth surfiftce at a point O, at which the surfoce has only 
one tangent plane. The particle being slightly disturbed, it is required to find the 
oscillations. 

Taking the point O as origin and the tangent plane as the plane of xy^ the 
equation of the surface may be written 

where the axes of x, y are the tangents to the principal sections and 1/a, 1/6 are 
the radii of curvature of those sections. By the principles of solid geometiy the 
direction cosines of the normal at any point P become (ox, hy, 1) when the squares 
of X, y are neglected. The equations of motion are therefore 

<Px <Pv <P* 

m^=--Raa5, fn^=--R6y, m^=-m^ + JB. 

Since z is of the second order of small quantities the third equation shows that 
R=mgy and the other two become 

cPx d^y 

If a and b are positive, that is if both the principal sections are concave up- 
wards, the motion is oscillatory and the two periods of oscillations are 2vl^ag 
and 2irl,Jbg. The particle, by definition, performs a principal oscillation when its 
motion has but one period. This occurs when 

(I) x=0, y=B Bin i^bgt+fi), (2) y=0, x^Aani^agt-i-a), 

The directions of these oscillations are the tangents to the principal sections. 

Ex, 2. A particle rests on a smooth surface which is made to revolve with 
uniform angular velocity ta about the vertical normal which passes through the 
particle. Show that the equilibrium is stable (1) if the curvature is synclastic 
upwards, and u) does not lie between certain limits, or (2) if the curvature is anti- 
clastic and the downward principal radius is greater than the upward principal 
radius, and <a exceeds a certain limit. Find the limits of w in each case. 

[Math. Tripoe, 1888.] 

Taking as axes the tangents to the principal sections, the equations of motion 
<Art. 227) reduce to 

To solve these we put x=L&m{pt + a)t y = U cob (pt + a). We then obtain a 
quadratic for p'* and the ratio L'jL, 

The path of the particle relatively to the moving surface when performing the 
principal oscillation defined by either value of pl^ is the ellipse fyj +(p) =!• 
The two ellipses are coaxial. 

802. Tli« InanfHHwKTy of tlio first approadmatioii. In forming the 
equations of motion in Arts. 287, 294, we have rejected the squares of x and y. 



But unleac tlie extent of the oscillation is ioiiefinilelr small, the rejected temiB 
li*ve tome values, am] it may be, that the; sensilily alTect the reaulta ul tha first 
•ppiotinMtioD. See Art. Ul. 

SOS. Tu find a Becoad approiimatioa we inclade in the equations (2) o[ Art. 
387 the terms of the seooDd order. We write Iheiie in the form 

~ir^ + {S'-C)y = b\jr' + iF^I+Fa^\ ' '■ 

Taking as our first approximation 

i=L tia(pt + a) + sr «n(9i + /»)| 

., = Z.-flii.(P"-"W.W'sin(ar + |3)f '"'• 

we sobstitnte tliese in the right-hand Hides ol (I). Tha eiiuatioDS lake the form 
(i'-J)*-By = 2PaiD(\( + «)| 

-fl'.r-Ka'-C(y = 2Vsin(M + ^)/ '"'■ 

where X may have an; one of (he values 0, 2p, 2q, pi^q and P. Q contain the 
Bqiiare« of the sinaU qaantitiee L, M. V, M'. To solve these eijaationa, we oou- 
rider only the specinien term of {3) snd asBume 

x = Lmo{pt-ta) + M ain(v' + ^) + H ain(X( + ^)l . 

y = L- an {pt + a) + M' aa (',t + fl)->.R' sin (\t+^)l ' '" 

We find b; an etuj mibstitution 

n{X' + J)-^Bn-~-P, B'B + Ifl\'+C)=-Qi 
■ H- -P(X'-^CHgfl „,_ fg --(?(\U^| 

" (\* + A)p^' + C)-BB" (X» + J)(X'+C)-BB'" 

It appwn that H, B' an verj small quantities of the second order, except when 
\ ti BDob that the commou dcDoniinalor ia small, and in this case Ji. B' may 
become very great. The roots of the dbnoniinatar are \-=p''. \' = q', and the 
denuminalor is small when X is nesri; eijaal to either p or q. This requires either 
that one of the two frecfaeudea p. q should be small or that one shanld be nestl; 
doQbie the other. 

If for eiample p is nearly equal to 2q and the nnmentors of It, B'. are not 
thereby made amall, the terms defined by X^p-^ and \'^2q will considerably in- 
flnsncu the motion, the other terms produdnii no peroeplible effect. U p=2q eiaetly 
the denominator is zero and both JI, B' take infinite values. The dynamiool meaning 
of the infinite term is that the espreaaionB (2) do not represent the notion with 
■nfllciont a«ciincy (except initially) to bo a first approximation. The corrections 
to these eipressioDB are found to become infinite and if we desire a solution we 
malt sock noine other first aiiproximation. 

OacOUtian about MUUtr motion. Ki. 1. The constitoents of a 
alliplii star describe circles about their centre of gravity O with » uniform 
TElocity n, the several bodies always keepini; at the sams distances from 
h olbnr. A planet F, of iiuigiiificant iruui, freely describes a circle of radius a, 
'« O, with the *ame angular velocity, under (he attraction ol the other bodies. 
i w reqaired to find the osciilations of F when disturbed from this slate of 



1 

I 



VL»t rxd(l.fi), (=:nt.i-v be the polar coordinates of tlie plane 
Lat tha vwk fmuAion in the revolvinK field of force be 

l'-(',= ,(^ + B,^ + H.lr'+30i!;+(.V') + 4c 
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at all points in the neighbourhood of the circular motion. Since that motion ii 
possible only in that part of the field in which the force tends to. O and is equal to 
n^a, it is clear that Aq= -aW and Bq=:0. 

Substituting the values of r, ^ in the polar equations 

dt^ \dtj "adx' r dtydt)'~rd$f ^ '' 

we find the linear equations 



{2ahi8-B)X'\-(a^S^ 






A principal oscillation is therefore given by 

x=Lcospe + L'sinpt, y=McoBpt + M'aiapt (4), 

2ahipU-BL ^2ahtpL- BV 
^- aV-^C * ^= aV+C— <^>» 

(aV + ^ +«"»*) («V+C)-^-4«*»V=0 (6). 

The path of the particle when describing a principal oscillation relatively to 
its unidisturbed path is the conic 

{aY'^^'^ahi^)x^+2Bxy + {aY+C)y^==^^^^{L'^+L'^) (7), 

the ratio and directions of the axes being independent of the disturbance. In the 
limiting case in which n=0 the conic reduces to two straight lines. 

When the multiple star has two conatituents A, B, whose masses are Af, M\ the 
planet P can describe a circular orbit only when Mp~*amAPO=M'p'~*8inBP0, 
where p=AP, p'=BP and the law of force is the inverse «cth power of the distance. 
Since is the centre of gravity of >/, M' this proves that either the angle APO is 
zero or p=p\ except when /c= - 1. The planet P must therefore be either in the 
straight line AB or at the corner C of the equilateral triangle ABC. 

When the planet P is in the straight line ^B at a point C such that the sum of 
the attractions of A and B on it is equal to n' . OC, the planet can describe a circle 
about O with the same periodic time as A and B. This motion is unstable. 

When the planet P is at the third comer C of the equilateral triangle ABC^ the 

circular motion is stable when ^ --,-.. - > 3 ( ^ — | . 

MM \3 - Kj 

These two results may be obtained in several ways. Putting p, p' for the 
distances of P from the two primaries the work function is 

Expressing this in terms of r, 0^ and expanding in powers of x^ y, including the 
terms of the second order, the values of A, Bt C in equation (1) become known. 
The periods are then given by (6). 

Instead of using the work function, we may determine the forces dUjadx and 
dUjrdy by resolving the attractions of the primaries along and perpendicular to 
the radius vector of P. This method has the advantage that the ttuk of calculating 
the terms of the second order becomes urinecessary. 

Lastly, we may use the Cartesian equations referred to moving axes which 
rotate round O with a uniform angular velocity n, OC being the axis of (; 
Art. 227. 



PISITE DIFFEBENCEB. 

In kU tbeiG methodB. tlie assumption that the iqub ot the planet P is insigiiili- 
Wit compkred with that ot either of the attraoting bodies gceatl; Bimpliflos 
ftnatyiis. It does not seem necessary to examine these aasee moie fall; here, ai 
the reeoltfl aqiI the metbcHl of proceeding when this auomption is not made will be 
ooDsidsred further on, 

Ei, 3. If in the last example the attraoting primaries either eoincide or ace 
(o amnged that the field of foroe is represented by U- U^ = A^+iA^; prove 
that other cijcular orbits in the immediate neighbourhood of the given one are 
posaible paths (or the particle P, Art. 291. Prove also that alter diitnrbance the 
osoiliation ot P aboat Uie mean cirealar path is given by 

i^Loosfpt + B). TO= -2n/.iin(p( + a). 

wlieic p' = 3n* -dja', the OBoillatioo having only one period. 

£z. 3. Two eqaat centres of force S, S', whose attmotion is tip', rotate roond 
the middle point O of tbo line ot junction with a uniform nngnlar velocity n, 
A paitiale in equilibrium at is eligbtly diatorbed, prove that the periods ot the 
•nuUl oscillation are giren by(p' + ii"-/S) (j>' + n'-«3) = 4M^' where ^ = 2nl/'~^ and 

PV=3b. Thence deduce the conditions that the equilibrinm shoald be stable. 
Problems requiring Finite Differences. 

S06. Ex, 1. A light elastic string of length nl and ooefliotent of eUaticity 
£ ia loaded with n pattieles each of mass m, ranged at intervals I along it begin- 
ning at one extremity. If it be hung np by the other extremity, prove that the 
pariods of its vertical oaoillationB will be given by the formula 

' v/t ■""^ 3n+ 1 I ' "*'^"' '"'*' ^'^' " " '"■ f"'"*- ^"P^' '"'■' 
^K^ Let r^ be the dietanee of the icth particle from the fixed end O; T^ the tennoii 
^^Btp**> 7,4-1 *^^ below, the particle. We then have 

^Hk raj-/' = nitf + r^^,-r, ...{!), 

^^^Bby Booke's law for elastic strings 

■ r. = A-('^ir^-,) m. 

^^^B equation ol motion i« therefore 

V-J=''*'.*i-2.'.+^.-i) &)■ 

whan c'=£/lm. We aaiuine as the trial solution 

.r, = fl, + .V-,sin(p( + ,) (4), 

I .T^ are two (unctions of < which are independent of I, and p, t are 
It ot both ( and I. Substituting we find 

...(6). 



f Tb* •olatioa ia given at greater length than ui 
m various oaaas whiob may arise. 



lor tbia eunpla, in 
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To solve the first of these linear equations of differences we follow the osnal nile& 

Taking X^^Aa^ as a trial solution, where A and a are two constants, we get after 

sobstitntion and redaction 

1 f^ 
«-»+S=-? (6). 



••• n/«= =^-s/(i - S) + £'^- * <7)- 



Let these yalnes of a be called a and ^. Then 

jr^ = Ja« + Bi3* (8). 

We notice that when either psO or 2c the equation (6) has eqy^X roots, viz. a=l 
or - 1. The theoxy of linear equations shows that the terms depending on these 
values of p take a different form, viz. 

X^=M+Bic)(±l)« (9). 

The complete value of x^ may be written in the form 

x^=h^-¥AQ+BQfc+{A^-^B^){'l)'tAa{2et + €^) 

+ 2(i<po*+Bp/3*)sln(i)«+€p) (10), 

where 2 implies summation for all existing values of p. 

We have yet to examine the conditions at the extremities of the string. The 
formula (2) does not express the tension of the highest string unless we suppose 
that Xq = 0. Again the tension below the lowest particle must be zero and this 
requires that T,^, =0. The equation (8) will therefore express the motion of every 
particle fh»n ic= 1 to ic=n only if we make 

«o=0, «»+i-«»=i (11). 

Since XQ=Ofor all values of t, it follows from (10) that 

^+^„=0, ^ac=0, Ap-hBp=0 (12). 

Since x^^^i - x^= 2, we see in the same way that 

Vi-^» + ^o=^» Bfc=0, i<pa*+i+Bp/S^i=.4pa* + B,^ (13). 

Eliminating the ratio ApjBp we have 

a'^i-i8^i = a»-/3» (14). 

If l>> 2c we see by (7) that both a and p are real negative quantities. The equation 
(14) has then one side positive and the other negative, since the integers n, n + 1 
cannot be both even or both odd. Hence p must be less than 2c, let|» = 2c sin^, 
hence a = cos 2^ + sin 2^,^-1, j8=cos2d-sin2d<^-l (16). 

The equation (14) now gives sin (2n + 2) ^ =: sin 2n^, excluding |>=0 we have 

- 2t + l X p . 2t +lir 

^=2,iTl2' 2^ = ""2-nl.l2 (^«)' 

where i has any integer value. It is however only necessary to include the values 
t =0 to ten - 1. The values of indicated by t=i' and 2n - i' are supplementary, 
while the values of sin ^ indicated by t=t' and t' + 2n + l are equal with opposite 
signs. The value t=n is excluded because the value p=2c has been already taken 
account of. 

The oscillations of the xth particle are therefore given by 

«^=fl, + SCpsin2icdsin(j)t+ep) (17), 

where H^=\+A^+B^, and Cp^2Ap^^l. 



EXAMPLES. 

The Vftloe o( A, migbt be delemuned bj solring the seoond eqnatioD of 
difl«renoea {5), umng the rolee o( Linear ^qdations adapted to that eqnatian. But 
it is evident titM in the poaitiaD of equilibrium of the ejieteiD, when there is no 
oeciUktion, etei; Cp=0, and therelore that position is deleimined bj \ = H^_ 
This eoableH ns to deduce H^ from the elemeatar; rules ol Statics. 

We notioe that in eqailibriam, T^=ittg, T^_j = 2mg, Sic., T^ = ln + l-ii)mg. 
Hence bj Hooke's law 

Adding theee tar all value* of ( from ■=! to K=r, and remembering that H,=0 
by (13), we find 

".'i'^^'^-i'^- ('•>• 

The equation (17) ehowB that the motiaa of ever; particle is eomponnded of n 
principal or simple harmonic oecillatioas. The penode of these are oneqiaal and 
ftre npreseoted b; 9>/p where p has tbe values given in (16). 

Suppose the sfetem to be performing tbe principal oscillation defined hy the 
value of B—irl2y. By considering the signs of sin 2(0 in (17) we see that all tbe 
paiticles determined bj *<.y are moving in the eame direction as the highest 
particle, those determined b; 11^7 bnt -iiy are moving in the oppoaile direelion, 
those given bj oSf bnt -:Sy are moving at any time in the same direction, and 






£z. 3. A imooth ciraulat cylinder is fixed with its axis horitontal at a height 
ir» the edge of a table. A light string has a series of particles atlaehed to it 
a part of ill length, the particles being each of mass m and distant a apart. 
The portion of the string to which tbe particles are attached is coiled up on the 
Ikble, aud the rest is carried over the eylinder, and a mass M attached to the 
further end of it. The system is held so that the first particle is just in oontaet 
vrith the table, the free portions of the string being vertical, and is then allowed 
|-l»iaove from rest; prove Chat if be Che veiooity of the system imntediately after 
bh» irth pwtide is dngged into motion {na -: A), then 
■ ,_(n-Mfla 61P-njan-l)m» 

n 3 '{il + nmr- 

Supposiag the string of particles to be replaced by a uniform chain deduce from 
the above result the velocity of the system after a length j of the chain has been 
dragged into motion. If I be the length of the chain and /t the mass, then, if / be 
lesa than h, the amount of energy that will have boen dissipated by the time the 
«hwn leaves the Uble will be ^' ^f " . [Coll. Ei. 1887.] 

, represent the veiooity required, we deduce from vis viva and linear 
ntn at the next impact the equation 

l.U+(n + l)m!>tVi- [Jf + snt}'p', = 8ffo(Jf'-(i»m'). 
' Writing the lefl.hand side ^(n.f l)-#(n), we find ^(n + l)-^(l) by summing 
trom N = 1 Ic n. It«membering thai Vf = f), tliis gives e„. The energy dissipated is 
found by ■nbttmeCing the semi vie viva, vis. } (M + (i) t^, from the work done by 
pavllT,TU.(J/-li>)lji. 
■. 13— 2 
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Ex, 8. A irtdn of an engine and n oarriagee running with a velocity u, is 

brought to rest by applying the brakes to the engine alone, the steam being cat o£f. 

There is a succession of impacts between the buffers of each carriage and the next 

following. Prove that the velocity v of the engine immediately after the rth impact 

is given by 

(if +rf»)«(r- v)»=3fa/r {2if+iii (r- 1)}, 

where m is the mass of any carriage, M that of the engine, a the distance between 
the successive buffers when the coupling chains are tight, / the retardation the 
brake would produce in the engine alone. [Ck>ll. Ex.] 

Ex, 4. A heavy particle falls from rest at a given altitude A in a mediom 
whose resistance varies as the square of the velocity. On arriving at the ground 
it is immediately reflected upwards with a coefficient of elasticity /3. Show th&t 
the whole space described from the initial position to the ground at the nth impact 

If u^ be the height described just after the nth rebound, we show 

«n(«»+i-l)=/»*(t*n-l). 
To solve this equation of differences we put u^=l + l/tr^. The equation then takes 
a standard form with constant coefficients. The whole space described is found bv 
taking the logarithm of the product UqUiU^...u^.i. 

This problem was first solved by Euler in his Mechaniea, vol. i. prop. 58, for 
the case in which ^=1. An extension by Dordoni, Memorie della Societa Italiana, 
1816, page 162, is mentioned in Walton's Mechanical Problems, chap. u. page 247. 



CHAPTER VI. 



CENTRAL FORCES. 



Elementary Theorems. 

306. To find the polar equations of motion of a particle 
describing an orbit about a centre offeree. 

Let the plane of the motion be the plane of reference and let 
the origin be at the centre of force. Let F be the accelerating 
force at any point measured positively towards the origin. Then 
by Art. 35, 

g-©'=-'' ^l("s)=«- ('^ 

The latter equation gives by integration 

r^dd/dt^h (2), 

where A is an arbitrary constant whose value depends on the 
initial conditions. 

This important equation can be put into other forms of which 
much use is made. Let v be the velocity of the particle, p the 
perpendicular drawn fix>m the origin on the tangent Let A be 
the area described by the polar radius as it moves from some 
initial position to that which it has at the time t Then (Art. 7) 

f^dO = 2dA »pds. 

Remembering that v » ds/dt, we see that the equation (2) may be 
written in either of the forms 

-^. ^-i* (3)- 

The first of these shows that the velocity at any point of the orbit 
is inversely proportional to the perpendicular drawn from the centre 
on the tangent. The second, by integration between the limits 
t^t^tot, shows that ike polar area traced out by the radius vector 
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%8 proportional to the time of descrHbivg it. We also see that the 
constant h represents twice the polar area described in a unit of 
time. Both these are Newtonian theorems. 

We also infer that in a central orbit, the angular velocity ddjdi 
always keeps one sign and never vanishes at a finite distance &om 
the origin. The radius vector therefore continually turns round 
the origin in the same direction. 

307. Conversely, we may show that if a particle so move that 
the radius vector drawn from the origin describes areas propor- 
tional to the time the resultant force always tends to the origin 
and is therefore a central force. To prove this let F and be 
the components of the accelerating force along and perpendicular 
to the radius vector. Taking the transversal resolution, we have 



rdt\ dt) ^' 



As already explained i^d0 = 2dA, and if the area A bear a constant 
ratio to the time, say A^zat, we have at once r^d/dt = 2a and 
therefore = 0. 

308. If m is the mass of the particle, its linear momentum 
is mv and this being directed along the tangent to the path, the 
moment of the momentum about the centre of force is mv.p. 
The moment of the momentum is called the angular momentum 
(Art. 79) and we see that in a central orbit the angular momentum 
about the centre of force is constant and equal to mh. When we 
are concerned only with a single particle its mass is usually taken 
to be imity, and h then represents the angular momentum. 

309. To find the polar equation of the orbit we must eliminate 
t from the equations (1). Let r = 1/ti, then, as in Art. 268, 

dr ^^1 dudd ^ ,du 
dt'^u^dddi'^ dO' 

dt'" ^dS^dt" ^^dS^' 

Substituting this value of d^/dt^ and the value of ddjdt^hu- 
given by (2) in j^j-^f^^j =--^> we have 

d^^ ^ /AX 

5gi + ^=^AV <*>• 



ART. 310.] EL£MEKT<LRY THEOREMS. 

When the polar e<|uatioQ of the path is given in the form 
M =/(6) the equation (4) detenninea F in tonus of u and 6. 
Since the attractive forces of the bodies which form the solar 
system are in general functions of the distance only we should 
eliminate by using the known polar equation of the path. We 
thus 6nd ^ as a function of u only. 

Strictly this expression for F only holds for points situated on 
the given path, but if the initial conditions are arbitrary, the path 
may be varied and the law of force may be extended to hold for 
other parts of space. 

When the force F is given as a function of r or 1/m, the 
equation (4) ia a differential equation of the form js =/(**)■ 
This differential equation has been already solved in Art. 97, 

It is evident from dynamical considerations that when the 

centrul force is attractive, i.e, when F is positive, the orbit must 

be concave to the centre of force, and when F in negative the 

orbit must be convex. By looking at equation (4) we immediately 

verify the theorem in the differential calculus that a curve is 

(Pu . . . 
concave or convex to the origin according as ,^ + « is positive or 

negative. 

310l To apply the tangential and normal i-esolutions to a 
eentrtU orint 

Befening to Art. 86 we have the two equations 

II v~=-fco80, - = ;'8in0 (5), 

irhere 4 ^ the angle behind the radius vector when the particle 
moves in the direction in which a is measured. Writing dr/da for 
cos ^ and integrating we have 

V=C~2JFdr (G). 

(/ is a constant whose value depends on the initial con- 
[tions. This equation is obviously the equation of vis viva, 
Art, 246, The integral has a minus sign because the central force 
is, an usual, measured positively towards the origin, while the 
mdius vector is mnasured positively from the origin. 



^^Btioni 
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If we substitute for v its value h/p given by (3) and differentiate 
we deduce 

^-i'-Uh) <'^ 

This expression for the central force F is very useful when the 
orbit is given in the form p ^f(r). 

311. Considering the normal resolution (5), we have an ex- 
pression for V which is useful when both the law of force and the 
path are known. It has the advantage of giving the velocity 
without requiring the previous determination of either of the 
constants C or h. If p^ is one-quarter of the chord of curvature of 
the path drawn in the direction of the centre of force we may 
write the equation in either of the forms 

i^^Fp sin <l}^2Fx (8). 

This is usually read ; the velocitylU any point is that due to one- 
quarter of the chord of curvature. 

When the particle describes a circle about a centre of force 
in the centre sin ^ = 1 and p is the radius r. The velocity given 
by the normal resolution, viz. v'/r = -P, is ofben called the velocity 
in a circle at a distance r from the centre offeree. 

312. The velocity acquired by a particle which travels from 
rest at an infinite distance from the centre of force to any given 
position P is called the velocity from infinity. Referring to the 
equation of vis viva (6), let 

r^ n — 1 r** * 

Now z; =5 when r = oo ; hence, if n is greater than unity, we 
have (7 = 0. The velocity from infinity to the distance r = R is 

2u 1 
therefore given by i;^ ^ __£: ^^^, See Art. 181. 

If n is less than unity the value of (7 is infinite. Instead 

of the velocity from infinity we use the velocity acquired by the 

particle in travelling from rest at the given point P to the origin 

under the attraction of the central force. In this case v = when 

2u 
r — R; hence (since n<l) (7=— — -iP"^. The velocity to the 

origin (where r = 0) is then given by v* = , iP~**. 



When the force varies as the inverse cube of the distance, 
i.e. F=filr', we notice that the velocity in a circle and the velocity 
from infinity are equal. When the force varies aa the dietance, 
i.e. F=iir, the velocity in a circle is equal to that to the origin. 
When the force varies inversely as the distance, i.e. F=fi/r, both 
the velocity from infinity and the velocity to the origin are infinite. 

313. The conrtants. The two constants h and may be 
determined from the initial conditions when these are known. 
Let the particle be projected from a point P at an initial distance 
H from the origin with a velocity V, let ff be the angle the 
direction of projection makes with the initial radius vector. The 
tangent at P makes two angles with the radius vector OP, respec- 
tively equal to and tt — /S. When a distinction has to be made 
it is ueiial to take /3 equal to the angle behind the radius vector 
when P travels along the curve in the positive direction (Le. the 
direction which makes the independent variable increase). The 
angle ff ia called the angle of projection. We evidently have 

h = vp= VJi sin /9. If J" = fi/r", we have ^ = C+ ^ -^, . 

It follows that, if n>l and the velocity from infinity Is V,, 
f = F'-F,'; ifn<l. C= F«+ F„= where F„ is the velocity to the 
origin. 

We may obtain another interpretation for the constant C. 
ting any standard distance r = a. the potential energy at a 
iDce f is 



^->-=A(^-^o=(. 



l)a- 



2" 

i Art. 250. It follows that iC plus -^ ~ is equal to the 
_ ' "^ n— 1 a"~' ^ 

whole energy of the motion. Hence by taking the standard position 

at injinity or the origin according as n is greater or less than unity, 

we mag moX-e )C eijtuil to the whole energy. 

314. When a point P on the orbit is such that the radius 
vector OF is perpendicular to the tangent, the point P is called 
mmapse. 

^H When OP is n maximum the apse is sometimes called an 
^^bocttOre, and when a minimum a pericentre. 
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315. Summary. As the formulae we have arrived at are 
the fundamental ones in the theory of central forces, it is useful 
to make a short summaiy before proceeding further. There are 
three elements to be considered: (1) the law of force, (2) the 
equations of the path, (3) the velocity and time of describing 
an arc. Any one of these elements being given, the other two 
can be deduced by dynamical considerations. There are therefore 
three sets of equations; firstly, equations (4) and (7) connect the 
force and path, so that either being known the other can be 
deduced; secondly, equation (6) connects the force and velocity; 
thirdly, equations (2) and (3) connect the path with the motion 
in that path. 

The equations of one of these sets are mere algebraic trans- 
formations of each other, any one being given the others can 
be found from it by reasoning which is purely mathematical. 
But an equation of one set cannot be deduced from an equation 
of another set in this manner, because each set depends on different 
dynamical facts. 

316. Dimeniionf . It is important to notice the dimensions 
of the various symbols used. The accelerating force F, like that 
of gravity, i.e. g, is one dimension in space and — 2 in time. We 
see this by examining any formula which contains F or g, say 
8 = \gt^ or — -P cos ^ = d^sjdP. The force F will in general vary 
as some power of the distance from the centre of force, say 
F=filr^ where /it is a constant which measures the strength of 
the central force. The quantity /m = Fr^ is therefore n + 1 dimen- 
sions in space and —2 in time. The velocity v^dsjdt is one 
dimension in space and —1 in time. The constant A = tj) is 2 
dimensions in space and — 1 in time. See Art. 151. 

817. roro« tXT^acLf find tiM orUt. Ex. 1. The foroe being 

F = ;it«»(2aV+l), 

a particle is projected from an initial distance a, with a velocity which is to the 
velocity in a circle at the same distance as ,^2 to V^, the angle of projection being 
45°. Find the path described. 

Patting a= 1/e the differential equation of motion is, by Art. 809, 






VAKIOPS ORBITS. 

WhEin u = c. Uw oonditioiu ot the qneatiou give ii'=|F/i; uid A — vain^/o where 
■in* 0=1, M« AtU. 311, 3ia. We theralore have 0=0, li'=ii. The equation now 



j'du_ 



= - + .4. 



r 



u b; 1/r and meaaimog 9 tram the mitiol radias OA in aach a dueotion 
Binl rand 9 inenase together, Ibia loads to r=a (I-Hd). 

Frmn the eqoation r>d9/Jt = h, we infer that the time from a distanoe a to r is 

£r. 3. A partiole moves under the action ot a oentral Farce tii"' ~ i"'"')! ^ha 
relodt; of pcojection being (26^/3ii<)^, and the angle of projection Bin~' | . Frove 
that iIm polar equation of tbepath is 3a' = (ii-'~a')(ai-C)'. [CoU. Ex. 1889.) 

Ex. S. Whem the central aooderation is ii{u* + a'u'') and tbe velooily at the 
apaidal diatance a iseqnal to^;i/a, piore that the otbit is T!^aeae{tuoi^i). 

[CoU. Ex. 1897.) 

Bi. 4. The central force being Ji'=2^i'{l-a*ii*), the particle ia projected 
from an apse at a diatanoe a with a velocity tjuja. Prove that it will be at a 
diaunce r after a lime ^ Janog'"-'''^--^ + r^{r>-a')| . [Math. Tripos.] 

£2. 6. A particle, acted on by two centres of force both aituatcd at tbe origin 
nepecllvelf i^^iiu' and F'^ji'm", ia projected from an initial distance a with a 
velocltj equal to that from infinity, the angl^ of projeation being tan~>^2. If 
the forces are equal at the point of projection, the path is a9 — (r~a)^'i. 

Ex. 6. A particle, acted on hy the central farce i^^HV(^)i is initially projected 
in any manner. Prove that the radius vector can be expressed as a tnnctioa of S 
the tnl«graU ofoos^/fe] and iiiBB/{») can be found. [Use the method of 
IM.] 

•IS. Ogrttt ClTMIi Bad ttaa teroa. Ex. 1. A partiele ileacrlbri a j/iffit 
etrth about a etntri of force on the circutuftrenet. It U required to fiud the lair of 
fartt and lb notion. Hewton't j/roblrm. 

Let O be the centre of force, C the centra of the circle, P the partiole at the 
Ums I. Let a be the radios of the circle, OP=r. If f= 01' be the perpendicular 
CO tba laOKBOt, we have [since the angles OPY. OAP are equal) p=r'lia. Hence 
using (7) of Art. 310, we have 

-=-'»-ii=»-^- ,.,. 

If we rappOM the magnitude of the force to be given at a unit ot distance from 
tile oentrt of force we write this in the form ^'=31 where /i ia a known constant 
•onHliMa called the magnitude or strength of the force. The oonatant h i* then 
dctanniDtd by tbe eqoation 

8'-'''' = " (9)- 



tnloeiqr >t any point P ia found by the normal reeolation. Art. BIO, | 

;-'■"'"<"•'-? E^ ■'•^/i■i ("■ I 
iTt. 819 Ihia raloolty U equal to that tttaa Infinity. J 
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To find the time of describing any arc AP, where A is the extremity of the 
diameter opposite to the centre of force, we nse the equation A^^ht, Art. 306. 
Since the area A OP is made np of the triangle OCP and the sector ACP, we ha^ 

i^=il = ia<(29 + 8in29), 

where ^=the angle AOP, Sabstitnting for h 



t=2a» ^?(2^ + 8in2^) (4). 



It appears from this that the partide will arrive at the centre of force after 
a finite time obtained by writing 0=iir, The particle arrives with an infinite 
velocity due to the infinite force at that point. 

Let the force at all points of space act towards the point and vaiy as the 
inverse fifth power of the distance from 0. It is required to find the necessary and 
sufficient condition that a particle projected from a given point P in a given direction 
PT with a given velocity V may describe a circle passing through O. It is obvious 
from (3) that it is necessary that F*=i/i/H where r^OP; we shall now prove that 
this is also snfficient. 

Describe the circle which passes through and tonches PT at P. The partide 
which describes this cirde fredy satisfies the given conditions at P. If then the 
given particle does not also describe the circle we should have two partides 
projected from P in the same direction, with equal vdodties, acted on by the same 
forces, describing different paths; which is impossible; Art. 243. 

We notice that a change in the direction of projection PT affects the size of 
the drde described, bat not the fact that the path is a drde. 

Ex. 2. A particle moves in a cirde about a centre of force in the drcom- 
ference, the force being attractive and equal to /at**. Prove that the resistance of 
the medium in which the particle moves is J/i (n+5) t^sin 9, where cos 9=r/2a. 

Use the normal and tangential resolutions. [Coll. Ex.] 

Ex. 8. A partide of unit mass describes a cirde about a given centre of force 
situated on the circumference. If the partide at any point P is acted on by an 
impulse 2v cos in a direction making an angle ir - with the direction of motion 
PT, show that the new orbit is also a circle and prove that the ratio of the radii is 
cos 20 + sin 2<f> cot $, where d is the angle OPT. 

Ex. 4. The force being F=fiu\ a particle when projected from a point P with 
an initial velocity V, equal to that from infinity, describes the drde r=2acos^; 
investigate the path when the initial velocity is r(l+7), where y is so small that 
its square can be neglected. 

Proceeding as in Art. 317, we find 

The conditions of the question give 

where <; = l/2a and 0=a initially. Putting u=CBec$ + cji and neglecting the 

squares of ij and 7, we arrive at 

cos' e dff cos* g - 2 cos g _ -7 7 cos*^ 

sine de"^ ain^e '^ "" sin* ^ cos* o sin« ^ ' 
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Each side being a perfect differential, we find 

cos' 9 y 

Bin^ ' 008* a * * ■ /• 

and K is determined from the condition that 17=0 when e=a\ 

/. ic=-7C0taH — ^— (oota + |a+isinaC08a). 

Putting u=llr^ we have r=2a co8 ^ (1 - 17 cos $), 

.-. 5-=C08^-/c8in^-7C08^ + — V (co8^ + f^8in^+*8in«^co8^). 
2a co8*a ' ^ ' 

It has been assumed that cos a is not small, the point P most therefore not be 
close to the centre of force. It easily follows that when 

^ = Jt - «+ Jiry sec* a, 

the distance of the particle from the centre of force is of the order of small 
qoantities neglected above. 

Ex. 5. Any number of particles are projected in all directions from a given 
point P each with the velocity from infinity, the central force being F=fjitfi. Prove 
that their locus at any instant is {$ being measured from OP) 

(r*+c'- 2 crco8g)^ j . (r»+c')c osg~2(T ) _ 
sin' $ I ~ 7^+c*~2crcos^ J ~ * 

where OF=c and il is a constant depending on the time elapsed. 

819. Ex, 1. A particle describes an equiangular spiral of angle a under the 
action of a centre of force in the pole, prove that 

^=^* A=8inaVM, «^=^"» 2co8otVfi=n*- V. 

where t is the time of describing the arc bounded by the radii vectores Tq, r^. Con- 
versely, a particle being projected from any point in any direction will describe an 
equiangular spiral about a centre of force whose law is F=filr*, provided the 
velocity of projection is ^/fi/r, i.e. is equal to that from infinity. 

Assuming p=r8ina we follow the same line of reasoning as in Ex. 1 of 
Art. 318. 

Ex, 2. A particle acted on by a central force moves in a medium in which the 
resistance is K(vel.)', and describes an equiangular spiral, the pole being the 

centre of force. Prove that the central force varies as -i«~^*''^*, where a is the 
angle of the spiraL [Math. Tripos, I860.] 

890. Ex. A particle describes the curve f^ =: a cos n0 + b sin nO^ under the 
action of a centre of force in the origin. Prove that 

We notice (1) that the exponents of r are independent of n, (2) that, when m+1 is 
positive, the velocity at any point is that due to infinity. Art. 812. 

Supposing the law of force and the velocity of projection to be given by these 
formula, let the partiole be projected from any point P in any direction PT. The 
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foar oonstants h^, n, a, b are determined by 

joined to the conditions that the oorre must pass throngh P and tonch PT, 

We find that n' and — ^ - fi'R?^ cot' </> have the same sign, where 12 = OP and 

Wl + l 

^ is the angle of projection. When the sign of n' thos determined becomes 
negative or zero the carve obviously changes into 

f«»=a'«**+6'«"**, or r^=a+b"0, 

where 4a'&'=a' - 6' and b" is the limit of bn when 6 is infinite and n zero. 

It is nsef nl to notice the following geometrical properties of the curve. If p 
be the perpendicular on the tangent, the angle the radius vector makes with the 

tangent 

^ ^ m ^ ^ 1 n« a*+6« m^-n^ 1 
tan0=--cotn^. - = -_^ + _^-. 

This example includes many interesting cases. Putting m=2, n=2, we see 
that the lemniioato of Bernoulli could be described about a centre of force in the 
node varying as the inverse seventh power of the distance. Putting m=n^we 
have the path when the force varies as the inverse (2m+3)th power and the velocity 
is that from infinity. Writing m=i, n=i, we find the path is a cardioid when 
the central force varies as the inverse fourth power and the velocity is that from 
infinity. Writing m=l, n=l, the path is a circle described about a centre of force 
on the circumference. 

891. Ex, 1. A particle describes a circle about a centre of force situated in 
its plane. It is required to find the law of force and the motion. 

Let be the centre of force, C the centre of the circle, a its radius and CO=c. 
Taking the equations of Art. 310, we have 

v= , — =jP^, .-. F = -_. 

par a p* 

Since in a circle 2ap=f^+a'-c*, we can, by substitution, express F and v in 
terms of r alone. We have 



^"[2) r»+B' (r«+B)»' 



where 8a^h^= fi and B=a*- c*. When B = 0, the law of force reduces to the inverse 
fifth power, and the velocity becomes the same as that found in Art. 318. 

If this law of force be supposed to hold throughout the plane of the circle, the 
values of yu and B are given. In order that the orbit may be a circle it ig necessaiy 
that the velocity of projection should satisfy the above value of v, Le. should be 
equal to the velocity from infinity. The direction of projection being also given, 
the angular momentum h (Art 313) is also known. The values of a and e follow 
at once from the equations given above and must be real. 

Newton, when discussing this problem, supposes that the centre of force lies 
inside the circle. It follows that B is positive, and at no point of space can either 
the force or velocity be infinite. 

When the centre of force is outside the circle, one portion of the orbit is 
concave and the other convex to the centre of force. We must therefore suppose 



\ 



thai the force ii ftttrie^ve in tba Gret and repulsive in the other put. Writing 
11= - b', ic«bATe t'^e<-a', nnd therefore b is the length of either ot the tnagents 
diKwn from the centre of force to the circle, and the force changes sign through 
inGititj vhen the panicle passes the ciiole whose radius is b. 

S;lveBter, in the Phil. Mag. 1865, points onl that the resultant attraction of a 
eiisalar plate, whoee elemeDta attract acoocdiag to the law of the inverse fifth 
power, at an external point P sitaated in its plane, is --^ — - j-j where /i is the mass 

ol tho plate, b its radiiti and r the distance of P from the centre. The circle 
described hy P under the attraction ol this plate cuts the rim orthogonalt;. 

Lut the partiule P be coDStrained to move on a smooth plane nnder the action 
of a centre ot tores situated at a point C distant b' from the plane, the law of 
force being the Inverse fifth power. The component of force in the plane is 
f = -j-^^^ , where r is the distance of P from the projection of the centre of 

force on the plane. Putting B = b'^. it appears from what precedes that, if the 
veIodt7 of projection is eqnal to that from infinity, the path of the particle on the 
plane ia a circle. The length of the chord bisected b; the point is constant for 
all the circles and eqnol to 36'. 

fir, a. h. particle moves nnder the action ot a centre of force F=im'. Prove 
■hat all the cirolai which can be described either pass through a fixed point or have 
a fixed point tor centre. 

Bsa. Ex. 1. A particU jiioven iiniUr llie aetiou of a centre of foret tehote 

II U rnpiired xofind the pnlh. 

The eqaatioo ot vis viva (Art. 310) gives 



■ anil thf velocity at ani) point ii iqual to that from infinity. 



v' = C-2jFdr = C+^g^ (I). 

Since this tormuU is independent ot the path and it is given that o is zero when r 
Is Infinite we see that C^O. Babstitating for v its valne h/p, the equation of the 
paUi beoomea 

r' + ll = i>', iA'=;* (3), 

The cnrve required is therefore such that a linear relation exists between p> and 
H, 'I'liefe arc seveTal species of curves which posafsa this propeily diHtinguiahcd 
from well utlisr by the valaes ot B and i. 

One ■iieh curve is known to be an ejiicycloid. Supposing the radii ot the fixed 
and rolling citdUb to be a and b, we liave at the cusp r = a, p = Oaiidat the vertex 
j>and r ar««»ah eqnal to a+Sib. We thus find 

=--'■ i.''-'^U' '"■ 

Thu law of force and the cotiditionit of projection being given both it and M are 
known. If the fares Is altrmctiva, H negative, and fi/A° less than ODiiy, the path is 
an epicycloid, the value* of a and ( being given by |H). 

Changing the sign of b the epicycloid becouies a hypoeycloid and in this case 
we l«am frtim (3) that 1 and |i are negative. When therefore the foroe is tepnlsive, 
and B &eKaliv«, the path is a hypocycloid. 
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The remaioing species are more easily separated by pntting the equation (3) 
into the form p=tp» a result whioh follows at onoe from the identity p^rdrldf. 
Remembering that p=p+d^ld}f^ the differential equation becomes 



W- 



$-(-i)i'=o 

When i is less than unity or is negative we easily deduce the cyoloidal species given 
above. If /3^= 1 - 1, we find 

p=L Bin/9^+Moos/9^. 

If the axis of x pass through the cusp, we have p=0 when ^=0 and p=^a+U 
when /3^ = (t. Hence L = a + 25 and M^ 0. 

When i is greater than unity we have the forms 

1)=L«"* + Jlf«"**, p=L^+itf (6), 

where a'=i~l and the second form occurs when i=l. Since in any curve the 
projection of the radius vector on the tangent is dpldx//, we find by elementazy 
geometry 

^=^.(|)V U.,.^^ (6, 

where is the angle behind the radius vector. Since 0=^-^, we can in this 
way express the polar coordinates r and in terms of the subsidiary angle ^. 

Substituting in (2) we find that 4a*LM=B, so that L and M have the same or 
opposite signs according as the given quantity B is positive or negative. When 
B=0, either L or If is zero, and since, by (6), tan is then constant the curve is 
an equiangular spiraL 

To trace the forms of the exponential spirals it is convenient to turn the axis 





of X round the origin so that the equation (5) may assume a symmetrical form. 
We then have 

;, = ic (««♦**-•*) (7), 

where the upper or lower sign is to be taken according as £ is positive or negative. 
When B is positive there is an apse whose position is found by putting p=r in (2), 
whence (i -l)r^=B. When B is negative there is a cusp at the point determined 
by p=0, i.e. si i^= -B. These spirals were first discussed by Puisseux (with a 
different object in view) in Liouville*8 Journal^ 1844. 

By using a proposition in the theory of attractions we may put some of the 
preceding problems in another light. It may be shown that the resultant attraction 
of a thin circular ring, whose elements attract according to the law of the inverse 

cube, at any point P in the plane of the ring is y-x — sr^ , where /i is the mass of 

(r* — c y 

the ring, c its radius and r the distance of P from the centre. The plus or minus 
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sign is to be taken aooording as P Ib without or within the ring, (see Townsend 
in the Quarterly Journal, 1879). The path of the particle P moving under the 
attraction of the ring has now been found provided the velocity of projection is 
equal to that from infinity. 

Again, when a particle P is constrained to move on a smooth plane under the 
action of a centre of force C situated at a distance e from the plane, the law of 

force being the inverse cube, the component of attraction in the plane is . « ^^ , 

(i^+c")* 

where r is the distance of P from the projection O of the centre of force on the 

plane. 

Ex. 2. If < be the arc AP of any path measured from a fixed point A, show 
that t{i- l)/t differs from the projection of the radius vector OP on the tangent at 
P by a constant quantity which is zero when il is an apse. 

Ex. 3. Show that the polar area traced out by a radius vector OP is equal to 
i times the corresponding polar area of the pedal. Thence show that the time of 
describing any arc is given by Af =ijj>^^. 



898. TtanJUA fbi ro— , Ex, 1. A particle describes a central conic under the 
action of a force F tending always in a fixed direction. It is required to find F. 

Let the conic be referred to conjugate diameters OA, OB; the force acting 



parallel to BO. Let the angle AOB^ta, OA^a\ OB^^b*. Let ON=x, PN=y be 
the coordinates of P. Then 

d»x/d«»=0. dhfldt*^ -F. 

The first equation gives x=At, where A is the oblique component of velocity parallel 
to X. Hence A is the resultant velocity at B. We then have 

y-a'^ ^; . .. ^t- a^ y*' 

The component of velocity at right angles to the force is constant. Representing 
this component by F, and remembering that the resultant velocity at R is il, we 
find Vs^Amu. 

If a, 6 are the semi-axes of the conic the expression for the force becomes 

a'«sin»«y»"" a»6» y*' 

It follows that the force tending in a given direction by which a conic can be 
described varies inversely as the cube of the chord along which the force acts. This 
result may also be obtained without difficulty by taking the normal resolution of 
force. 

Ex. 3. If the tangent to the conic at P intersect the conjugate diameters in T 
and U, prove that the velocity at P is vs/lx . TUIa**. 

B. D. 14 







CO=c 
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^iMtf^^^^mi ft* i0pfMta to boU tibni^bo^ flie plaae of flie eiitle, th« 

i4M IM ¥^tf4^ f4 pf ojmtUm •boold MUkiy the above viOae of v, Le. should be 
if^^^#^ 1^ OMf ¥i4m^1f Utm inhnitj. The diroetion of projeelkm being Also giifQ, 
M/i» ^MMlur ni^mmiUm h (Art. 81B) i« alio known. The Talnes of a and e fallow 
H'^ HhHn hitm iUit MiimHitun gff^n above and most be reaL 

PinwUm, wlinf) niNiiiiMNinff tbU problem, Bapposea that the oentre of foroe lia 
MimMk Mim hMih, U fdUowN Uiat // ia positive, and at no point of ^Muse can sitber 
M(M fHfHN Mr vnliidH^ Im tnnnlte. 

WI<M«< Mis ssiUm uf foros Is outside the circle, one portion of the oibit it 
HMMHHVH M\A lUs iiihsr sunvsx to the oentre of foroe. We moat theiefbre eappm 
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TAMIOCS OlSmi. 



SOT 



-1*. ««k 



■iitqr i*n Ihk ^Hi* fMM A* dMit «bow ndta* te k 

HjI i^. to *■ no. »m- IWK. r*i*«> <Mt 1h>t ih> tmllMl Attraettca «( « 
kHiv flMft «i«M (iMMiik MMt Maw«i« to tb« hw of lb* iwnm UA 

N BrtMii or P (nn Um omM. Th* otnl* 

o( lU* pkl* ooli Um rim oitbefouilr. 




Th* « 
= . . mow r B MH «Bw«>> ot f fron Um ptajfetioa O ol Iba « 

isRW an Ac [lUaa. Pottiiig fi = b^, it ^ipMn bom wbtA pnoadM tlwl. R 
ntoBCtj at prD)Bctiaii b afut) to Uikl (mn indnit;, lb* path ol lh« puUelo osH 
plaao •> ■ ciiol*. Tfa« length of Um chard buacUd b; Um point i* MnalMit fcr 
lU the ditlat uid eqiul to lb*. 

£t. 3. A putielc movM aoder Um utioo ot b nnin of hwM f»iM*. 
llut all tbs cirdn nbieh can b« dneiibad cithfr paH Uiraiifih a Ax*d polal or hkv* 
■ fixed point tor centra. 



i parlUU iKiMi uMdrr l*» afli'nn o/ a rrni 
d (t< vttorily at dny ;w(Ht i« tijuiil tn 
I if rt^irtd tofiml IIW paJh. 
The eqnMion ot vii vin (Art. SIO) gives 

,.' = C-a|f^r=C+p^j 



I 11/ Jorrr vKai* 
luitfrom ii(ifH<ry. 



, (1). 



Since this (ormQl* is independeDt of the path and It la glniii that v li laro whan r 
is infiuite we aee that C = 0. SuLatitutiog for f tt* valua hjf, Uia aquatloa of Uu 
path become* 

p"+iJ'«(p'. iV-d (8). 

The oorve required is therefore aneh that « UnMr rotation axitti belwaan p" and 
t*. There are aeveral species ot ourveH wLioh poiAvus thii pro|iettir ilintioguiBliml 
from each other iij the valaee of IS and (. 

One saeh curve ii known to be au epicjclold. Huppoilnu the radii i>I the Died 
and rolling drdee to be o and t>, we liave at the ouip ran, paO and at the vvrtni 
f and r are each equal ia a + 2b. We thua find 

£=-«', iii = ---j-^^a6)' '"*■ 

The law of fore« and the conditJonii of iirujeotioo belna Ki*«n bolli U and fi' are 
knowD. If Um foroe i« attractive, li noKative. and >i/'i' leu than unitjt, the path la 
ao epi^oloid. the Talnee ot a and b being given by (S). 

Chanipog Uie rign of li the epicycloid becomaa a hypocyclold and In thia caiw 
*■ learn trom (3) that i and ii are Deuativu. When theretora the furoa in repulsive, 
■td B nesuive, the path U a hypocToloid. 
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Ex. 8. A'partiole describes the oonre y—f(x) freely onder the action of a 
force F whose direction is parallel to the axis of y ; prove F=A^dhfldx^, 

Ex, 4. Show that a particle can describe a complete cycloid freely onder the 
action of a force tending towards the straight line joining the casps and Taiying 
inversely as the sqnare of the distance. Prove also that the square of the velodtj 
varies inversely as the distance. 

894. Ex, Two masses M, m are connected by a string which passes through 
a hole in a smooth horizontal plane, the mass m hanging vertically. Prove that 
M describes on the plane a curve whose differential equation is 

(- m\(Ptt ^mg 1 

Mm 
Prove also that the tension of the string is jz dg + hW), [CoU. Exam.] 



Law of the direct distance. 

325. A particle is a^cted on by a centre of force situated in 
the origin whose acceleration is F^fir where r is the radiws 
vector. It is required to find the possible orbits. 

Taking any Cartesian axes, we notice that the resolved parts 
of the force in these directions are fix and fiy. The equations of 
motion are therefore 

d^x/dP == - fix, dy/dt^^-fiy (1). 

We observe that though the axes of coordinates are arbitrarj', 
the equations (1) are independent; one containing only x, the 
other only y. We infer that the general principle enunciated for 
parabolic motion may also be applied here. The circumstances 
of the motion parallel to any fixed direction are independent of 
those in other directions and m>ay be deduced from the corresponding 
formvlcefor rectilinear motion. 

Supposing that the force is attractive in the standard case, 
fi is positive and the solutions of (1) are 

x = Acqs »Jfd -I- A* sin <Jfit, y = fi cos sJfU + -B' sin »Jfit. 

As there is nothing to prevent us from using oblique axes, let 
us take the initial radius vector as the axis of x and let the axis 
of y be parallel to the direction of initial motion. If R and V 
be the initial distance and velocity, we have when ^ = 0, 

x^R, dxldt:=0; y = 0, dy/dt-V, 

These give R^A, = A\ = 5, V^E^fi. 



The motion is therefore determined by 

j: = fl cos -J fit, y = R' sin >Jfd, 
where V=R''/ii~ Eliminatiog (, we obviously arrive at the 
ecgaatioQ of a conic having its centre at the centre of force and 
Ji. It' for semi -conjugate diameters. 

I/fi is pontive, the centre of force is attractive and the orbit 
miiBC be at every point concave to the origin. The orbit w tliere- 
j'ore an ellipse. 1/ fi is negative, the central force repels, and Vie 
orbit, being convex to the origin, I'a a hyperbola. Since the centre 
of the conic is always at the centi-e of force the orbit can be a 
parabola only when the centre of force is infinitely distant. If the 
force at the panicle is then finite, the coefficient /x must be zero. 
The finite changes of r aa the particle moves about do not affect 
the value of fir. The force on the particle is then constant in 
magnitude and fixed in direction. 

When fi is negative, we put fi, = — ti'. The solution of the 
differential equations then becomes 

* = J J? {&"" + e-""-'). y=^R' ie""-' - e-'"''). 

where V= iR'iJfi.' and t = \/ — 1. It is evident that iR' is real. 

326. Since any point of the orbit may be taken a.s the point, 
"f projection, we deduce from the e<^uation V=-JtiR\ that Ute 
vetvcU^ v tit any point P of the ellipse is given by v = t/nR' where 
R' is semi-conjvgate of OP. If r be the radius vector of the 
moving particle this equation may also be written v' = fi(a' + b' — r'} 
where a and b are the serai-iixes. 

Since pp=ah and pR' = ab. we see that the constant hiah = \/nab. 

If the principal diameters aie taken as the axes of coordinates, 
we have iraacoa^, ysbsin^, where ^ is the eccentric angle of 
the particle. It immediately follows that the particle so vioves 
that ^ — ^/fU. When ^ ha,'* increased by 27r the particle has made 
a complete circuit and returned to its former position. The 
periodic time is therefore 2'jrjy/fi,. It appears from this that the 
periodic time is independent of all the cojiditions of projection 
iind is the same for all ellipses. It depends solely on (he strength 
n of the centrai/orce. 

In general the time of describing any arc PP" is the difference 
of the ecc entric angles at P and P' divided by V/*- 
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When the orbit is a hyperbola we have 

where <l> is an auxiliary angle. It immediately follows that 
<l>=^'i/fi't where fi is positive and equal to — /it. 

327. When the velocity V and angle /3 of projection as well 
as the initial distance R are given, the semi-axes a, b of the conic 
described may be deduced from the equations 

.,, A« F«i? sin«)S , ,, ^ F« 

These give real values to a* and 6*. The angle which the major 
axis makes with the initial distance is given by 

cos'g sin' g 1^ ta^^ a^-If 

Since F= Vm-B', it is evident that the problem of finding the 
particular conic described when R and V are given is the same 
Bsthe geometrical problem of constructing a conic when two semi- 
conjugate diameters R, R are given in position and magnitude. 
This useful construction is given in most books on geometrical 
conies. 

828. Beferring to the equations (1) of Art. 325 we see that the motion in an 
ellipse ahoat a centre of force F^fir is the resultant of two rectilinear harmonic 
oscillations along two arbitrary directions Ox, Oy represented by 

X= -fix, Y= -fjLy, 

The resultant of any number of rectilinear harmonic oscillations (performed in 
equal times) along arbitrary straight lines OA, OB, kc, may be found by resolving 
the displacements of each along two arbitrary axes and compounding the sums of 
the components. The resulting motion is therefore an elliptic motion with for 
centre. 

Ex, Investigate the conditions that the resultant of two rectilinear harmonic 
oscillations, of equal periods, whose directions make an angle 0, should be (1) a 
rectilinear, (2) a circular motion. Prove that in the first case their angles or 
phases must be equal; in the second their amplitudes must be equal and their 
phases differ by ir - ^. The radius is a sin 0. 

829. Ex, 1. If OP, OQ are conjugate diameters of an ellipse, prove that the 
time from P to Q is one-quarter of the whole periodic time. This follows at once 
from the fact that the area POQ is one-quarter of the area of the ellipse. 

Ex, 2. Prove that in a hyperboUc orbit the time from the extremity of the 
major axis to a point whose distance from that axis is equal to the minor axis is 
the same for all hyperbolas. 



POINT TO POINT. 



:. 8. If the eurele ot curvature Bt any point P of ui ellipw out the onrre 
Kfain in Q. and A U the eitremit; of the major axis nearest to P. prove that tbe 
time (rum Q to J ia three timeB the time from .i to P. 

Sinoe * = ^iit. Art. S30. the theoramE in oonica which, like this one, are con- 
cerned with eocentris angles may at onee be translated inlo dynnmicB. 

Ki. 4. Tvo luigeote TP, TQ are diawn to an ellipse, prove that the velooitiea 
ai P and Q are proportional to the lengths of the tangentu. [For these tangentn 
are known to be proportional to the parallel diameters.] 



» Point. To jind the ditecliotu 
reii point P irith a ffhrn I'cloeily V 



lehUh 



projtclrd iron 
girm point y. 

Let r,, r, be the distaneee of P, Q &om tbe centre of force O. 
produced to D where D is Baoh that the velocity V of projection at , 



pnrtieU n 
fa pan through another 



Let OP b 
u equal t 





that aoqaited by a psrUcle Htarting from rest at I) and moving to P nitder the 
action ot the oentre of force. Let OD^k. Then sinoa F'=(i[a' + i»- t,'), the 
niim of the iqaarei ot any two semi-eonjugates of tbe tiajeotory u k'. 

Bisect PQ in .V and let OS=j:, yP = SQ = y. From the equation ot the 



■, n'-^'[j-'-lj'-i-y) + li'l' = (1). 

Since T, y, it ate given, this quadratic gives two values of a', showing that 
there are two directions of projection wbiob satiaf; the given conditions. 

lidt (base direetiona of projection from P iaterseot OS produced in T and I", 
then uaee a'= VN . OT, the quadratic gives tbe positions ot T and 1". We also 
hav*or.(>rs*>, and XT.sr = y''. 

The roots of the qnadratic (1) are imaginary il x + y>k. Produce PC to P' 
iib«r* 0P'= OP, the roots of the quadratic are imaginary unlets Q lie within tlie 
dUpaa wboee toci are P, i"Bnd semi-major mis a' = k, Tkii rllipie » thf boundary 
of all Iht potitiiMM oj if mhkh can Iir renchttl liy n parlifU pnQeelitl from P leith ffw 
pirni T*htiiy. It is alio the envelope ot all the trajectoriec 

Sx- I. It two circles be described having their centres at i 
radii equal to k and y respectively, prove (1) that their radical 
ON prodnaod in the middle point II of TT; (3) that ItT' is equal to the product ul 
ui ot aoy chord drawn from S to either circle. 




uid If and their i 

is will intersect J 

} the product ul ■ 




LAW OF THE DmECT DISTAKCE. 



[u-i 



Ex. 8. Show UiBC the grcatett range r = P9 on uij itraight line Pti a 
given angle 9 with OP^r, is delerminedby {k'-fi'^r-t- r,ooa9, 

Show tlaa that id this case Or = k. ftcd ST=NF = N(/. Tbenee ileduoctbu 
n tangent at (^ lo the trajeatorj and ths enTelope Lnlersecta Itie tJinOtiHi 
of projection iTom P at right an^ilea in a point T whiub li&s on the cinjLe ttam 
oentn i« and radius k. 

The Snt part tollowa Etom the (bcal polar equation of the elUpde and the wcoad 
bom known gmmetrioal properties of the ellipse. 

■SI. Bxa^vUs. Ex. 1. If the sun were broken up into an indsAniic 
number of fragments, uuiformlj' liUing the sphere of which the earth's oriiii ts s 
great oircle, prove that each would revolve in a veat. [CoU. El] 

The attraotions of a homogeneous solid sphere on the particles Oi 

are propottioDal to (beir distauces rrom the centre. 



Ex. 3. A particle moves in a 
perpendicular to tlie focal diatanc 
centre of the conic. 



that the resolred part of the nloeiQ' 
prove that the force tends l» tin 
[Uath. T[^| 



Ex. 3. A particle deeotibes an ellipse, the forte tending to the oenlie: fnn 
that if the circle ot ourralore at any point P out the ellipse in if. the bn 
transit from <^ to P through A and P to Q through B are in the same r«lio as tU 
timee of transit from .4 to P and P to B, where A and B are the eitremitiea of thi 
major and minor aieu and P lies between A and B. 

F.t. i. A particle is attraoted to a fixed point with a force ii timet its dii 
from the point and moves in a medium in which the resistance is k timi 
velooil;; prove that, if the particle is projected with velocity v at a disle 
(ram the fixed point, the equation of the path when referred to asea alont tbf 
initial radius and parallel to the direction of projection is 

ft tan-' ■2af,y!{2vx - aky)-^n log (^■"/i.' + ^j,'^.'- iTy/o.') = 0. 
where «'=m - 1"/4. [OoU. Ei. 18«.] 

£1. 5. Three centres of foroe of equal iotenBil.r are situated one al 
corner of a tnangle ABC and attract according to the direct distanoe. A pulieta 
moving under their combined influence desoribes an ellipse which touobes the il 
of the triangle ABC. Prove that the points of contacl are the middle pofnta M 
the sides, and that the velocities at these points are proportional to the sidea. 

[Math. Tripos, 1891. 

Ex. 6. It any number of particlen be moving in an ellipse about a forc« in i 
centre, and the force suddenly oesse to aot, show that after the lapse of {I/2r)tl 
part of the period of a oomptete revolution all the particles will be in a simUa 
concentric and similarly situated ellipse. [Math. Tripoa, ISM 

Ex. 7. A partiole moves in an ellipse under a centre of foroe in the oeoti 
When the partiole arrives at the extremity of the major axis the force ombbi I 
act nntil the particle has moved through a distance equal to the sami-minor axi 
it then aots (or a quarter of the periodic time in the ellipee. Prove that if it agai 
ceases to act for the iame lime as before, the particle will have arrived at the «tlii 
end of the major axis. [Art. 936.) [Math, Tripos, IMQ 
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Ki. 0, An eUatic atring pasaea through a amooth atraight tube Khoae length 
IB the uatDral length ol the atring. It Je then polled oat cqaully at both ends 
until its length is inareuwd b}- ^'3 times its oriKinal length. Two equal perfeotlf 
elastic ball* are attBohed to the eiitremities and projeated with equal Telooities at 
tight aQRlec to the Btring. and so u to impinRe on each other. Prove that the 
time of impact is independent of the velocity of projectiou, and that after impaot 
eaob ball will move in a straight line, Bsanminfi that the tensiou of the string is 
proportional to the ettensioD throughout tbe motion. (Math. Tripos, lf<60.] 

K-t. 9, A point ta moving in au equiangular spiral, its acoeleratioD always 
tending la the pole S ; when it an-ices at a point P the law of acceleration is 
changed to that of tbe direct distance, the aotaal acceleration being unaltered. 
Fiove that the point P will now move in an ellipse whose axes make equal 
atiKlea with RP and the tangent to the spiral at P, aad that the ratio of these &ies 
is tail }a ; 1 where a is the angle of the cpiral. 

Et. 10. A series of particles which attract one another with forces varying 
directly se the masses and distance are under the attraction of a fixed centre of 
toice also vaiyiog directly as the distanoe; prove that if they are projected in 
IWKllel directiona Irom points lying on a radius veotor passing tbrongh the oeotre 
ot foioe with velocities inveraely proportional to their distances from the centre of 
fores, the; will at any subsequent time lie on a hyperbola. [Math. Tripos, 1888.] 

Ex. 11. A particle starting from rest at a point A moves under tbe aetion of a 
eentje of fonie sitoated at .V whose magnitude is equal to ^ . (distance from S). It 
■rrire* at A after an interval T and the centre of force is then suddenly transferred 
to aoma other point -S" withont altering its magnitude. If the particle be at a point 
it U tbe lemination of a second interval T equal to the former, prove that the 
atnughl tinee SH' and AB bisect each other. If at this instant the centre of force 
ba anddenly transferred back to itt original position S. prove that at the end of a 
third intcrral T the particle will be at S'. If at that instant the centre ol foroe 
ce««ed to act, the particle will deeoribe a path whioh passes through its original 
poaition A . 

Ki. 13. If tbe oeotrol foroe is attractive and proportional to u'/{cu + aoB0)'. 
prove that the orbit Is one of tbe conies given by the etjoalion 

(cu + oos0)< = <i-t-{'coe2(0 + a). [Coll. Ex. lB9li.] 

Putting m + ooa0=f'. the differential equation of the path becomes the same 
•• that fill' a central force varyioR as tbe distance l/fJ. Tbe solution ia tberefbre 
known lo b« tbe Innn given above. 

£m. 13. Aporticle movesunder aoeniral force f = ^u'(l + l:>Bin'#)''. Find 
Um orbit wid interpret the result tjeo metrically. [Math. Tripos.] 

Kx. 14. A smooth horizontal plane revolves with angular velocity u about a 
Tcrtloal axis to a point of wbiob is attached the end of a weiithtless string, 
MCUnaible ocoording to Hooke's law and of natural length d jast sufficient to reach 
th« plana. The Bbdng is stretched and after passing through a small ring at the 
point where llie axis meets the plane is attached to a particle of ma>s m whioh 
movB* on the plane. Bbovr that, if the mass be initially at rest relative to the 
plaoa, it will dcKrib* on the pUne a hypocyaloid generated by the rolling of a 
otrola of radius | .i j 1 ~ u (nufX-')' 1 on a circle of radius ii. where u is the initial 
\ the ooelBaient of elasticity of the string. 

[Uath. Tripos, 188T.] 
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The aocelerstmg tensioD is \rlmd=ftr (say). The path in eptuoe is therefore 
an ellipee haying a and h=itaal^fi for semi-axes. To find the path relative to the 
rotating plane we apply to the particle a velocity wr transverse to r backwards. If 
p' be the perpendicolar from the centre on the resultant of v and tar^ we have bj 
taking moments about the centre 

Snbstitnting for v* and vp their values in elliptic motion we find 

6»(a«-ra)=jp'«(a«-6»). 

This is a linear relation between r* and jp'' and the curve will be an epieydoid 
if the radii of the corresponding circles are real (Art. 322). To find the radios of 
the fixed circle, we put ^'=0; this gives the radius r=^a. To find the radios 
e of the rolling circle, we put jp'=r, and r=a+2c; this gives the required vsloe 
of e. If c is negative the curve is a hypocydoid. 



Law of the inverse square of the distance. 

332. A particle is acted on by a centre of force situated in the 
origin whose acceleration is F=^fiu^ where u is the reciprocal of the 
radius vector. It is required to find the possible orbits. 

We have the differential equation (Art. 309) 

d*U _ J" _ /Lt 

.-. It = ^ + ^ cos (0 — a), 

where A and a are the constants of integration. Comparing this 
with the equation of a conic 

lu-1 + 6cos(5-a) (2), 

where I is the semi-Iatus rectum, we see that the orbit is a conk 
having (me focus at the centre of force. We also have h^ = fd. 

Conversely t if the orbit is a conic with the centre of force in 
one focus, the law of force must be the inverse square. To prove 
this, we let (2) be the given equation of the orbit; substituting 
in the left-hand side of equation (1) we find F=:fiu\ where /a has 
been written for the constant h^/L 

333. The velocity. The relations between the conic and 
the force are more easily deduced from the equation 



\ 



ART. 333.] 



THE PATH AND MOTION. 



the force being attractive in the standard case, 
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where C is the constant of integration. The p and r equation of 
an ellipse having a focus S at the origin is 

p^ r a' 

where I = b^/a is the semi-latus rectum. Comparing these equations, 
we have the standard formulae 

h* — fil, (7= — -, .'. v^ = fi( ] .(A). 

We change from the ellipse to the hyperbola by making the 
centre C pass through infinity to the other side of the origin S, 
we therefore put — a' for a ; also b* becomes — 6'^ the semi-latus 
rectum remaining positive and equal to V*/a\ We now have 



A» = ^/. 0=^,. ,. t, = ^(?+l) 



(B). 



In passing from that branch of the hyperbola which is concave 
to the centre of force to the convex branch, the radius vector r 
changes sign through infinity from positive to negative. Before 
comparing the equation of the orbit with that of the hyperbola 
we should write — / for r in the latter. Also since this branch 
is convex to the origin the force is repulsive and fi is negative, let 
us put fi^^fi'. Comparing the formulae 



we have 



A«_ V p 1-2 1^ 



a \ r a /' 

In the parabola, a is infinite, and 



.(C). 



T 



(D). 
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All these formulae may be included in the standard form (A) 
of the ellipse if we understand that on the concave branch of the 
hjrperbola the major axis is by interpretation negative; on the 
convex branch, the radius vector being made positive, the major 
axis is positive while the semi-latus rectum I and the strength n 
are negative. 

334. Constructioii of the orbit. When the velocity V 
and the distance R are known at any point P of the orbit (say, 
the initial position), we may determine the curve in the following 
manner. Let the force be attractive. The orbit is now concave 
to the centre of force and /jl is positive. Comparing the formula 
(A), (B) and (D) and remembering that the velocity Fj from 
infinity to the initial position is given by Vi^ = 2fA/Ri (Art. 312), 
we see that the orbit is an ellipse, parabola or the concave branch 
of a hyperbola a^ording as the velocity is less than, equal to, or 
greater than that from infinity. We notice that this criterion is 
independent of the angle of projection at P. Let the force be 
repulsive. Since the path is convex to the centre of force the 
orbit is the convex branch of a hyperbola. 

336. Having ascertained the nature of the orbit we have 

next to determine the lengths of the major axis and latus rectum. 

Supposing the ellipse to be the standard case, we have by (A), 

1 2 F* 

- = P . We notice that the length a is independent of the 

angle of projection. If then particles are projected from the sanie 
point tuith equal velocities the major axes of the orbits described are 
equal. 

If /9 be the angle of projection (Art. 313) we have p = i2sin/3 
and A= Vp, The constant h and the seroi-latus rectum / are 
therefore found from h = VR sin /9, h^ = fd. 

336. The position in space of the major axis may be found in 
various ways. Let S be the focus occupied by the centre of force 
and A the extremity of the major axis nearest to S, 

We may find from the anal}i;ical equation of the curve 

//r = 1 + e cos 0, 
where is the angle the initial radius vector SP makes with SA, 



( 



We may also use a geometrical construction. The focus S 
t the tangeot PT at P being known, we can draw a straight 
ine PS so that 8P. PH make equal angles with PT, the direction 
^f PH depending on whether the curve is an ellipse or hyperbola. 
I If the point H is then determined so that SP + PH = 2a, where 
a has been already found, it is clear that H is the empty focus. 
If the curve is a hyperbola, these lengths (as already explained) 
must have their proper signa The position of the major axis 
is then found by joining 8 and H, and a being known the 
eccentricity e is equal to SHjio. 

S8T. Ex. I. The initiaJ distance of a particle from the centre of force 
being r, and tbe initial radial and tranaverse velooitiea being I', and K,, prove 
that tLe liitas rectum sr und tlie angle d ivhich the radius vectot r makea 
r, \\ 

X. a. Prove that there are two directioos iu whioh a particle oan b« projected 

a given point P with a, given velooity V, bo thnt the line of apseB may have 

'» given direolion Sx in space, and find a geometrical coostmction (or these 

;JBROtioIU. 

V is given, a is known. With centre P and rodias 2a -r describe a 
^role ODtting Sf in H, W. 7be required direotiona bisect extemall.v the angles 

SPH, spir. 

Iiel ff be either of the angles the direction ol projection at P makes vrith SP, 
I Art. 313. The quadratic giving the two values of tan ff is 



■with the major ania are given by -^= '' , taofl: 



; e is the angle PS.t. This follows from 
Vf= F «in p. The qaodratic may also be written ii 




<'--:) 



colScot3+--l = 0. 






(»+«=0-l)u 



L. 



Three focal radii SP, S<^, SR of an elliptic orbit and the angles 
I between them are given. Show that the ellipticity may be found from the equation 
= a&'. where .1 is the area Pt^B, if the area of a triangle whose sides are 
|SQ* . SR^ sin \ QSK and two eimilar eipreesions. [Uath. Tripos. 1893.) 

Let P", V, R' be the points on the auxiliary circle which correspond to P, Q, R. 
• first find by elementary oonics the length of the side Q-R' in terms of SQ. SB 
and the contained angle. The result shows that the aide Q'R' is equal to the 
conespondiug side of the triangle A' after multiplication by a/fi. Since the areas 
at the triangles PQR. P'Q'IV are known to be in the ratio bin, the result follows 

£.r. 1. Two particles P, Q describe the same orbit about a oentre ot force O. 
Prove that throughont the motion the area contained by the radii vectores OP, OQ 
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Thence deduce that if a ring of meteors (not attracting each other) deeezibe k 
closed orbit, the angular distance between consecutive meteors varies inverselj as 
the square of their distance from 0. 

Ex, 5. Two particles P, Q describe adjacent elliptic orbits of small eoeentiidty 
in equal times, the centre of force being in the focus and the major axes coinddeat 
in direction. Supposing the particles to be simultaneously at oorresponding 
apses, prove that the angle ^ which PQ makes with the line of apses is given by 
cot ^= - 3 cosec 2nt + cot 2n^ and find when ^ is a maximum. 

338. Elements of an orbit. To fix the position in space 
of an elliptic orbit described about a focus we must know the 
values of six constants, called the elements of the orbit. 

These are (1) the angle which the radius vector fix)m the 
giveii^focus to the nearer extremity of the major axis makes with 
some determinate line in the plane of the orbit, the angle being 
measured in the positive direction; (2) the length of the major 
axis ; (3) the eccentricity ; (4) a constant usually called the epoch 
to fix the longitude of the particle at the time ^ = 0. This con- 
stant will be considered later on. 

To determine the plane of the orbit we require two more 
constants. Taking the focus as origin, let some rectangular axes 
be given in position Let the plane of the orbit intersect the 
plane of a?y in the straight line N'SN. This line is called the 
line of nodes, and that node at which the particle passes to the 
positive side of the plane of xy is called the ascending node. We 
require (5) the angle the radius vector to the ascending node 
makes with the axis of x, and (6) the inclination of the plane of 
the orbit to the plane of xy, 

339. Point to Point. To project a paHicle with a given 
velocity V from a given point P so that it shall pa^s through 
another given point Q. 





Let r„ ra be the distances SP, SQ. The velocity at P being given, 
the major axis 2a is also known from the formula F- = /Lt f J . 



ABT. ^i'H.j F'niN'T TO POINT. 

With centres/' and Q. describe two circles of radii 2o — r,, 2a — 
these intersect iu two points H, H'. Either of these may be the 
empty focus. The three mdea of the equal triangles PQH. PQH' 
are therefore Imovni. 

There are two directions of projection which satisfy the given 
conditions. These directions are the bisectors of the supplements 
of the angles SPH. SPH'. Let 0, 0' be the angles of projection 
at P (measured behind the radius vector SP, see Art. 313), then 
+ 8" is equal to the supplement of SPQ, and — 0' is equal to 
the known angle HPQ. 

The range PQ un a given straight line is the greatest possible 
when H, H' coincide and lie on the straight line PQ. We then 
have 

PQ = PH+QH='ia~ i\ - r,. 
This equation requires that the semi-major axis should be one- 
qunrter of the perimeter of the triangle SPQ. 

Since two consecutive trajectories whose foci are in the neigh- 
bourhood of PQ intersect in Q. the locus of Q as the range PQ 
turns round P is the envelope of all trajectories fi-om a given point 
P with a given velocity. Since PQ + QS = ia-ri tliis locus is 
another ellipse hamitg its foci at P and .S'. Each trajectory touches 
the enveloping ellipse in the point where the straight line joining 
P to the empty focus of the trajectory cuts either curve. 

•40. £i. 1. Prove that the Bemi-maijot axis a', llie evceulricitj e' and tbt^ 
Mmi'Utna i«otuin I' of the envelopLDg ellipse are given bj 

2a' = 4a-r|, /= *"' , ('' = 30 (2n - rj). 



Et. 9. I( tha variation of grarit; ia CakeD acoounC nt and the resiatanoe of 
lh« sir neglected, prove that the leaat veloci^ with tvhicb a ahot could be projected 
from the pule ao aa to meet the earth's surface at the equator is about IJ miles per 
•Mood. aud thsC the Aa%U of elevation ia 2i^\ [Catl. Ei. 1893.] 

Ex. B. If a particle whau projected froro P^ passea throii((h two other points 
Ff Pm prove that the aemi-Uiui' rectum I in given b; either of the eijualitias 

IS = r,Ai* TjAj + r,^, = 2r,rjr, ain a, ein ii,flin a,, 

wW* r,,r„ f„ ore the diiUnoca :S'P,, .•}?,. S/>,; J,. .'I,, A, are the arena of the 

trlanitlM P^l",. P,SP,. Pi^F,; a,, a,, a, ^lo aoglea at the foeua .V and i ia the 

•na of th« triangle i',P,f]. Prove also th»t the ecoeatrioily ia given hy 

i!MS.l)'=X(J-aeoB)'-a2l.<,.4.seoo,aeca,ooao,). 

b Ml. Time of dcRCilbiog any ore. The time of describing 
Kwbole ellipse, usually citllod the periodic time, can be deduced 
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at once from the formula A ^i^ht, (Art. 306). Putting A=iwab 
and h^ = fJj^/a, (Art. 332), we find that the periodic time = y- a'. 

It appears fix)m this that the period is independent of the 
minor axis and depends only on the strength ft of the centre of 
force and on the length of the major axis. 

If n be the mean angular velocity in the orbit, the mean being 
taken with regard to time, the period is 27r/n. It follows that 

a' 

312. To find the time of describing any arc AP of an elliptic 
orbit. 

Let S be the focus occupied by the centre of force, AQA' the 
auxiliary circle and QPN an ordinate. If il is the extremity of 
the major axis nearest to 8, the angle ASP is called liie true 
anomaly and is sometimes represented by the letter v, Le. the 
angle ASP=^v. The angle ACQ ia the eccentric angle of P and 
in astronomy is called the eccentric anomaly ; it is usually repre- 
sented by u, i.e. the angle ACQ = u. Thus the true anomaly v is 
measured at the centre of force, the eccentric anomaly u at the 
centre of the orbit. 

When the particle is a planet the extremities A, A' of the 
major axis are called the perihelion and aphelion ; when the particle 
is the moon the same points are called perigee and apogee. They 
are also called the apses, Art. 314. 

Representing the time of describing the arc AP by t, and the 
mean angular velocity of the particle by n, the product nt Is 
called the mean anomaly, and is generally represented by m, i.e. 
m = 7it. To represent this angle geometrically we let a second 
particle describe a circle, having its centre at S, with a uniform 
motion in the same period as the given particle describes the 
ellipse. The actual angular velocity of this pai'ticle is therefore 
n. If A and Q' are its positions at the times ^ = and t= t, the 
angle ASQ^ = nt 

The true and mean anomalies are the important angles in the 
theory of elliptic motion. The eccentric anomaly is introduced 
as an auxiliary angle because, by its help, very simple expressions 
can be found for the other two anomalies and for the radius vector. 
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The difference between the true and the mean anomaly, or 
V — m, is called ike equation of the certtre, and is positive from the 
nearer apse to the farther, and negative from the farther to the 
nearer. 

Using the geometrical theorem that the ratio of the area ASP 
of the ellipse to the corresponding area ASQ of the circle is 
[constant for all positions of P and equal to b/a, we have, if 
A = area ASP, 

A = - (area ACQ - area SCQ) 

= s - (a'a — aV sin u\ 
2 a JT c sy 

Since A = i^ht, h? = fid^/a, n' = /x/a', this gives 

nt^u — e^iuu (A). 

We may obtain this relation between u and t witbont using any figure. Taking 
:he focos S for origin, we have 

x'= -ae + aco8tt, ^'=&8inu, 

hdt=^%dA =x'dy' - y'dx'. 

Sobstitnting for d/ and y' we obtain t in terms of u by an easy integration. 

343. To find the relation between the true and eccentric 
momalies we notice that CS = ae, CN = x, SP =^r= a — ex, 

.-. 1 — cos w = 1 + = ^ — ' , 

a — ex 7* 

- ae — x (1 — «) (a + a;) 
a — ex r 

Elemembering that x^a cos u, these give at once 

V a sin I = V( 1 + «) sin I , ^^ cos | = V(l - «) cos | ; 

- ^*^2=vr^6^°2 ^^)- 

Eliminating u between (A) and (B) we have 

nt = 2 tan-' I /J^tan |l - eVd - «») r^^- 

The expression for the time in terms of the longitude $ may also be found by 
ntegration. Since fW/d(s^ we have (=^ /.y^ -^,, where /=!/«. But it 
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U kBown tfast |^_^^ = ^^^jUB-.(^-^tan|). By difi««.ti.tmg 
this with regard to /, the rtdne of t follows at onoe. 

Ex. PrOTe that r t-=^(«0> ^uid r ^=an, 

du ^^ ' dt 

844. Ex. 1. Prove that the mean distance of a planet firom the son is a or 
a(l + j^«') aeeording as the mean is taken with reference to the longitude cx^ 
time. [These means are respeetiTelj frd$l2w and jrdtjT, where T is the periodic 
time.] 

Ex. 2. Prove that the mean valae of r" with regard to time for a planet is 
a* (/»-!)■+»'• d»+* 
rji^^) -{Tf)f^f- df^l(^ 

Ex. 3. The earth's orhit being regarded as a oirde, prove that a com^ 
describing a parabolic orbit in the same plane, cannot remain within the dronm- 
ference of the earth's orbit longer than the (2/3ir)th part of a jear. [GolL Ex.] 

Ex. 4. A particle is projected from the earth's sorface so as to deeexfte a 
portion of an ellipse whose major axis is H times the earth's radins. If Uie 
direction of projection make an angle of 30° with the vertical, prove that the time 

of flight is I (Salg)^ {tan-i ^6 + ^1} where a is the earth's radius. 

[CoU. Ex. 1895.] 



845. OvWta of amaU eeooitxleltjr. The equations (A) and (B) of Arts. 342. 
343 determine the time of describing any given angle v in an elliptic orbit of say 
eccentricity, the equation (B) giving ii when v is known while the equation (A) thai 
determines t. The converse problem of finding the polar coordinates r and v 
when t is given is usually called Kepler*i problem. One solution by which « and v 
are expressed in terms of t by series arranged in ascending powers of e will be 
presently considered. It is enough here to notice that in a planetary orbit, where 
e is small, the value of u when t is given can be found by successive approxima- 
tion. The value of v then follows from (B) by using the trigonometrical tables. 

840. To solve (u)=u-« sin u-m=0 by Newton's rule, when m, i.e. nt, is 
given. 

Supposing Ui , t<2 to be two successive approximations to the value of u, that 
rule gives 

^ * 0'(Wl) l-«C08Ui 

where mi=Ui -e sin u^. To find a first approximation we notice that ti lies 
between m and m^e, the upper or lower sign being taken according as m is 
<ir or >. We choose some value of k, lying between these limits, which is an 
integer number of minutes so that its trigonometrical functions can be found from 
the tables without interpolation. By Fourier's addition to Newton's rule this first 
approximation should be such that (u) and 0'' (k) have the same sign. 

Substituting this first approximation for u^ , the formula gives a second approxi- 
mation. Substituting again this second approximation for u^ , we obtain a third, 
and so on. When e is very small the first computed value of the denominator is 
sometimes sufficiently accurate for all the approximations required. See Encke, 
Berliner Aitronomitchet Jahrbuch, 1838. Gauss, Theoria Motui &c., translated by 
C. H. Davis. Adams's Collected Workt, vol. i. p. 289. 



Bx, Pron thkt if we choose 
Ibe nhte of u, is of tbe order e'. 

•47. Ex. 1. Leverricr'i nilr. If WrmB of Ihe order t* 



l-CCOBDI 2\iT7oOS»l/ ' 



01»Uherr«m«Tlu thai ir we replace the third tennbjr - J(«iinm)'(I-e(»inir » 
tfaa fonnula is oorrecl when terms of the order t' are neglected. He also giveti a 
teriei Gm b oorroct ap to r". Mnnthly Noticet of the Ailronomieal Society, 1B7T. 

Ei. 2. Prove that ootu=ootin- =, r where 

Puttiog u = ni4-e oa the ligbt-hand side of the firat equation we obtain an 
■ppnntimatioa tor cotu whose error is of the order e'. This is Zenger's solution 
of Kepler's problem. He has tabulated tbe values of /(r) for Ihe eight prinoipal 
plknsta. Some improTemeDta of the method have been saxgested by J. C. Adaum. 
Both papers are to be found in the Manthlij Notic/n o/ Iht AitriniomKtil Saciely, 
1B63, n>L ii.n. p. 146, Toi. iLin. p. 47. 

Ex. 8, Prore (be following graphical solution of Kepler's problem. Consttuot 
Ihe mrre of sinea ^ = Binz. measure a distance Oit=m along the aiia of x and 
draw UP making the angle PSIx equal to cot-'f. If MP cut Ihe cnrve in P, the 
abiictjaB of F is the Talue of u. 

This method vaa deaoribed by J. C. Adams at the meeting of the B. Association 
in 1849. It is also given by See in the Aiiroaomical Soticci, 1895, who aUo refere 
to Klinkerfues and Dubois. Another graphical solution, using a trochoid, is giten 
by Plnmmer. Jitrimomical Xatifa, 1895. 1B96. 

Si. 4. The equation u-fBiQu = ni has only one real value of u when tn 
Ugimn. 

This follows from the graphical construclioo. If the ordinate Jlfi* could cut 
the onrvM In a second point (J, move tbe straiKht line PQ parallel to itself until P 
and Q coincide. We shonld then have a tangent to the curve making an angle 
Uti~' I/r with tbe axis of z. But if «f 1 this ia impossible, for in the curve of 
ainea the grealciit valoe of the aogle is 46°. 

Kx. S. By using Lagrange's theorem we may expand /(u) 'in a series of 
amending power* of the eccentricity, the aoefficients being fonotions of m. Prove 
ibal It the tonn of Ihe funolion /(u) be so chosen that the coeCBoient of e' is sero, 
w« obtain the series 

whiob takea a very simple form, when the oubes of e can be neglected. This 
•qoatJoB la duB to Bob. Bryant, Ailronoraieal Natieti, 1886. 
K». C. Prove that when t' can be neglected 

stn 1 (•• ~ in)= I < sin m-t-l r' sin am + A e* sin 9m .^r£c. [B. Bryanl.J 
£«. 7. If 0* be the longitude of a planet seen from the empty focos and 
inasaiuad tna an apse, prove that 

d'^nt + ir'uia 3ni + £c. , 
tb* anar bdng ot tbe order t*. It follows that lht> angular velocity round Ihe 
la ia my noaily constant. 

15 
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848. We may applj the method of Art. 842 to find the time of deMribing 
an are of the conGave branch of the hyperbola. Taking the fooas as origin the 
equation of a hyperbola may be written 

where u is an auxiliary quantity and / a constant which will be immediatelj 
chosen to be the base of the Napierian logarithms; 

.-. hdt=2dA=x'dy'-y*dx'=ab il (/•+/-«)- ll du. 

Since h^ssfdl^la we have, putting At/a'=rn^ 

nt= -tt + esinhtt (A). 

Again, as in Art. 848, we have «=C2<^=| (/•+/-"); 



cosv= 



■•■ *^l= ^/~X*^^l (B). 



^,^(« + l) + ^(«-l)tan Jr ^^ '1 + e 



ex -a 
where v = z ASP. If we eliminate u, we have 

sino 

C0817 

To find a geometrical interpretation for the auxiliary quantity u, let ns 
describe a rectangular hyperbola haying the same major axis and produce the 
ordinate NP to cut the rectangular hyperbola in Q, Then tan QCN= tanh «. 

Ex. A particle describes the convex branch of the hyperbola, and /i= - / is 
negative. Prove 

nt=u + «sinhti, tans = A /— T*anlis» 
where v^ASP^ ii*la^=nK 

349. The time in a parabolic orbit may be more easily found 
by using the equation r^dO = hdt 

Putting l/r^l-k- cos v where I is the semi-latus rectum, and 
A* = fil, we have 

v/?'-/(rfwrr5/('*'"1)^'-i 






This formula gives the time t of describing the true anomalv 
v = ASP. 

If c be the radius of the earth's orbit, and p the perihelion 
distance of the particle expressed as a fraction of c, we have 
I s 2pc, To eliminate fi, let T = 27r^(^lfi be the length of a year. 
Then 

-y-.< = p'|tan|+gtan'2.. 
If we write T^ 365*256 this gives t in days. 



ART. 350.] euler's theorem. 227 

When a formula like this has to be frequently used we 
construct a table to save the continual repetition of the same 
arithmetical work. Let the values of {tan ^v + ^ tan'^v} be 
calculated for values of v from to 180"*, with differences for 
interpolation. When p is known for any comet moving in a 
parabolic orbit, the table can be used with equal ease to find the 
time when the true anomaly is given or the true anomaly when 
the time is known. 

360. Bnler'i theorem. A particle describes a parabola 
under the action of a centre of force in the focus S. It is required 
to prove that the time of describing an arc PF is given by 

6 ^Jiit = (r + / + kf ^{r^-r'" kf, 

where r, r' are the focal distances of P.F' and k is the chord joining 
P,F. 

Let X, y\ x\ y be the coordinates of P, P', then since y' = 4flw?, 

As we wish to make the right-hand side a perfect square, we put 

y + y's=4atan^, y — y' = 4a tan ^ (1). 

We shall suppose that in the standard case y is positive and y' 
numerically less than y\ then and <^ are positive, 

.'. k = 4atan^sec^ (2). 

Also r + r' = 2a + a? + a?' = 2a {%e&6 + tan*^) ; 

.-. r + r' + A; = 2a (sec •{•texafif] 
r + r - A: = 2a (sec ^ - tan ^y\ 

... (r + r' + A;)*-(r + r'-A;)* 

= (2a)* {(sec ^ + tan <^)* - (sec ^ - tan <^)»} 
= 2 (2a)* {3 + 3 tan*^ + tan««^} tan 4>. 
Drawing the ordinates PNy P'N\ we see that 
2iX^PSF^APN-AFN'-\-SFN'^SPN 

«|(^-«y) + i(^'-a)y'-i(a?-a)y 

a }a* tan <^ {3 tan*^ + tan'<^ + 3). 

Since the area PSP'^\ht^\iiJ{2aiL)t the result to be proved 
follows at once. 

15 --a 
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The arc PP* gradually increases as P' moves towards and past 
the apse. The quantity r + / — A: decreases and vanishes when 
the chord passes through the focus. To determine whether the 
radical changes sign we notice that this can happen only when it 
vanishes. We can therefore without loss of generality so move 
the points P, P', that, when the chord crosses the focus, PP' is a 
double ordinate. We then have 

6 Vm< = (2r + 2y)* - (2r - 2y)« = {(2a + y)« ± (2a - yy]K2a)\ 

Comparing this with the ordinary parabolic expression for twice 
the area ASP it is evident that the last term should change sign 
where y increases past 2a and that the double sign should be a 
minus. The second radical in Euler's equation must he taken 
positively when the angle PSP' is greater than 180"*. 

861. Ex, 1. If the ordinate P'N' cat the parabola again in ^; prove thit 
0, are the acnte angles made by the chords PP'^ PQ' with the axis of y. 

Ex, 2. Show that there are two parabolas which can pass throngh the given 
points P, P', and have the same focas. Show also that in using Eoler's theorem 
to find the time P to P', the second radical has opposite signs in the two paths. 

To find the parabolas we describe two circles, centres P, P' and radii SP, SP. 
These circles intersect in S and the two real common tangents are the direotrieee. 
These tangents intersect on PP* and make eqoal angles with it on opposite sides. 
The concavities of the parabolas are in opposite directions, and the angles 
described are PSP and 360"" - P;S'P'. If then one angle is greater than 180^, the 
other must be less. 

Ex, 8. A parabolic path is described about the focus. Show that the squares 
of the times of describing arcs cut off by focal chords are proportional to the 
cubes of the chords. 

862. I>ainb«rt'a Tbeor«m*. If t is the time of describing any arc P'P of an 

ellipse f and k is the chord of the arc, then 

nt = (0 - sin 0) - (0' - sin 0'), 
where 8ini0=J y/'^^t_±_\ 8ini0'=J ^''"^^ , (A). 

Let u, u' be the eccentric anomalies of P, P', 

.-. fc«=a'(oostt-co8tt')2+a*(l-e2j(8iii^_ gin,4')2 

=4aa8in4(u-t*'){l-e»oos«i(u+tt')} (1). 



* This proof of Lambert's theorem is due to J. C. Adams, British Association 
Reportf 1877, or Collected Works, p. 410. He also gives the corresponding theoiem 
for the hyperbola, using hyperbolic sines. In the Astronomical Notices, vol. zux., 
1869, Cayley gives a discussion of the signs of the angles <p, 4>'. The theorem for 
the parabola was discovered by Euler {MisceU, Berolin, t. vu.), but the extension 
to the other conic sections is due to Lambert. 



= !«|l-,M.i(" + «')-o.i(— «■)} (». 

«.-«'-!,«o.t(» + "')o«)|r.-.l (»1. 

Hence we see that if a, and tbetefore also 'i. are given, then r+ r', k, and t ore 
fonctiooB of the two qaanlitieB u-u', and eooil{u + u'). Let 

,.-u'=3a. .«.Bi(u + u') = <»BjS (*). 

.-. l: = aaBiiloainfl (6). 

r + r' + i = 8u{l-00B(^ + a)} (6). 

r-t-r'-* = 3a{l-«>.(^-a); (7). 

Br = 2n-aBillo009j9.... ,..,, {8}. 

I( we put ^4-<i = «, ^-a-tfi'. til e equations (6) and (T) lead to tbe eipreaBioas 
lor sin )#, «iii if' uivea above, nhile (B) nhec put into the form 

gives bl once the required value of nt. 

a»S. L«( ns trace the valoea of f , 0' aa the point P travels round the ellipse 
in the pontive direction beginQJug at a fixed point P. We aappoee that ii increaeeg 

The positive ei^ has been given to the square root A-. Sinoe k can vanish 
only when P ooineides with F", and n begins positively, we eee that both a and fi 
lie between and ir for all poaitions of P. Tbe latter is also restricted to lie 
between cos~'e and T-coa~'<. 

We have by differentia tiog (4) 

di>=dtl + da= J<JuJl + "loBeo/»"ni (" + "')!. 
,j*- = rf^-tfa^-irf„il-«oose«^siiii(« + "')l- 

Since Ein^/9=r'siii'i(u-t-u') + l-e', and e'-^l, it foUowa that dip is always 
positive and <V always negative. If p^ be the least value of fi which satisfies 
cos ^ = f Doi It', f contintully increases ttoxa p^ to 2w-fia and 0' decreases from 
A to -A. 

When # = r, r+r' + k = 4a, and the chord P'P passes throQgh tbe empty 
<D«ta H. Let it eat tbe ellipse in <j. Ic follows that f is lees or greater than r 
keeording as P lies in the ore P'Q or QP". 

When f'=0, r-rT'-k = 0, and the chord FP passes through the centre of 
foree S. Let il cut the ellipse in It. Then #' is positive or negstive according as 
P lie* in the arc rj? ur RP". 

The valnas at ^ f ' are determined by the radicals (A). Each of these gives more 
than one value of the angle, thus # may be greater or less than * and «' may be 
positive or negative. This ambigoity disappears {as explained above) when tbe 
poaltlon of P on tbe ellipse is known. Thus sin f and sin #' have the same sign 
when tlia two fool are on Uie same side of the chord PP" and opposite signs when 
tbe chord pauee belveen the foci. 

99*. Ki. 1. Hriiva that the time t of describing on are P'P of a hyperbola is 



( ^/"j= -0 + ^' + Binhf -sinhf', 
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and k is the chord of the arc. [Adams.] 

Ex, 2. The length of the major axis being given, two ellipses can be diavn 
through the given points P, P* and having one focos at the centre of force. 
Prove that the times of describing these aitss, as given by Lambert's theorem, are 
in general nneqaal. 

To find the ellipses we describe two circles with the centres at P, P' and the 
radii eqnal to 2a - SP, and 2a - SF, These intersect in two points H, H\ either 
of which may be the empty focus, and these lie on opposite sides of the chord PF. 

8 A A. Two centres of fbroe. Ex. 1. An ellipse is described onder the 
action of two centres of force, one in each focus. If these forces are F| (r^) and 

t\ (fj), prove that -= j- (ri*Fi)=— ^ ;t— (rj^Pj). If one force follow the Newtonian 

1*1 at*i Ta ttl^* 

law, prove that the other must do so also. 

These results follow from the normal and -tangential resolutions. 

Ex, 2. A particle describes an elliptic orbit under the influence of two equal 
forces, one directed to each focus. Show that the force varies inversely as the 
product of the distances of the particle from the foci. [Coll. Ex.] 

Ex, 8. A particle describes an ellipse under two forces tending to the fod, 
which are one to another at any point inversely as the focal distances ; prove that 
the velocity varies as the perpendicular from the centre on the tangent, and that 
the periodic time is w (a^+5')//Ea&, Aa, kb being the velocities at the extremities of 
the axes. [Coll. Ex.] 

Ex. 4. A particle describes an ellipse under the simultaneous action of two 
centres of force situated in the two foci and each varying as (distance)^^ Prove 
that the relation between the time and the eccentric anomaly is 



( 






(it J a^ (I -e COS ii)^ a^ (1 + e cos u)' ' 

[Cayley, Math. Messenger, 1871.1 



The inverse cube and the inverse n^^ powers of the distance. 

366. The law of the inverie cube. A particle projected 
in any given manner describes an orbit about a centre of force whose 
attraction varies as the inverse cube of the distance. It is required 
to find the motion*. 

* The orbits when the force F=fxu^ were first completely discussed by Cotes in 
the Harmonia Mensurarum (1722) and the curves have consequently been called 
Cotes' spirals. The motion for F=ftM^ when the velocity is equal to that from 
infinity is generally given in treatises on this subject. The paths for several other 
laws of force are considered by Legendre (Th^orie des Fonctions Elliptiques, 1825), 
and by Stader (Crelle, 1852) ; see also Cayley's Report to the British Association, 
1863. Some special paths when P=^it<", for integer values of n from n = 4 to 
91=9, are discussed by Greenhill {Proceedings of the Mathematical Society, 1888), 
one case when ii=5, being given in Tait and Steele's Dynamics. 



Let attraction be taken as the standard case i 
accelerating force be ^"=^11'. We have 



K'-0«=»- 



The solution depends on the sign of the coefficient of m. Let V 
be the velocity of the particle at any point of its path (say the 
point of projection), (9 the angle and R the distance of projection. 
then h = VRsia0; (Aj-t. 313). Let V, be the velocity from in- 
fioity. then V^ = fijB?. It follows that /t* is > or <^ according 
»s Fsin^ is > or < F,; i.e. the coefficient of u is positive or 
negative according as the transverse velocity at any point 19 
greater or leas than the velocity from infinity. If the force is 
repulsive the coefficient is always positive. 

Case 1. Let /i' > /i, we put I— /t/A' = jt', then n<l or >1 
aecording as the force is attractive or repulEiive. The equation of 
the path is (Art. 110) 

u = a cos n(B — o). 
The curve consists of a series of branches tending to asymptotes, 
each of which makes an angle 7r/ti with the next. 

When the curve is given the motion may be deduced from the 
following relations (Art. 306), 

AIko by integrating d0/dt = ku*,aad putting o=I/fc,we find that 
the time of describing the angle = ato6, i.e. r = 6 to r, is given by 

387. Case 2. Let /* be positive and > A', we put l—/i/A' = — n'. 
The equation of the path is then u = A(^ + Be-^. The values 
of the constants A, li are to be deduced from the initial values of 
u and dujdB. Two cases therefore arise, according as A and B 
have the same or opposite signs. In the former cane, w cannot 
vanish and therefore the orbit has no branches which go to in- 
fiaity: in the lattt-r case there is an asymptote. If we write 
tf = fl, + a and choose a so that Ae'" = T Be~^, we may reduce 
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the equation to one of the three standard forms 



a 



where 2iia=: log(± B/A), a = 2 V(± AB), the upper or lower signs 
being taken according bs A, B have the same or opposite sigiLS. 





The third case occurs when 5 = 0; the orbit is then the equi- 
angular spiral already considered in Art. 319. 

When the curve is given the motion may be deduced £rom the 
following relations 



A« = 



•""(^i'^^"')' '•»''-(x-«)'. 



l+n>' 

where C is determined by making t vanish when r has its initial 
value and b = l/o. 

When A and B have the same sign the two branches beginning 
at the point di = 0, i.e. 5 = a, wind symmetrically round the origin 
in opposite directions. When A and B have opposite signs the 
two branches begin at opposite ends of an asymptote, whose 
distance from the origin is y = 1/an, and then wind round the 
origin. As the particle approaches the centre of force, the convo- 
lutions of either branch become more and more nearly those of 
an equiangular spiral whose angle is given by cot ^ = ± n, the 
upper or lower sign being taken according as 5 = + oo . The 
particle arrives at the pole with an infinite velocity at the end 
of a finite time. 

358. Case 3. Let fi be positive and = h^. The orbit is 

^ = a (5 — a). 
When the path is known the motion is given by 

As=:^, t^ = ;a (t^» + a*), «Vm = ^> 
where t is the time from a distance r to the centre of force and 
b = l/o. We notice that the radial velocity is constant. 
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Beginning at the opposite extremities of an asymptote the 
two branches wind round the origin and ultimately when d = + oo 
cut the radius vector at right angles. If OZ is drawn perpen- 
dicular to the radius vector OP to meet the tangent at P in Z, 
we may show that OZ is constant and equal to l/o. 

859. Ex, The moUon for a force F=/(ti) being known, show how to deduce 
that for a force F=f («) -^fofl and give a geometrical interpretation. [Newton.] 

The differential equations are 






These may be redaced to the forms used when F^f{u) by writing ce=e\ 
eh = h\ where c'= 1 - /n/^. 

To constmct the path ti=0 (eB), when u=^(e) is known, we make the axis of x 
together with the latter carve revolve round the centre of force with an angnlar 
velocity dajdi, where e$=$-u. The axis of x therefore advances or regredes 
according as c is less or greater than unity. 



860. Law of tlie iBTwrse nth power. It U required to find the path of a 
particle when the central force F=fiu\ See Art. 820. We have 



••• ''-^'{{^y-'^j =,^-i--"^^ <^)' 



except when n= 1, for then the right-hand side takes a logarithmic form. 

The integration of this equation can be reduced to elementaiy forms when 
C=0; this requires that n>l for otherwise v* would be negative. The equation 
then shows that at every point of the orbit the velocity is equal to that from ir^nity. 
Art. 812. 

If K be the velocity, JR and p the distance and angle of projection, we have 

^=1^ G)*"'' fc=:rasin/5 (2). 

2tt R"^-* 

^^^P*^*^^ A«{ir- 1) ^ mn«^ ^^ *^'' ^® ^^® 

du 

STu^sip^^"^'^^ ^^^' 

where the upper or lower sign is to be taken according as dujdS is initially negative 
or positive, i.e. according as the angle p is acute or obtuse. 

To integrate this put eussxf^ where ir is to be chosen to suit our convenience. 
Taking the logarithmic differential we find dulusBKdxjx, and the integral equation 
(8) beemnes 

"^ ^^de. 



x^{*« (»-»)-!) 
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We now flee that if we pat ir (n- 3) = - 2 the integration can be effected at onee. 
bat this sappoflition is impossible if n=3. We find 

If cos-i ar= db (^ - o), /. (- j =008— ^ ($ - a). 
Conversely, when the path is given, we have 

n-1 (;»-»' "ii-lf*-!* 

It appears that the orbit takes different forms according as ii> or <8. In the 
former case the carve has a series of loops with the origin for the common node 
and r=e for the maximum radins vector. In the latter case the oorve has infinite 
branches, and r=c for the minimum radius vector. 

861. If the force is repulsive, we write F= - fifu\ We then have 

If C=0, we must have n<l. The velocity at ev^ point is equal to that from 
rest at the centre of force. Proceeding as before, we have 



J-ri 

;) =oo8-g-(^-o). 



(0 



sea. Ex, The law of attraction being F=ixu\ show that the time t of 
describing a loop is 

where the limits are ^=0 to T/(n-3) and 2(n-3)2)=n + l, (ii-8)g = (n-l). The 
integrations can be effected when n - 3= db4/t and q~p:s±i where t is any integer. 

868. ■samples. Ex, 1. Prove the following geometrical properties of the 
curve {rle)^=oosm$ (Art. 320), 

m 

0=- + m#. p = -^. (^-j =00B-— . 

where <f> is the angle the radius vector makes with the tangent, and r', $' are the 
coordinates of a point on the pedal curve. 

Since equation (1) of Art. 360 becomes j?*=: ^ ~ ' — r*-^ when C=0, the 

second of these geometrical results enables us to write down the equation of the 
required path and thus to avoid the integration of (3). 

Ex, 2, A perpendicular OF is drawn from the origin on the tangent at P 
to the lemnisoate r^=a^ cob 26, If the locus of Y be described by a partide under 
the action of a central force tending to 0, prove that this force varies inversely as 
OyJ»/». [OoU. Ex.] 

Ex, 8. A particle is describing the curve (r/c)*^ = cos tntf under the action of 
the central force Fs^fiu^^ where m=i(n-8). Prove that, if the velocity at the 




SnbBlituter/rslooBmJjw + f, in the diBerentml equftlion of the path, Art. 300. 
uid neglect the aqaares ot ^. 



b p«wBr. The equatioo 

\da) ^aA'"'^"'"^;";^ 



t. 3(iO, ha^ the foim 

(11- 



This can be reduced to elliptic inteiiralf Ba explained in Ca^Uj'b Elliptic 
Fmirtio'u, Art, 400, or Qraenhill, Tlie Elliptic Funcliom, Art. 70. 

The integntioD can bo eSeoled in two cases : (1) when relooitj of projection ii 
a^Bftl lo thftt from infinity, and (2) nheii the initial conditions are Buoh that 
V^SitC, In the latter case the rii;ht-hand aide ot (1) ia a perfect aqnaie. 

Et. 1, Prove that the inteewtion "-hen }i* = 2^C leada to the curves 
twih(*f^'3) = r/e or e/r, which hnve n eommon iaymptotic circle r = c where 
e=^ii)^. ftove alH that the velocitj V of projection is given (Ait. 313) by 

r«ain<fl = 3r"!l*s'(l-3'n'P)}. 
wba« I" ia the velocity from reet al infinity, and the upper ot lower tign U to ba 
taken acoortUng as the path ■■ onteide or inside the asyinptotia circle. 

Es. 2. Prove that, if the central force F = ^u>. the inverae ot any path witb 
nnaid to the origin is another possible path provided the total energy of the 
molwn exceed the potential energy at infinity by a positive constant E reckoned 
P«t Diiil maaa and also that for the two paths Ek'* - E'h'. 

PtDve that when ft'^4»/';=-0 the path is of the form r = a sn f A'- -j-^ — ^ J 

taodnlii* A ot the inverse fomi. [Math. Tripos, 1S94.] 

g to the notation of An. 313, 3£ = C. 

r. The equation (1) of Art. 360 is 

{•''fX) i-'^ 

n always be written in the tonn 

ftn4 Uie integration can be rcdnocd to lonnx aimjliu I 
»*- = C. 

Hio integration can be effected when the Initial condition* 
tfi = 8^l^C^ In this case the Hglit-hand aide bas the factor |u- h'/cl'- 

Kt. Show that the inl«gmtion leads to the oun-aa u = - , - . , the uppei 

Eig takan together and the lower together. These curves have 
vv!rn|» r=u)fc', (inn curve being within and the other on Isiile. 



(:»'= 



TTiia oabio a 



Art. atH by writing 
snob that 
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886. Oth«r pow w . Ex. If the force F=/iu^t and the initial eonditicmi 
are such that 2A'=8CVm> prove that the equation (1) of Art. 860 takes the form 

where b^^hl^fi. Thenoe dedace the integrals ,^=: — . "^ , having a commoo 

asymptotic circle. The Lemniscate can also be described under this law of force, if 
the velocity is equal to that from infinity; Arts. 820, 860. 



367. Nearly circular orbits. To find the motion approd- 
mately, when the centred force F=fiu^ and the orbit is nearly 
circular. 

Beginning as in Art. 360 with the equation 

we put u = c{l+x) where c is some constant to be presently 
chosen but subject to the condition that ^ is to be a small 
fraction. We thus find 

We see now that the right-hand side of the equation will be 
simplified if we choose c so that the constant term i^ zero, Le. we 
put A* = /ic"~'. The equation then becomes 

^+a? = (/i-2)a;+J(^-2)(n-3)a^+&c (3). 

As a first approximation, we assume 

x = M cos (p0 + a) (4), 

where if is a small quantity. Substituting and rejecting the 
squares of M we find 

(1 -p^) Mcos(p0 -h cL) = (n'-2) M cos(p0 + a) (5). 

The difierential equation is therefore satisfied to the first order, 

if we put jo^ = 3 — n. In this case we have as the equation of the 

path 

u = c {I + M co8(p0 + a)} (6). 

If n< 3, the equation (6) represents a real first approximate 
solution of the difierential equation (1). We notice that the 
particle oscillates between the two circles tt = c(l+Jlf) and 
14 = c (1 — M). The meaning of the constant c is now apparent; 
geometrically, 1/c is the harmonic mean of the radii of the bound- 
ing circles; dynamically, 1/c is the radius of that circle which 



J 



would be described about the centre of force with the given 
angnlar momentum h. 

The positions of the apses are found by equating duftiff to 
z«ro. This gives p6 + a = iw, the angle at the centre of force 
between two successive apses is therefore ir/p. 

If Ji > 3, the value of j) is imaginary, and the trigonometrical 
expression takes a real exponential form, Art. 120. The quantity 
a therefoi-e becomes large when 6 increa.ses, and the particle, 
instead of remaining in the immediate neighbourhood of the 
circumference of the circle, deviates widely from it on one side 
or the other. As the sc^uare of it has been neglected the expo- 
nential form of (6) only gives tlie inUial stage of the motion and 
ceases to be correct when x has become so large that its square 
cannot be neglected. It follows from this that the motion of a 
particle in a circle about a centre of f wee in tiie centre is unstable 
./..>3. 

S«B. El. U ihe Uw of force i» F=k*/(ii). »ad the orbit Is nearly oirculftr. 
prove tlut ■ first ftpprotimatiiMi to the path ia 

Thenoe it folloVB that Iht apiidat angle i$ iudrpendent of the mniii reciprocal 
;, only when Fs^in". i.e.. whrn the law of force I'l lome jioicer of the 



4Ub 

■«•. A — eottd appmxliiiBtlon. The Bolution (ti) is in any case only n 
Ofst approiimatiou to thn motion, and it may happen that, when we proceed to a 
sMQDil or third appioximatiou, the ralus of f is altered by terms whinh oontain il 
ks 4 factor. Beaidee this, we ahall have x eipreased in a seriea of sevetai trigoQO- 
nutrical terms whose general roroi is iieaA{qe-^ff\, where N contains the square or 
cube of JJ as a bclor together vith some divisor c introduced by (he integration, 
Arts. lau. DOS. 

Beprcsenting the corrected value of ;> by p-f A, the error in jitf-fa, i.e. OX 
lacreiUDs by 2r& after each successive revolution of the particle loand the centre 
of toroe. The expreasian (6| will therefore cease to be even a fimt approiination 
•A soun lis CA has beoonie too large to he neglected. On the other hand the 
additional term to the value of « may be comparatively unimportant. The 
magnitude of the spccimon term is never ^eater than N and, unless « is also 
•m^, we can generally neglect snch terms. 

In piiMiMiling to a higher approiimation we should first seek for those terms in 
Uw diflereotial equation wbicb contain oos(iitf + a); these being added to the terms 
of til* tame form in equation (S) v,-iU modify the first approximate valae of f. 

We ahuiild also enquire if any term in the differential equation acquires by 
ull divisor ( and thus beconien ootiiparntively large in the solution. 
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870. To obtain a second approximation we sabstitute the fint approximitioi 
(6) in the tmall terms of the differential equation (8). Writing (8), for bnmisj, 
in the form 

^=(n-8){x+^+7X»+...} (7), 

where /3= J (n - 2), 7=^ (n - 2) (n- 4), <&c., we find after rejecting the eobes of if 

^=(n-8){x + i/33/«(l+eo8 2p<?)} (8). 

where pd has been written for p$ + a for the sake of brevity. This equation shovi 
(Art. 803) that the second approximate value of x has the form 

x=Meo8pe + M^{Q + AcoB2pe) (9), 

where O and A are two constants whose values may be found by aabstitation, and 
p has the same value as before. 

To obtain a third approximation, we retain the term 72* in (7) and assume 

x=Arco8/)^+Ar«(G + ilcos2jp^)+3f«-fioos8p^ (10). 

To find the values of p, G, A and B we substitute in (7), express all the powers 
of the trigonometrical functions in multiple angles and neglect all terms of tbe 
order 3f^. Equating the coefficients of cosjp^, oos2p0, cosSpS and the constants 
on each side, we find 

- lfjp»=(n - 8) {A/+2Jkf»G/3 + lf»ii/5 + |Ar«7}, 

-43fV^ = (n-8) {lf«i4+Jlf«/3}, 

- 93f VP = (n - 8) {M^B + M^Ap + J 3/ *>} , 

0=3f«O+JJf«/3. 

Solving these equations, and remembering that p^ differs from 8 - n by teims 
of the order M*, we find 

G=-J(n-2), A = ^(n-2l B = ^(n-2) (n-8), 

l)«=(3-n){l-A(n-2)(» + l)3f«} (11). 

The three first are correct when M^ is neglected and the last when M^ is neglected. 
We notice that up to and including the third order of approximation the terms 
G, ^, P in equation (10) do not contain any small denominators, so that if 3/ be 
small enough all these terms may be neglected. The motion is then represented 
very nearly by 

u=c {1 + 3/ cos (/)^ + a)} (12), 

l>=V(3-'0{l-irV(«-2)(n + l)3f«} (13), 

and this approximation holds until d gets so large that M*$ cannot be neglected. 
We notice also that the additional term in the value ofp vanishes only when the law 
0/ force is either the inverse square or the direct distance. 



Disturbed Elliptic Motion, 

371. Impulsive disturbance. When a particle is describing 
an orbit about a centre of force it may happen that at some 
particular point of that orbit the particle receives an impulse 
and begins to describe another orbit. We have to determine 



orbit differs from the old, for example how the 
r axis has been changed in position and magnitude, and iu 
1 to express the elements of the new orbit in terms of 
if the undisturbed orbit. 

) unaccented letters a, e, I, &c. represent the elements 

! undisturbed orbit, while the accented letters a', e', V, &c. 

*ent corresponding quantities for the new. We first express 

Lvelocitj V and the angle j8 at the given point of the orbit in 

B of the undisturbed elements. Thus w and j8 are given by 

■="(?-.)■ -"H-':} «. 

a undisturbed orbit is an ellipse described about the focus. 

next consider the circumstances of the blow. Let m be 

B of the particle, viB the blow. The particle, after the 

I is concluded, is animated with the velocity B in the 

iirection of the blow, together with the velocity v along 

figent to the original path. Compounding these the particle 

I resultant velocity v' and is moving in a known direction. 

^_ i the position of the radius vector is not changed by the 

^Htaj* jwe may conveniently refer the changes of motion to that 

^^^P llf P, Q are the components of B along and perpendicular 

^^V ^radius vector and ^ is the angle the direction of motion 

^^^K^ 'with the radius vector, we have 

Wr b'co8^ = ucos/3 + P, tr'8in^ = UBin^+0 (2). 

flaving now obtained v', B', the formulie (1), writing accented 
' letters for the old elements, determine the new semi-major axis a 
and the new semi-Iatus rectum I'. The position in space of the 
major axis follows from Art. 336, 

372. We may sometimes advantageously replace the second 
of the equations (1) by another formula. We notice that mh is 
the moment of the momentum of the particle about the centre 
of force. Since just after the impulse the velocity v is the 
resultant of v and B, the vioment of v' is eqiml to that of v togdher 
witli the moment of B. Hence 

h'=h + Bq (3), 

where q is the perpendicular on the line of action of the blow. 
I i^iltoe h*^td, when the law of force follows the Newtonian law, 
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this equation leads to 

^I'^^l + Bql^^fi (4). 

Thus the change in the latus rectum is very easily found. 

As a corollary, we may notice that when the blow acts along 
the radius vector^ the angular momentum mh and therefore tiie 
latus rectum of the orbit are unchanged. We also observe that if 
the magnitude of the attracting force or its law of action were 
abruptly changed, the value of h is unaltered. 

878. Ex, 1. Two particles, desoribing orbits aboat the same centre of force, 
impinge on each other. Prove 

where m^^, fn^A,; fiijV* mji^' are their angular momenta before and after impact. 

Ex, 2. A particle P of nnit mass is describing an ellipse abont the foeos S. 
A circle is described to touch the normal to the oonio at P whose radios PC 
represents the velocity at P in direction and magnitude. Prove that if the partide 
is acted on by an impulse represented in direction and magnitude by any chord MP 
of the circle, the length of the major axis is unaltered by the blow. 

Since B=:2t;cos d, the velocity in the direction of the blow is simply reversed. 
Hence v'^v and a'=a by Art. 886. 

874. If the direction of the blow does not lie in the plane of motion, the 
plane of the new orbit is also changed. For the sake of the perspective, let the 
radius vector SP be the axis of x and let the plane of ^rj^ be the plane of the old 
orbit ; then v cos p, v sin /3 are the components of velocity parallel to the axes of 
X and y. Let the components of the blow be mX, mY, mZ ; then just after the 
blow is concluded the components of velocity parallel to the axes are voos/S+X 
V sin /3+ F, and Z. The inclination i of the planes of the two orbits is therefore 

given by tan i= . — p . The particle begins to move in its new orbit with a 

velocity v' in a direction making an angle pf with the radius vector SP given by 

r'co8i8'=t;co8j8 + X, (r' sin /T)' = (v sin /3 + F)' + 2r». 

The problem is now reduced to the case already considered. 

If mh' is the angular momentum in the new orbit, its components about the 
axes of X, y^ z are 0, - mh' sin i, mh' cos t. Hence 

h' cosi= A+ Yr, h'ein i=zZr, 
where r=SP. 

875. BzampUa. Ex, 1. A particle is describing a given ellipse about a 
centre of force in the focus, and when at the farther apse A', its velocity is suddenly 
increased in the ratio 1 : n. Find the changes in the elements. 

The direction of motion is unaltered by the blow and since this direction is at 
right angles to the radius vector from the centre of force, the point A' is one of the 
apses of the new orbit. 

Let a, « ; a', «' be the semi-major axes and eccentricities of the orbits. Then 
since SA' is unaltered in length 

r=a'(l + 0=«(l + «) (!)• 



SAMPLES. S41 ' 

We hkve here ohoteo as Ihe ■tandard figara for the new orbit ka ellipse having A' 
tot the farther aps«. A negHtiTe valae ot ths ecceDtrioity e* therelore means that 
A' la the Dearer apse. 

AUo since c' = nu, we hare 

'C-^)-'a-i) 

vb«ra a' mnst be regarded as negative if the new orbit is a hyperbola, Art. 333. 
Prom these equations we find 

The point J' is therefore the farther or nearer apse according as n'{l - 1) 
in < or ?! ; if equal to onity the nev orbit is a, circle, if equal to ~ 1, a pnraboU. 
The new orbit is an eUipae or hyperbola according as n'[t-iT)< or >a. 

ffi. 2. A particle deseribea hq ellipse under a force tending to a focus. On 
UTiving at the eitremily of the minor axis, the force has its lair changed, bo that 
U variea as the distance, the magnitude at that point remaining the game. Prove 
Ibat the periodic time tg nnallered and that the sum of the new axes is to their 
fOerenoe «s the sun of Uie old aies to the distance between the foci. 

[Math. Tripos, 1B60.] 

By Art. 396 the new orbit is bd eUipae having the centre of foroe S in the 
omlre. Let the new law of force be fi'r. _ 

Then when T=a, the toroes are equal, heooe 



■-^h' 



.. (1). 



Measare a length SD parallel to the 
dinctioD ot motion nt B, such that the 
Telocity r at B in ^/h-' ■ Sl>- Then SD is 
the Bcmi'Doningate of SB in the new orbit. 
Equating the velocttiea at B in the old and 
new orbits, we have when r~a 

. SLP, 




'('-y= 



-- SD = a 



,.(3). 



The oonjnt^teB SB, SD ate equal diniDet«rB, the major and minor axeg ore 
tberefora Uie intemol and eitemal bisectors o( the angle BSD. Representing the 
•emi-aies by a', V, we have 

a'» + t'> = SB' + SD'=2a', a'b' -SB . SDain BSD = ab (3). 

Tbo internal bisector ol the angle DSD U clearly the major axis. 

It the cliangB in the velocity had been made at any point of the ellipse, we 
[irocMd in the Mine way. By drawing SD parallel to the direction of motion wb 
alriva at the known problem in conies, given two coDJugate diameters in position 
•Jld magnitude, construct (he ellipee. 

The poriodio times in the two orbits are respectively 3r/^^' and iw^a'ln, 
Tba eqnality of these follows from the equation (I). The rest of the qaestion 
roJlovr* from (3). 

£f . 8. A partlole I* deioriblng an ellipse nndet a foroo filr* to a focus; when 
Um particle i* at the extniuiity of the lalUR rvetiuu through the focns this centre 
of CoTM i> tnnated and is replaced by ■ force it'r' at lliu centre ot the ellipse. 
Pro** that it tba particle continue to describe tho same ellipse /b^^iut. 

^[0011. Exam, ims.] 
P. 16 
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Ex, 4. A planet moving round the sun in an ellipse receives at a point of iti 
orbit a sadden velocity in the direction of the normal ontwarda which transforms 
the orbit into a parabola, prove that this added velocity is the same for all points 
of the orbit, and if it be added at the end of the minor axis, the axis of the 
parabola will make with the major axis of the ellipse an angle whose sine is equal 
to the eccentricity. [GoU. Exam. 1892.] 

Ex. 5. A particle describes a given ellipse about a centre of force of given 
intensity in the focns S, Supposing the particle to start from the farther extremity 
of the major axis, find the time T of arriving at the extremity of the -minor axis. 
At the end of this time the centre of force is transferred without altering its 
intensity from S to the other focus H, and the particle moves for a second interral 
T equal to the former under the influence of the central force in H, Find the 
position of the particle, and show that, if the centre of force were then transferred 
back to its original position, the particle would begin to describe an ellipse whose 
eccentricity is (8« - «*)/(l +«). [Math. Tripos, 1893.] 

Ex, 6. A body is describing an ellipse round a force in its focus S^ and HZ is 
the perpendicular on the tangent to the path from the other focus H. When the 
body is at its mean distance the intensity of the force is doubled, show that SZ is 
the new line of apses. [ColL Ex.] 

Ex. 7. A particle describes a circle of radius c about a centre of force situated 
at a point O on the circumference. When P is at the distance of a quadrant from 
O, the force without altering its instantaneous magnitude begins to vary as the 
inverse square. Prove that the semi-axes of the new orbit are }e\/2 and ^e^S. 

Ex. 8. Two inelastic particles of masses 174, fn,, describing ellipses in tbe 
same plane impinge on each other at a distance r from the centre of force. If 
Oi* 'i> ^31 ^; <^c ^6 semi-major axes and semi-latera recta before impact, prove 
that in the ellipse described after impact 



(mi + in,)^2r-i--^ =mi^2r-ij-Q +nL,^2r-l^-'^^ 



Ex. 9. A planet, mass M^ revolving in a circular orbit of radius a, is struck 
by a comet, mass m^ approaching its perihelion ; the directions of motion of the 
comet and planet being inclined at an angle of 60°. The bodies coalesce and 

proceed to describe an ellipse whose semi-major axis is -rrr-sT — .^, — r . Prow 
*^ M {M + (^ - ,^2) m\ 

that the original orbit of the comet was a parabola ; and if the ratio of m to Jf is 

small, show that the eccentricity of the new orbit is (7} - 4^2)^ {mjM). 

[Coll. Ex. 1895.] 

376. Continuous forces. We may apply the method of 
Art. 371 to find the efiFects of continuous forces on the particle. 
Let/, g be the tangential and normal accelerating components of 
any disturbing force, the first being taken positively when in- 
creasing the velocity and the second when acting inwards. 

We divide the time into intervals each equal to ht and consider 



the effect of the forces on the elements of the ellipse at the end 
of each interval. We treat the forces, in Newton's manner, as 
sniftll impii[»e3 generating volocitiesy^f and gSt along the tangent 
and normal respectively. The effect of the tangential force is 
to increase the velocity at any point P from v to v + Bv, where 
Su =/it, the direction of motion not being altered. To find the 
effect of the normal force we observe that after the interval Bt 
the particle haj^ a velocity i/Bt along the normal, while the velocity 
IT along the tangent is not altered. The direction of motion has 
therefore been turned round through an angle S0=gBtlv. 

If the disturbing force were now to cease to act, the particle 
would move in a conic whose elements could be deduced from 
these two facta, (1) the velocity at P is changed to v + Bv, (2) the 
angle of projection is ^+60. The conic which the particle would 
deacHhe if at any inistant the disturbing forces were to cease to act 
is called the instantaneous conic ai that instant 

377. To find the effect on the major axis, we use the formula 

— e-J); • ■■■■•<»■ 

Since v is increased to n + Sf, we see by simple differentiation 
SvSv^ftja. .: ia = -''^ fU (2). 

la iittaeatiuiog Lha formula for u* we are not to auppoae th&I 3d repreaentB 
tli« whole change ot tbe vetocit; m the time dc. The partiote moTes along the 
ellipM Mid etperieDces a change o! velootty do in the time dt given by 

l'rili= -^rlr (3). 

Taking •lf = Jt, tbe change oC velocity in tha time It is iD-fdi'. tbe part Sv beiot; 
dna to llie diatarbing forces and the part dv to the action ot the central force. 

378- To find tlte changes in the eccentriciti/ and line of apses. 
We may effect this by differentiating the formulte 

l = a(l~t^). h* = ^l. |; = l + eco8fl (4). 

Since mli is the angular momentum, the inci-ease of m/j, viz. 
mSA, 18 eijnal to tbe moment of the disturbing forces about the 
origin (Art. 372). Let /? be the angle tbe direction of motion at 
P makes with the radins vector, 

.-. i^/M^^=8A=/<•8iu/3+ffrco8/9. 
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We deduce from equations (4) 



Bl 



SZ = (l-e»)Sa-2a«&, — = co8 5S«-6sm^Stf, 

V 

and the values of Se and B0 follow at once. 

879. Heraohel has soggested a geometrical method of finding the changes of 
the eccentricity and the line of apses in his Outlines of A$tronomif^, He oonsiden 
the effect of the distorbing foroes/, g on the position of the empty focus. 

The effect of the tangential force / is to alter the velocity v and therefore to 
alter a. Since SP+PH=2a, the empty focus H is moved, during each inteml 
dt, along the straight line PH a distance lfff'=2da, where da is given by (3). 

The effect of the normal force p is to torn the tangent at P through an an^ 
dp=gdtlv. Since SP, HP make equal angles with the tangent, the empty focos E 
is moved perpendicularly to PH, a distance HH'*=2PH.dp, 




Consider first the tangential force/, we have SH= 2ae, <SH' = 2 (a« + 8ae), Hence 
projecting on the major axis 

2a ((w) = HH' . cos PITS = 2«a ^^ . 
where r^=iHP=:a+ex, and x is measured from the centre ; 

r a n r'*' 

Let or be the longitude of the apse line HS measured from some fixed line 
through S, 

.'. 2ae8m=HH'BinPHS=26a^, 

r a fi r 
Consider secondly the normal force g. We have 

SH=2ae, SH" = 2{ae + 8ae), «a = 0; 

.-. 2a {ae) =-HH*' sin PHS = - 2r'aj8 ^ 
^ . HH'^co^PHS o^.o^ + ae 

• It/, , 1 r + ae ^ 

a v" a V 

* See also some remarks by the author in the Quarterly Journal, 1861, vol. rr. 
It should be noticed that Herschel measures the eccentricity by half the distance 
between the foci, a change from the ordinary definition which has not been foUowed 
here. 



ART. 3S2.] VARIATION OF THE ELEMENTS. 

aoO. The eipreBBiDDS for St, its sbonld be put into diff^xeot forms occoriliiig 
to liie use we intend to moke of them. Let <{■ be the angle the tangent at P makeB 
wiib the major aiis, then ti 



-0-1)=^ 






It immediatelj toUowa that 



>B<l>Sl. 



Theae fornmln give the changes of e and g7 produced by an; tangential or nonnal 

•■I. Draw two straight lineH OX, OY parallel to the principal diametent 
aitnated as ahown in the flgnre. Since fcoiifi, /sin if> ate the components of the 
tangential disturbing force paiallel to the principij diameters, we see that when the 
forte acli Mfardt OX the fcecntrieilj/ ia incTeasfd, and when tawardt OY the aptt 
lim M adranctd; the contrary eSeota taking place when the force tends from these 
Unei. 

Th« aame role applies to the normal distoibing force so far as the eccentricity 
a also to the motion of the apse eioept when the particle 
.lis and the Intas rectum through the empty focus, and the 

rale is then rerersed. When the eccentricity is small, — ~] ^^'T nearly 

when Ihc particle is near the miner axis; so that the effects of the tangential 
force in ihia part of the orbit may be neglected and the mie applied generally. 

ass. nxaavl**- Ex. I, The path of a comet is within the orbit of 
Jupiter, approaching it at the aphelion. Show that each time the comet cornea 
near Jupiter the apse line ia advanced. This theorem ia due to Callandreaa, 1B92. 

The comet being near the aphelion and Jupiter just beyond, both the normal 
and tangential diitarbing forces act towards OY; the apse therefore advoncei. 

Ex. 2. A partielfl is describing an elliptic orbit about the focus and at a 
MTtaiii point the velocity is increased by l/ntb, n being large. Prove that, if the 
iliraetion of the major axis be unaltered, the point muat be at an npae, and the 
ehuigv in the eeoeDlrioity ia 3|l±r)/fi. [Coll. Ex. 1897 ,J 

F.X. H. An ellipse of eccentricity e and latns rectum I \% described freely 
abonl tlie focua by a particle of mass m, the angular momentnni being mh. A 
*nlalt inipulae mu is given to the particle, when at F, in the direction of Ite motion ; 
proVB tiiat the apeidal line is turned tbrongh an angle which ia proportional to the 
iattreept raaJe by the aoiiliary circle of the ellipse on the tangent at P. and which 
eannot ■xOMid l<i}th. (Math, Tripos, 1893.] 

Hi. i. A body deacribea an elllpsu about a centre of force 8 in the focua. It 
J tw Iba nearer apse. P tlie body, and a amoll impulse vrbich generates a velocity 
T Mil «n thit body at tight angles to SF, prove that the change of direction of the 



246 DISTURBED ELLIPTIC MOTION. [CHAP. Tl 

apse line is given approximately hj -r I + cob ASP) SP ain ASP, whexe « u the 

eooentrioity of the orbit and h twice the rate of description of area aboat S. 

[Math. Tripos.] 

Ex, 5. A particle describes an ellipse about a centre of force in the focns S. 
When the particle has reached any position P the centre of force is suddenly moTed 
parallel to the tangent at P through a short distance x, prove that the major axis 

X 

of the orbit is turned through the angle ^ sin sin (9 - 0) where O is the point at 

which the normal at P meets the original major axis, the angle SGP and ^ the 
angle the tangent makes with SP, [Coll. Ex. 1895.] 

Ex, 6. A particle describes an ellipse about a centre of force fifr* and is 

besides acted on by a disturbing force kt* tending to the same point. Prove that 

as the particle moves from a distance Tq to r, the major axis and eccentrieitj 
change according to the law 



K^i)=n^l<'^^-'^o-)' 



!-«' _ao 



Thence deduce the changes in a and e when k is very smaU. 

383. A resisting medium. We may also use the formuls 
of Art. 380 to find the quantitative efiFect of a resisting medium 
on the motion of a particle describing an ellipse about a centre 
of force in the focus. 

The velocity of the particle being v, let the resistance be kv. 
Then g = and/= — /cds/dt, and the equations of motion become 

de^ 2bK dy ^®'_ 26/c dx 

dt ~ ^(fJi^a) dt * dt" ^{tia) dt ' 

Usually /and g are so small that their squares can be neglected. 
Now the changes of the elements a, e, &c. are of the order of/ 
and g, being produced by these forces. Hence in using these 
equations we vwy regard the elements of the ellipse, when multiplied 
by the coefficient k of resistance , as constants. 

Supposing then that we reject the squares of /c, we have by 
an easy integration 

where A, B are two undetermined constants. Since after a com- 
plete revolution, the coordinates x, y return to their original values, 
both the eccentricity and the position of the line of apses must 
also be the same as before. There can therefore he no permaneid 
change in either. The greatest change of the eccentricity from 



ESCKES COMET. 



about its I 

Art. 341. I 



its mean value in ZKl'/tia^, while the apse oscillates about 
meaD positioQ through an angle ^.Kbjnea, where /i = iW, Art. 341 

••4. Kx. k camet tnotss in & reaistins meditun whole 
/= - tV'' 1-1 where V is the velocity, r the diatanoe Irora the sun and p, q are 
posltiTe ijuuitities. When the truu anomal; B ia lakeo as the indepeudent 
variable (instead of t as in Ait. 360). prove tliat 

^^ = f^;^,(l + 2<<!osS + fV (W<Doa(()»-^ 

^=-2^(«,Be + *){l + 3(0O8fl + (')^(l+f0oafl)''-. 
' -,p = -2d«iiitf(l + 2eooBfl + e')"^ (1 + f COS «)«-', 

where J=:CT»^»aP-i.(I-e''l''^' and >. = n'<i'. 

When the right-hand mdes of these eqaaliona ace expanded in serieB t>l the tonn 
J + BcoBfll-Ccosafl+. . 
it i> obrione that the only permanent changes are derived from the non-periodioal 
terms. Prove (1) that the longitude of the apae has no permanent ahanges, 
(2) that the ecceatrioit; M the time ( is e- AtnUp + i/- I), (3) the semi -major axis 
VI a- lAam, Theee resoita are given by Tiaeerand. Mfc. CfUitt, 189G. 

When the Uw of resistance is euoh that p + g = l, it follows that neithrr the 
eerentrieily nor llie lin/ vf iijinei have any ptrmaneni (change. Foi any values of 
; and g not iatia^ing this relation the eccentricity nill gradually change and 
oontiniu to obonge in the Bane direction. When the changes of any of the 
elements have become so great that their products by the coefficient x ot reaiatance 
can no longer be neglected, the equations given above must be integrated in a 
different way. 

S8». f nrlTT'T OomM. The general effect of a reusting medium on the 
tDotion of n comet is to diminish its velocity and therefore also the major axis of 
its orbit. All. 377, The ellipse which tlie comet describes is thetefoie continually 
growing »iiiiiller and the periodic lime, which varies as o'", continually decreases. 

Bncko was the first who thoroughly iuvesligated the effect ot a reHiatiDg 
modinm on the motion of a comet. This comet has eince then been called after 
Ilia Dame. After making allowance for the disturbance due to the attraction of the 
•an and the pianets, he founi] by observation (hat its period, viz. 1300 days, was 
diminiidiwl by about two hours and a half in each revolution. This he aaoribed to 
llie pnmnce of a medium whose roaistance varied as (i/rj* where v is the velocity 
ol the comet and r its distance Irom the sun. 

Tlic importsnce and interest of Encke'e result caused much attention to be 
given to this comet. The astronomers Von Asten of Pulkowa and afterwards 
B*eUund* «t«died its mutiona at each snccessive appearance with the greatest 

Kin the Hall'lhi A'lr«nnmlqae, 1894, page 478. there is a short account of the 
of Bachluod by himMlt. Be speaks of the continued decrease ol the aecclera- 
tbe law o( resistance, and gives reterenoes to Ills memoirs and particularly lo 
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attention. The acceleration of the comet's mean motion appears to ha^e beoi 
uniform from 1819, when Encke first took up the subject, to 1858. It then begu 
to decrease and continued to decrease until the revolution of 1868 — 1871 when iti 
magnitude was about half its former value. From 1871 to 1891 the aeoelecatian 
was again nearlj constant. 

Assuming the law of resistance to be represented by irv**/r*, Backlund found 
that n is essentially negative. This would make the density of the resisting 
medium increase according to a positive power of the distance from the sun; t 
result which he considered very improbable. He afterwards arrived at tbe 
conclusion that we must replace 1/r* by some function /(r) having maTima and 
minima at definite distances from the sun. In Laplace's nebular theoiy the 
planets are formed by condensations from rings of the solar nebula. In this 
formation all the substance of each ring would not be used up and some of it 
might travel along the orbit as a cloud of light material. It is suggested that 
Encke*s comet passes through nebulous clouds of this kind and that the resiBtaiioe 
they offer causes the observed acceleration. 

It is known that comets contract on approaching the sun, sometimes to a very 
great extent. Tisserand remarks that when the size of the comet decreases the 
resistance should also decrease, and that this may help us to understand how the 
resistance to any comet might vary as a positive power of the distance from the 
sun. The size of £ncke*s comet also is not the same at every appearance and this 
again may have an effect on the law of resistance. 

It is dear that if Encke*s comet does meet with a resistance, every comet of 
short period which approaches closely to the sun must show the effect of the same 
influence. In 1880 Oppolzer thought he had discovered an acceleration in the 
motion of another comet. This was the comet Winnecke having a period of 2052 
days. Further investigation showed that this was illusory, so that at present the 
evidence for the existence of a resisting medium rests on Encke*s comet alone. 

886. Does the evidence afforded by Encke*8 comet prove a resisting medium f 
Sir G. Stokes in a lecture* on the luminiferous medium says he asked the highest 
astronomical authority in the country this question. Prof. Adams replied that 
there might be attracting matter within the orbit of Mercury which would account 
for it in a different way. Sir G. Stokes then goes on to say that the comet throws 
out a tail near the sun and that this is equivalent to a reaction on the head towards 



the eighth volume of his Calculs et Recherches sur la conUte d'Encke, In the 
Comptes Rendus, 1894, page 545, Callandreau gives a summary of the results of 
Backlund. In the Traiti de Micanique Cileste^ vol. iv. 1896, Tisserand discusses 
the influence of a resisting mediam. In the History of Astronomy by A. M. Gierke, 
1885, examples of the contraction of comets near the sun are given. M. Valz in 
a letter to M. Arago quoted in the Comptes RenduMy vol. viii. 1838, speaks of the 
great contraction of a comet as it approached the sun. He remarks that as it was 
approaching the earth at that time, it should have appeared larger. See also 
Newcombe*s Popular Astronomy ^ 1883. 

* Presidential address at the anniversary meeting of the Victoria Institute^ 
June 29, 1898: reported in Nature, July 27, page 807. 
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a. There is therefore mi ftdditiontl force towarde the sun. The effect ot 

n diia would be to shorten the perioil even it there were no resiaticg aedinm. In 

^i the coarse of his 1e«tDie he discnsses the question. " mtul Ihr elhtr rttard a camtl," 

^ Mid decid(<s tliat we cannot with safety infer that the motion of n lolid through it 

necsuril; implies resisttnae. 

L .„.„., ._.„„. 

^Rbrered by the astronomer Kepler after thirty years of study. 

wK (1) The orbita of the planets are ellipses, the aun being iu 

^ one focus. 

(2) As a plajiet moves in its orbit, the radius vector from 
J the siiD describes equal areas in equal times. 
■• (3) The squares of the periodic times of the several planets 

are proportional to the cubes of their major axes. 

The last of these laws was published in 1619 in his Hamionice 

Mvmdi and the first two in 1609 in his work on the motions of 

Mara. 

388. From the second of these laws, it follows that tiie 
resultatU /orce on each planet tends towards the sun; Art. 307. 

From the first we deduce that the accelerating force on each 
planet ia equal to ij.jr', where r is the instantaneous distance of 
that planet from the suu, and ;i is a constant; Art. 332. 

It is proved in Art. 341 that when the central force is fiu-. 
the periodic time in an ellipse is T=2-mi^j^^, where a is the 
semi-major axis. Now Kepler's third law asserts that for all the 
planets T' ia proportional to o' ; it follows that ^ is the savie for 
all the planets. 

Laws corresponding to those of Kepler have been found to hold 
for the systems of planets and their satellites. Each satellite is 
therefore acted on by a force tending to the primary and that 
force follows the law of the inverse squai-e. 

It haa been possible to trace out the paths of some of the 
comet.<) and all these have been found to be conies having the 
nun in one focus. These bodies therefore move under the same 
Uw uf force aa the planets. 
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389. The laws of Kepler, being founded on observations, are 
not to be regarded as strictly true. They are approximations, 
whose errors, though small, are still perceptible. We learn from 
them that the sun, planets and satellites are so constituted that 
the sun may be regarded as attracting the planets, and the 
planets the satellites, according to the law of the inverse square. 
We now extend this law and make the hypothesis that the 
planets and satellites also attract the sun and attract each other 
according to the same law. Let us consider how this hypothesis 
may be tested. 

Let mi, m^ &c. be certain constants, called the masses of the 
bodies, such that the accelerating attraction of the first on any 
other body distant r, is mifr^, the attraction of the second is 
mjr^y and so on. Let fi be the corresponding constant for the 
sun. 

Assuming these accelerations, we can write down the differen- 
tial equations of motion of the several bodies, regarded as particles. 
For example, the equations of motion of the particle tti^ may be 
obtained by equating d^x/d^, &c., to the resolved accelerating 
attractions of the other bodies. The equations thus formed can 
only be solved by the method of continued approximation. Kepler's 
laws give us the first approximation ; as a second approximation 
we take account of the attractions of the planets, but suppose 
that vii, 7?i2, &c. are so small that the squares of their ratio to fi 
may be neglected. This problem is usually discussed in treatises 
on the Planetary theory. The solution of the problem enables 
us to calculate the positions of the planets and satellites at any 
given time and the results may be compared with their actual 
positions at that time. The comparison confirms the hypothesis 
in so extraordinary a way that we may consider its truth to be 
established as far as the solar system is concerned. 

390. EzteiiBioii to other systemB. The law of gravitation 
being established for the solar system, its extension to other 
systems of stars may be only a fair inference. But we should 
notice that this extension is not founded on observation in the 
same sense that the truth of the law for the solar system is 
established*. The constituents of some double stars move round 

* Villaroeaa, Connaitsance dei temps for the year 1852 publiahed in 1849; A. 
Hall, GoultPi Aitronomical Journal, Boston, 1888. 




EXTESSIOJJ TO OTHER SYSTEMS. 



each uther in a periodic time sufficiently short to enable us 
trace the changes in their distance and angular position. 
may thus, partially at least, hope to verily the law of graWtati 
What we see, however, is not the real path of either constituent, 
but its projection on the sphere of the heavens. We can deter- 
mine if the relative path is a conic and can verify approximately 
the equable description of areas ; but since the focus of the true 
path does not in general project into the focus of the visible 
path, an element of uncertainty as to the actual position of the 
centre of force is introduced. 

We cannot therefore use Kepler's first law to deduce from 
these observations alone that the law of force is the inverse 
square. 

S91. Beaides iLig. there &re two priLctical djffioultiea. First, there is the 
delicacy at the obaervatioDB, beoauEe the Ktiott of observations bear B livrger ratio 
to tilt qaaatitio9 observed th&n in the eolar system. Secoudl;, a ooDsideiable 
ntimber of obierv&UoQB on each double star ia neceaaary, Five oooditioris are 
required to fix the postlioa or a conic, and the mean motiou and epoch of the 
pkrttck Me ftlBO unknown. Unless therefore more than seven liitliHct observationa 
have been made, we cannot verify that the path is a conic. Tbeae diffionltieH are 
gradnaUy disappearing as observations aceumiilate and instrumenta are improved. 

S9a. Besides tLe motiuos of the doolile stars we con oul; look to the proper 
motions of the stars in apace for information on the law of gravitation. Some of 
Umm velooitiea are comparable to that of a comet in clooe proximity to the sun 
and yet thet« is no visible object in their neighbourhood to which we could ascribe 
the tHWMsoty altracling fotoes. At present no dednctions can be made, we must 
wait till fntarc observations have made clear the canses of the motions. 

8Qt. Othar rutaaiu. The law of gravitation is generally dedaeod from 
Keplvr'i laws, partly for historical reasons and partly beoaose the proof ia at once 
■imple and complete. It is however nsefol and interesting to enquire wbnt we may 
loarli about tbe law of gravitation by considering other observed facts, 

Ex. 1. It is given that for all initial conditions the |>ath of a particle is a 
plans cnrve: dednce that the force is central. 

Conrider an orbit in a plane P. then at every point of that orbit the ri?sultaiil 
lATOt miut lie in the plane. Taking any point A on tbe orbit prujeot pnrtielet ia 
ail (UiMtiriDs in that plane with arbitrary velocities, then sinoe the plane of motiou 
of each must contain the initial tangent at A and the direction of the force at A, 
each partida moves in the plane P. It follows that at every point of the plaue P 
travanad bj Uiese orbits tbe reeultant force lios in the plane. II these orbits do 
uiit ooT«[ tli« whole plane we take a new point B on the boundary of the area 
covered, and again project particles in all direotiona in ttiat plane with arbitrary 
relocitius. By coDtinuolly repeating this |>ro<*e>B we can traverse every point of 
:, provided no points ore separated fnmii .^ by a line alo: 



to ■ 

We I 

on. ■ 
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force is infinite. It follows that at every point of the plane P the force lies in 
that plane. 

Next let OS pass planes through anj point A of one of these orbits and the 
direction AC of the force at A, Then by the same reasoning as before the 
direction of the force at points in each plane must lie in that plane and most 
therefore intersect AC. Thus the force at every point intersects the force at 
every other point. It follows that the force is central 

An observer placed at the sun, who noticed that all the planets described grest 
circles in the heavens, would know from that one fact that the foroe acting on 
each was directed to the sun. * Halphen, CompUi Rendus, vol. 84, Darboax's Kotet 
to Despeyrous' Micanique, 

Ex. 2. K all the orbits in a given plane are conies, prove that the force is 
central 

If a particle P be projected from any point A in the direction of the foroe at A, 
the radius of curvature of the path is infinite at A. Since the only conic in which 
the radius of curvature is infinite is a straight line, the path of the particle P is a 
straight line and therefore the force at every point of this straight line acts along 
the straight line. The lines of force are therefore straight lines. 

These straight lines could not have an envelope, for (unless the foroe at eveiy 
point of that curve is infinite) we could project the particles along the tangents to 
the envelope past the point of contact so as to intersect other lines of force. The 
directions of the foroe would not then be the same at the same point for all paths. 
Bertrand, Compte$ Rendus, vol. 84. 

Ex. 3. If the orbits of all the double stars which have been observed are 
found to be closed curves, show that the Newtonian law of attraction may be 
extended to such bodies. 

Bertrand has proved that all the orbits described about a centre of force (for 
all initial conditions within certain limits) cannot be closed unless the law of force 
is either the inverse square or the direct distance. By examining many cases of 
double stars we may include all varieties of initial conditions, and if all these 
orbits are closed the law of the inverse square may be rendered very probable. See 
Arts. 370, 426. Bertrand when giving this theorem in Comptes Rendits, vol. 77, 
1873, quotes Tchebychef. 



The Hodograph. 

394. A straight line OQ is drawn from the origin parallel 
to the instantaneous direction of motion and its length is propor- 
tional to the velocity of a particle P, say OQ = kv. The locus of 
Q has been called by Sir W. R. Hamilton the hodograph of the 
path of P. Its use is to exhibit to the eye the varying velocity 
and direction of motion of the particle. See Art. 29. 

By giving k diflFerent values we have an infinite number of 
similar curves, any one of which may be used as a hodograph. 



It follows from Art. 29 that, if a' be the arc of the hodograph, 
ds jdt represents in direction and magnitude the acceleration of P. 

395. If the force on the particle P is centra! aiid tends to 
the origin 0, it is sometimes more convenient to draw OQ per- 
pendicularly instead of parallel to the tangent. If OY be a 
perpendicular to the tangent, the velocity tp of P is hjOY; hence 
if OQ = hv, we see that the hodograph is then the polar reciprocal 
of the path with regard to the centre of force, the radius of the 
auxilinrj' circle being t/(hk). If F be the central force at P, the 
point Q travels along the hodograph with a velocity kF, 

999. Dxampl**, Ez. 1. The path being on ellipse deaoribed about the 

MDtTe C. and f)if being drawn p&raUel to the tangent, prove that tbe hodographs 

■re nmilar ellipses. 

I Iiet CQ be the semi-coDj agate of CF, then c=V'' ■ CQ> ^^- 3^' Hence it 

I k=ll^ii, iht hodegmph it the tlUpu (Ml/. Tbe point Q then travels with a 

wlodty.^/^. CP. 

Ex. 3. The path being an ellipse described about the focns S, prove that a 
liodograph ia the auxiliary circle, tbe other toouH H being the origin and HQ 
drawn perpendicularly lo the tangent at F. 

Let SI', HZ be tbe two perpendiculars on tbe tangent, then v = hlSi'=HQIk, 
■lao SY.UZ = IP. :. HQ^H/. it k = b'll: Since tbe locus o( Z is the auxiliary 
cttole tbe result follows at once. 

A'x. 3. The path being a parabola desorlbeil about tbe near foeue S, prove 
tlikt a hodograph ia tbe circle described on AS aa diameter, where A in tbe Tertei 
and SQ ia drawn perpendicularly to tbe tangent. 

Ki. I. The hodograph of tbe path of a projectile ia a vertical straight line, 
thie ladlns vector OQ being drawn parallel to [he tangent. 

If tbe tangent at P make an angle ^ with the horizon, the abaciasa of Q ia 
Jir eoa ^. Tbia ia oooatant because the horizontal velocity of P is constant. The 
point Q travels along this straight line with a uniform velocity kg. 

Er. S. An equiangular spiral ia described about the pole, show that a hoda- 
giaph in an equiangular spiral having the same pole and a eupplementary angle. 
See A.rl. HO. 

Ei. 6. A bead idovcb under tbe action of gravity along a amooth vertical 
eir«lH (tatting from real indefinitely near to the highest point. Bhow that a polar 
equation of a hodograph is r'^b sin (0', the origin beinfj at tbe centre. 

£«. 7. The hodograph of the path of a panicle P is given, show that if the 
patii of P la a central orbit, the auxiliary point ^ must travel along tbe hodograph 
wILb a valnclly t'= \p''p', where ji' is tbe perpendicular from the centre of force on 
Iba taniteDt to the hodugrapli and p' is the radiua of curvature. Show also tliat 
tluetntral force t'=v'jk aai the angular momentum h=ll\k'. 

The condition thai the path ia a central orbit ia v'!f = t'plr. Writingp-c'/r' 
Kad rs r'Jp', m lind F and llience v'. 
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Ex, 8. The hodograph of the path of P U a parabola with its focus at 0, izd 
the radius vector OQ^r* rotates with an angular velocity proportional to f. 
Prove that the path of P is a circle passing through O, described about a centre 
of force situated at O. 

Since the angular velocity of OQ is n/, we find bj resolving v' perpendieulsri; 
to OQ that v' = nr'^lp\ In a parabola Z/=2p'', and since p'^r'dr'/dp' we see thit 
v' = \p'*p' where X=n/Z. The path is therefore a central orbit. Bat the poiar 
reciprocal of Zr' = 2p'' (obtained by writing p'=c*/r, and r^=c^lp) is r*=p(ac*/i), 
and this is a circle passing through O. 

Ex, 9. A particle describes a curve under a constant acceleration which makes 
a constant angle with the tangent to the path; the motion takes place in a medimn 
resisting as the nth power of the velocity. Show that the hodograph of the currc 
described is of the form 6-V -«• cot «_,.-« _ „-» j-q^ gj^j 

Ex. 10. A particle, moving freely under the action of a force whose direction 
is always parallel to a fixed plane, describes a curve which lies on a right cireulsr 
cone and crosses the generating lines at a constant angle. Prove that the hodo- 
graph is a conic section. [CoU. Ex.] 

397. Elliptic velocity. Since the velocity is represented 
in direction and magnitude by the radius vector of the hodograph 
we may use the triangle of velocities to resolve the velocity ioto 
convenient directions. 

Thus when the path is an ellipse described about the focus 
Sy the velocity is represented perpendicularly by HZfk, where 
]c = h^jh and H is the other focus. If G be the centre this may be 
resolved into the constant lengths HG, CZ, the former being a 
part of the major axis and the latter being parallel to the radius 
vector SP, Hence the velocity in an ellipse described about the 
focus S can be resolved into two constant velocities one equal to aejk 
in a fixed direction, viz. perpendicular to the major oms, and the 
other equal to a/k in a direction perpendicular to the radius vector 
SP of the particle, where k = ¥/h, [Frost's Newton, 1854.] 

398. Tlia bodograpli an orbit. We have seen that when the force is central 
a hodograph of the path of P is a polar reciprocal. It foUows that if the hodo- 
graph is the path of a second particle F, each carve is one hodograph of the other. 

Ex. 1. Let r, r' be the radii vectores of any two corresponding points P, Q of 
a curve and its polar reciprocal, the radius of the auxUiary circle being e. If these 
curves be described by two particles P, P' with angular momenta h, h\ prove that 

the central forces at the two points P, Q are connected by FF' = —j- r/. 

Ex. 2. Prove that the two particles will not continue to be at points which 
correspond geometricaUy in taking the polar reciprocal, unless the orbit of each is 
an ellipse described about the centre. [The necessary condition is that the velocity 
v'=kF in the hodograph should be equal to the velocity v's^h'lp' in the orbit. 
Since p'=e*lr, this proves that F varies as r.] 



■a Mvlion of tivn or more attracting Particles. 

^H 399. motion of two attracting particles. This in the 
^Hh>btem of tiiidmg the motion uf the sun and a single placet 
^whioh mutually attract each other. To iDclude the case of two 
,' suns revolving round each other, as some double stars are seen to 

do, we shall make no reetriction as to the relative niasaes of the 
^ two particles. The problem can be diacuaaed in two ways ae- 
'i cordiug as we require the relative motion of the two particles or 
~S the motion of each in space. 

] Let M, m be the masses of the sun and the planet, r their 

kJ instantaneous distance. The accelerating attraction of the aun 
N on the planet is M/r', that of the planet on the -sun wt/r'. 

Initially the sun and the planet have definite velocities. Let 
J us apply to each an initial velocity (in addition to its own) equal 
■ and opposite to that of the sun; let us also continually apply to 

i-ach an acceleration equal and opposite to that produced in the 

sun by the planet's attraction. The sun will then be placed 

initially at rest, and will remain at rest, while the relative 7notion 

•>/ tlie planet will be unaltered. See Art. 39. 

The planet being now acted on by the two forces Mjr' and 

mjr', both tending towards the sun, the whole force is {M + m)jr'. 

The planet therefore, as seen from the sun, moves in an ellipse 

having the sun in one focus. The period is 
2w I 

V(if + «0"' 

where a ia the semi-major axis of the relative orbit. In the same 
Way the sun. as seen from the planet, appears to describe an 
ellipife of the same size in the same time. 

400. We notice that the periodic time of a douhle star does 
tiol depend on the mass of either cojistituent, but on the sum. of the 
inoHses. The time in the same orbit is the same for the same 
total iHuss however that mass is distributed over the two bodies. 

401. Consider nest the actual motion in space of the two 
particles. We know by Art. 92 that the centre of gravity of the 
two botliwt is either at rest or moves in a straight line with 
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uniform velocity. It is sufficient to investigate the motion 
relatively to the centre of gravity, for, when this is known, the 
actual motion may be constructed by imposing on each memb^ 
of the system an additional velocity equal and parallel to that of 
the centre of gravity. 

Let S and P be the sun and planet, the centre of gravity. 

then M.SP=^{M-^m)OP. The attraction of the sun on the 

planet is 

M M* 1 ^ 

/SP» (if+m)»(?P»"(?P»* 

The attraction of the sun on the planet therefore tends to a 
point G fixed in space and follows the law of the inverse square. 
The planet therefore describes an ellipse in space with the centre 

of gravity in one focus, and the period is -jjp a*, where a is the 

semi-major axis of its actual orbit in space. 

The actual orbits described by the sun and planet in space 
are obviously similar to each other and to the relative orbit of 
each about the other. If a, of be the semi-major axes of the 
actual orbits of the planet and sun, a that of the relative orbit, 
we have by obvious properties of the centre of gravity, 

a/M = a/m = a/(M'\- m), 

402. To find the mass of a planet which has a satellite. Since 

the mean accelerating attractions of the sun on the two bodies 

are nearly equal, their relative motion is also nearly the same as 

if the sun were away. Taking the relative orbit to be an ellipse, 

let a' be its serai-major axis. If m, m' are the masses of the 

47r* 

planet and satellite, T' the period, we have T'^ = > a'*. When 

^ *^ m + m 

T and a' have been found by observation, this formula gives the 

sum of the masses. The masses in this equation are measured 

in astronomical units, i.e. they are measured by the attractions of 

the bodies on a given supposititious particle placed at a given 

distance. It is therefore necessary to discover this unit by finding 

the attraction of some known body. 

Consider the orbit described by the planet round the sun. 
Since we can neglect the disturbing attraction of the satellite, 



I hiive, if « is the semi-major axis of the relative orbit and T 
Dividing one of these equations by the other, we find 



M+m \T'j \a! ' 



s formula contains only a ratio of masses, a ratio of times and 
J i«tio of lengths. Whatever units these quantities are respeo- 
Bvely measured iu, the equation remains unaltered. Since m is 
bJI compared with the mass M of the sun, and m' small com- 
pared with the mass in of the primary, we may take as a near 

m /Ty fa'\' 
^roximation »> = ( 7*' ) [ 1 ■ I*" '^^ w^y ^^^ ratio of the mass 

my planet with a satellite to that of the sun can be found. 

The determination of the mass of a planet without a 
^satellite is very difficult, as it muBt be deduced from the pertur- 
bations of the neighbouring planets. Before the discovery of the 
anttillites of Mars, Leverrier had been making the perturbations 
due to that planet his study for many yeare. It was only after a 
laborious and intricate calculation that he arrived at a determina- 
tion of the mass. After Asaph Hall had discovered Deimoa and 
PhobOB the calculation could be shortly and efifectively made. 
Aeoording to Asaph Hall the mass of Mars is 1/3,093,500 of the 
sun, while Leverrier made it about one three-millionth. This 
clone agreement between two such different lines of investigation 
is very remarkable; see Art. 57. The minuteness of either satellite 
enables ua to neglect the unknown ratio v\'jvt. in Art. 402 and 
thus to determine the masn of Mars with great accuracy. 

4fM. *~T'" Hx, 1. SnppoBtng the period of the earth round the anu 
And tluLl of the moon round the earth to be rou^tU; 365^ uid 27^ lU^rs aud the 
ntio ai tho mcMi dintnuooB to be 385, find the ratio of the taia at tlie maisEB of 
lbs eanh And motm to that of the sun. The actual ratio given in the Nnuiicul 
Jtnauc fur 1899 b l/itS^laS. 

Ex. 3. The 00D«tilueDts of a double star desoribe oiiolea about each other in a 
linM r. It thej unre deprived of velocity and allowed to drop into each other. 
pron that Ihey Till meet after a time Tji^i. 

Ki. S- Thv relative path of two mutually attrncting parliales is a circle of 
r&dlui It. Prore tlut if the velocity of eiwli is halved, the eccenttidity o( the 4ub- 
Mqoant ralatiT* path la S/1 and tlie aemi-major axis is ibjl. 

R. D. VI 



i 



258 TWO OR MORE ATTRACTING PARTICLES. [CHAP. YL 



Ex, 4. Two pftrtioles of masses m, m', which attraet eaeh other aoeording te 
the Newtonian law, are describing relatirely to eaeh other elliptic orbits of major 
axis 2a and eccentricity e, and are at a distance r when one of them, ▼iz. m, if 
suddenly fixed. Prove that the other will describe a oonio of eooentrid^ t' 
such that 

' \r am{l-e^) ) \r aj 

It is supposed that the centre of gravity had no velocity at the instant before the 
particle m became fixed. [Coll. Ex. 1899.] 

Ex, 5. Two particles move under the infiuence of gravity and of their mutual 
attractions: prove that their centre of gravity will describe a parabola and thiS 
each particle will describe relatively to that point areas proportional to the time. 

[Math. Tripoe, 186a} 

Ex. 6. The coordinates of the simultaneous positions of two eqnal partidet 
are given by the equations 

a;=a^-2a8in^, y=a-aco8^; Xi=a6^ yi=^ - a + a eoE $, 

Prove that if they move under their mutual attractions, the law of force wiD bt 
that of the inverse fifth power of the distance. [Math. Tripos.] 

Ex. 7. Two homogeneous imperfectly elastic smooth spheres, which attrMt 
one another with a force in the line of their centres inversely proportional to the 
square of the distance between their centres, move under their mutual attraotkni, 
and a succession of oblique impacts takes place between them; prove that the 
tangents of the halves of the angles through which the line of centres tuzni 
between successive impacts diminish in geometrical progression. [Math. T. 1895.] 

Consider the relative motion. The blow at each impact acts along the line 
joining the centres, hence the latera recta of all the ellipses described between 
successive impacts are equal. The normal relative velocity is multiplied by the 
coefficient of elasticity at each impact. The radius vector of the relative ellipse is 
the same at each impact, being the sum of the radii of the spheres. The result 
follows immediately from Ex. 1, Art. 337. 

405. Ex. 1. Herschel says that the star Algol is usually visible as a star of 
the second magnitude and continues such for the space of 2 days 13^ hours. It 
then suddenly begins to diminish in splendour and in 3} hours is reduced to the 
fourth magnitude, at which it continues for about 15 minutes. It then begins to 
increase again and in 3^ hours more is restored to its usual brightness, going 
through all its changes in 2 d. 20 hr. 48 min. 54*7 sec. This is supposed to be due 
to the revolution round it of some opaque body which, when interposed between 
us and Algol, cuts off a portion of the light. Supposing the brilliancy of a star of 
the second magnitude to be to that of the fourth as 40 to 6*3 and that the relatiTe 
orbit of the bodies is nearly circular and has the earth in its plane, prove that the 
radii of the two constituents of Algol are as 100 : 92 and that the ratios of their 
radii to that of their relative orbit are equal to *171 and *160. If the radius of 
the sun be 430000 miles and its density be 1*444, taking water as the unit, proTS 
that the density of either constituent of Algol (taking them to be of equal densities) 
is one-fourth that of water. The numbers are only approximate. 

[Maxwell Hall, Oburvatory, 1886.] 
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BiJCi. 9. The brightnefts of a Tftriable star undergoes a periodic leiiea of nhiknees 
I ft pariod of T jeare. The brighlneaa remainB cooBtnm for mT yeart, then 
t ^tdntilj dinunisbes lo a mioiiaQm valne, equal to 1 - k' of the maxiiDuni, at 
irkich mininiiim it remaius conBtaut (or n'l' yean aod then grndually riaea to the 
original maximum. Shoo that these cbangea uaD be eiplaiuod on the hypothesis 
thai a dark salelUte revolres roucd the star. Prove also that, if tbe relative orbit 
i* cireular, and the two stars are Bpheiical, the ratio of the mean deQsit; of the 
double alar to that of the aan is 

ci n' i n r(l + *)' OQs' mr - (1 - H 'eos* mr n' 

riirrtSiL ^ cos'nir-ooe'mir J" 

whan O is Ui« appoiVDl diameter of the bud at its mean distance. [Math. T. 1893.] 

406. Three attracting Portlclei. The problem of deter- 
mimng the relative motions of three or more attraotiog particles 
has not been generally solved. The various solutions in series 
which have as yet been obtained usually form the subjects of 
separate treatises, and are called the Lunar and Planetary theories. 
Lapiace has however shown that there are some cases in which 
the problem can be accurately solved in 6nite terms*. 

407. Let the several particles be so arranged in a plane that 
the resultant accelerating force on each passes through the com- 
mon centre of gravity of the sj'atem and that each resultant is 
proportional to the distance of the particle from that centre. It is 
then evident that if the proper common angular velocity be given 
it) the system about 0, the centrifugal force on each particle may 
be made to balance the attraction un that particle. The particles 
of the system will then move in circles round with equal angular 
velocities, the lines joining them forming a figure always equal 
and similar to itself. Each particle also will describe a circle 
relatively to any other particle. 

Let u.s itext enquire what conditions are necessary that the 
puttcleM may bo move that the figure formed by them is always 
similar to its original shape, but of varying siee. Let the distances 

' Iiaflaec'i diaouBsion may lie foand in the aiith chapter of the tenth book of 
ths Stteatilifut CfUiif. The propoaitioD that the motion when the partiolea are in 
a Ktrnigbl line is uostablo was lirBt eatabliahed by LiciUTllIe, Aeadf.aiif det Scifnctt. 
1M3. and Onnuiitmnrt det Teinpt tor 1845 published in 1»43. His proof ia 
diffBrenl fioiu that given in the text. The motion wheu the partiolea are at (he 
camori of an irquilataral trinnule ia disouBsed in (he Proeetdiugi of the Lundon 
.Ifnfh'nuti'cal Socitly, Feb. IRTS. Sec also the author's Kigid Dynamiet, vol. i. 
An. 8M, and vol. it. Art. lOa, There is bIbo a paper by A. G. Wytboll, On Ihe 
iHiv^nteal itabilitii of a ij/tttm of parlielet, Ainlerdam Math. Sor. 18S6. 
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of the particles from the centre of gravity be ri, r„ &c. We 
then have for each particle the equations 

Since the figure is always similar, these equations are to be satisfied 
when dO/dt is the same for every particle, and n, r^, &c. have the 
ratios Oi, Oj, &c., where aj, 02, &c., are some positive finite constant 
quantitiea It immediately follows that the arrangement must be 
such that the F's are in the same positive ratios and also the 6'& 

Since the mutual attractions of the particles form a system 
of forces in equilibrium, the equivalent system miF^, fn^„ 4c 
and m^Oi, mfi^, &c. is also in equilibrium. The sum of the mo- 
ments of the 6r*s about must therefore be zero, which (since 
they are in the ratios Oi, &c.) is impossible imless each O is zero. 

If also the initial conditions are such that both the radial 
velocities dr^/dt, &c. and the transverse velocities r^dOjdJt, &C., 
have the ratios Oi, &c., all the equations will be satisfied bj 
assuming Vi.r^, &c. to have the constant ratios aj, Oj, &a The 
motion of some one particle, say mj, is determined by the two polar 
equations of that particle. 

The result is, that if the particles move so as to be always 
at the comers of a similar figure, that figure must be such that 
the resultant accelerating forces on the particles act towanls the 
common centre of gravity and are proportional to the distances 
from 0. This being true initially, the particles must be projected 
in directions making equal angles in the same sense with their 
distances from 0, with velocities proportional to those distances. 

408. The two arrangements. To detennine how three 
particles must be arranged so that the force on any one may pass 
through the common centre of gravity ; the law of force being the 
inverse xth power of the distance. 

It is evident that the condition is satisfied when the three 
particles are arranged in a straight line. We have now to 
enquire if any other arrangement is possible. 

It is a known theorem in attraction that if two given particles 
of masses Jf, m attract a third m\ placed at distances p, r from 
them, with accelerating forces Mp, mr, the resultant passes through 
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the centre of gravity of M, m and therefore through that of all 
three. In order that the resultant of Mjp* and vi/f may ali 
pass through the centre of gravity of M, m, it is evident that 
the ratio of Idjp^ to m/r* must be equal to the ratio Mp to 
It iminediately follows (except « = -l) that p = r. The three 
particles must therefore be at equal distances ; see also Art. 304, 

The result ia that for three attracting particles there are 
only two possible arrangements; (1) that in which the particles, 
however unequal their masses may be, are at the cornel's of an 
equilateral triangle, (2) that in which they are in the same straight 
line. 

It may also be shown that when the law of attraction is the 
inverse <rth, (A« arrangeiuent at the comers of an equilateral 

tria»rile w t^tahle when ^^ > 3 (J^)' ■ 

409. The line UTangement. Three mutually aUrat^iig 
particlen whose masses are M, m'. m are placed in a straight line. 
It i* required to determine tlie conditions that throughout tiieir sub- 
luqueul nwtion tlie^ niuy remain in a utraighl line. 

Let the law of attraction be the inverse «th power of the 
distance. Let M, m. be the two extreme particles, vi being 
between the other two. Let a, b, c be the distances Mm, Mm', 
m'm ; then a = b + c. 

A necessary condition is that the resultant acceleratirjg forces 
on the particles must be proportional to their distances from the 
contm of gravity (Ai-t 407). We therefore have 
Mia' + m'ltf ^ Mjlf - mjtf ^ m/a' + m'lb' 
Ma+m'c Mb — VIC 7na+nib 

where the numerators express the accelerating forces on the 
pnnicleH and the denominators are proportional to the distances 
from 0. 

The i.'(pialities (1) are equivalent to only one equation, for if 
we multiply the numeratora and denominators of the three frac- 
tions by m, Hi', - M respectively, the sum of the numeiatoi-s and 
also that of the denominators ai-e zero. Putting a = i(l+/i), 
c = Itp, we arrive at 

Up' Id +/■)* *"' - 1 1 - «' |i -I P)' (I -p"+'( - <u 111 +?)""" ii""| =o...(a). 
left-hand side is negative when m = and positive 
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infinitely large, the equation there/ore has one real positive root, 
whatever positive vaiues M, m\ m may have. Putting p = 1, the 
left side becomes (JIf — m)(2*+^ — 1); since we may take if as the 
greater of the two extreme particles we see that the real potiim 
value of p is less than unity, provided #c + l is positive. If it+l 
were negative the root would be greater than unity. 

Whatever the masses of the particles may be it follows that 
if they are so placed that their distances have the ratios given by 
this value of p, and their parallel velocities are proportional to 
their distances from 0, they will throughout their subsequent 
motion remain in a straight line. 

When the attraction follows the Newtonian law, the equation 
(2) becomes the quintic 

(if + mf)!^ + (3if + 2m') p" + (3if + m')p» - (m' + 3m) p" 

- (2m' + 3m) p - (m + m^ = 0. . .(3). 

The terms of this equation exhibit but one variation of sign, and 
there is therefore but one positive root. 

It may be shown in exactly the same way that in the general 
case, when k has any positive integral value, the equation (2) has 
only one positive root; all the terms from /)**+* to />*"♦"* being 
positive, while those from p" to jp° are negative. 

410. When the positions of two of the masses are given, 
there are three possible cases ; according as the third is between 
the other two or on either side. Since the analytical expression 
for the law of the inverse square does not represent the attraction 
when the attracted particle passes through the centre of force, 
Art. 135; these three cases cannot be included in the same 
equation. We thus have three equations of the form (3), one 
for each arrangement. 

411. In the case of the sun, earth, and moon, M is very much 
greater than either m or m'. Since p vanishes when m and yn 
are zero, we infer that p is very small when m/M and m'/M are 
small. The equation (3) therefore gives 3p' = (m + m')/M, or, 
using the numerical values of m, 7n and i/, jp = 1/100 nearly. 

If the moon were therefore placed at a distance from the 
earth one hundredth part of that of the sun, the three bodies 
might be projected so that they would always remain in a straight 
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line. The moon would then be always full, but at that distance 
its light would be much diminished. This configuration of the 
sun, earth and moon however could not occur in nature because 
this state of steady motion is unstable. On the slightest dis- 
turbance the whole system would change and the particles would 
widely deviate from their former paths. 

1 412. Three mutually attracting particles whoee moises are If, m', m describe 

\ circlet round their common centre of gravity and are always in a straight line. 

I Prove that if the force vary as any inverse power of the distance this state of motion 

t is unstable. 

Redacing the particle M to rest we take that point as the origin of coordinates. 
^ Let (r, 0) be the coordinates of m, (r', 0*) those of m\ The particle m is acted on 

r by (l/+fii)/r* along the straight line mAf, and m'/r"^ in a direction parallel to m'M. 
The polar equations of the motion of m are 



dV /<W\8 3f+«i m' m' 

dl« \dtj fjc j,'K B* 

^ d f^de\ w' . m'r' sir 

r dt\ dtj /« JR^ ^ 



(1). 



where w, ^ are the angles at M, m of the triangle formed by joining the particles 
and R is the side mm\ In the same way the polar equations of the motion 
of m' are 

——-r'l-;-) =s COSW + — cosA' 

dt^ \dt) r'* 1^ nr . 

(2), 



1 d f_j^de'\ m . m . . 

- rr- ( r^ ^- I = — sm w sm A' 

r^dt\ dtJ jjc i^ ^ 



where ^' is the external angle of the triangle at m\ In forming these equations 
the standard ease is that in which $'>$ and r^<r. 

We shall now substitute in these equations r=a (1 + a;), 0=nt+y; r'=& (1 + y), 
^ = ftt + i|, and reject all powers beyond the first of the small quantities a;, 2^, ^, tj. 
Remembering that sin ^/r' = sin i>'lr= sin ufR we find after some reduction 

(«*-n«-if£)«-2n«y + m'«B^ + 0.i;=0, 

2ndx+{S*+m'B)y + 0.^-m'Bri=0, 

. a; - mily + 2n«^ + («" + m/<) 1? = 0, 
where for brevity we have written d for djdt, and c=a-b, 

Jf+m m'_ il /+w' m 

The steady motion has been already found in Art. 409, but it may also be 
deduced from th« first and third of the equations (1) and (2) by equating the 
constant!. We thai find n*s£ - m'B, n^^F^mA. 
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We notice that the constants E, F are positive. When ir+1 is positive, it hag 
been shown in Art. 409 that a >6>c, and therefore il,J3 and £ + F-2ii^ are positive. 
Lastly whatever jc may be £ + F— n' is positive 

To solve the fonr equations, we put x = Gtf^, y=Ue^, ^=ir«^, rf=L^. Suk- 
stitnting and eliminating the ratios 0,H, K,Lwe obtain a detenninantal equation 
whose constituents are the coe£Scients of x, y, (, 17, with X written for 9, Tfaii 
determinant is of the eighth degree in X. To find its factors we most before 
expansion make some necessary simplifications which we can only indicate beie. 
We first add the ( column to the x column and the 1; column to the y colmniL 
The second column may now be divided by X. Multiplying the second oolmnn bj 
2n and subtracting from the first, we see that \^-{k- 3) n' is another factor whieli 
we divide out. Subtracting the first row from the third and the second tnxm the 
fourth, the first column acquires three zeros and the second column two. The 
determinant is now easily expanded and we have 

X«{X«-(ic-3)n«}{(X«+C)(X«-Cif-(« + l)n«) + 4n«X3}=0, 

where C=E-^F-2nK It ir>3, this equation gives a real positive value of X and 
the motion is therefore unstable. If k have any positive value C is positive, and 
the third factor has the product of its roots negative ; one value of X* is real and 
positive and the other real and negative. The moHon is therefore urutable for all 
positive valties of k, 

418. Ex. 1. Three mutually attracting particles are placed at rest in a 
straight line. Show that they will simultaneously impinge on each other if the 
initial distances apart are given by the value of p in the equation of the (2ir+l)th 
degree of Art. 409. [This equation expresses the condition that the distances 
between the particles are always in a constant ratio.] 

Ex. 2. Three unequal mutually attracting particles are placed at rest at the 
corners of an equilateral triangle and attract each other according to the inverse 
irth power of the distances. Prove that they will arrive simultaneously at the 
common centre of gravity. If the law of attraction is the inverse square, the time 

of transit is |^ «* (a3/2/i)^ where fi is the sum of the masses and a the side of the 
initial triangle. Art. 131. 

414. A swarm of particles. Let us suppose that a comet 
is an aggregation of particles whose centre of gravity describes an 
elliptic orbit round the sun. The question arises, what are the 
conditions that such a swarm could keep together* ? Similar 
conditions must be satisfied in the case of a swarm consolidating 

* The disintegration of comets was first suggested by SchiapareUi who proved 
that the disturbing force of the sun on a particle might be greater than the 
attraction of the comet. He thus obtained as a necessary condition of stability 
mlb^ > 2Mla^. The subject was dynamically treated by Charlier and Luc Picart on 
the supposition of a circular trajectory. They arrived at the condition m/&^> d^Z/a^; 
Bulletin de VAcadimie de S, Pitersbourg^ Annales de VObservatoire de Bordeaux^ 
Tisserand, M€c, Cilettef iv. The condition of stability was extended to the case of 
an elliptic trajectory by M. 0. Gallandreau in the Bulletin Astronomique, 1896. The 
brief solutions here given of these problems are simplifications of their methods. 
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into a planet in obedience to the Nebular theory. The following 
example will illustrate the method of proceeding. 

We shall suppose the sun il to be fixed in space, Art. 399. 
Let jB be the centre of the swarm, C any particle. Let r, 5 be 
the polar coordinates of jB referred to Ay and f, 17 the coordinates 
of C referred to jB as origin, the axis of f being the prolongation 
of AB, Let M be the mass of the sun. Supposing, as a first 
approximation, that the swarm is homogeneous and spherical, its 
attraction at an internal point C is fip^ where p = BC. If m be 
the mass and b the radius of the swarm, fib = m/b\ 

The equations of motion are, by Art. 227, 
d'(^ + f) , . ^,/d^V 1 d I d0\ "M ^ 









,(2). 



These equations also apply to the motion of the particle at jB, 
where f = 0, 17 = 0. Hence when we expand in powers of f, 77, 
all the terms independent of f , rj must cancel out. We thus have 

dp dt dt ^ dP ^\dt) ~ r» '^ 

dh, d^do d^e (de\-_-Mr, 

If the centre of gravity of the swarm describe a circle about 
the sun, we write r^a, dd/dt = n. The equations then become 

^+^»f ^"^ -0, 

Putting f = il cos (p^ + a), 17 = jB sin (p^ + a), we immediately ob- 
tain the determinantal equation 

(p»-M + 3n«)(p«-/i)-.4/)»H«=0 (4). 

The condition that the particles of the swarm should keep together 
is the same as the condition that the roots of this quadratic should 
be real and positive. The left-hand side is positive when j9* = ± 00 , 
and negative when p*^fA and p^=sfA — 3n". The required condition 
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is therefore /t > 3n', Art. 288. The condition that the swarm it 
stable is there/ore jj>3 — , 

Unless therefore the density of the swarm exceed a certain 
quantity the swarm cannot he stable. If the mass of the sun were 
distributed throughout the sphere whose radius is such that the 
swarm is on the surface, the density of the swarm must be at 
least three times that of the sphere. 

The path of the particle C when describing either principal oscillation ii 
(relatively to the axes B^^ Byj) an ellipse with its centre at B, Snbstitating tbe 
values of (, 17 in the equations of motion and using the quadratic, we find 

A__j^-li A^ Sp^^/i AiA^_ / fi 

Since fi lies between the values of p^, the first equation shows that AJB^ and 
AJB2 have opposite signs, and accordingly the radical is negative. 

It foUows that the oscillation which corresponds to the smaUer value of ji has 
the major axis directed along £(, while in the other that axis is along B^. The 
particle also describes the ellipses in opposite directions, in the former case the 
direction is the same as that of the swarm round the sun, in the latter, the 
opposite. 

If the centre of gravity of the swarm describe an ellipse of smaU eccentricity, 
we may obtain an approximate solution of the equations of motion. Assuming 
the expansions = nt-\-2eBinnt-\-\e*a\n 2nf , 

-j=-^; ••(t) =l + 3€C08nt + f c' + §e'co82Mt, 

it is evident that all the coefficients of the differential equations (2) can be at once 
expressed in terms of t, including all terms which contain e'^. It is however 
unnecessary for our present purpose to write these at length. It is easy to see 
that the equations become 

dv 
eX= 4en cos nt — - 2en^ sin nt tj + lOen^ cos nf | + Ac, 

eY= - ien cos «< 1^ + 2«i* sin nt ^ + en^ cos nt 17 + Ac. 

As a first approximation we neglect eX, eY, Comparing the equations (5) and 
(3) we see at once that we shall have the quadratic 

{p^-fi + n^(S + 5e^)} {j)a_^ + 4nV}-4i>«n2=0 (6). 

'The condition that the swarm is stable is then fi > n* (3 + 5e^ ; •*• y;8 > ~s (3 + 5e^). 

It appears therefore that the gradual dissipation of a comet is more probable when 
the trajectory is elliptieal than when it is circular. 



(5), 
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As a second approiimatioD, we Hubatitute ( = A ooe{pl + a), ifsBtio (pi 
ihe ciprmaioiiB X oed Y. B; Art. 303 the onljr important terms are those which 
become inK^illei] b; the process of BolatioD. Tbew tenns are of the fonn 
fcoslXi + L) where X=pin or p±2n. Unlesa therefore the roots p, p' of the 
■liwdratia (6) or (4) are eaoh that p^p' is Dearl? equal to n or 2u. the terms 
d«ri>ed from .V, K temaiu respectively of the order e or «'. Thia relation between 
the roots oaooot occur when e is siuall. 

416. Tlvierand'B crtterton". When a comet dcEcribing a 
conic uiuud the sun pa»«es very near to a planet, such its Jupiter, 
its course is much disturbed. When it emerges from the sphere 
of perceptible influence of the planet, it may again be supposed 
to describe a conic round the suu, but the elements of the new 
pAth may be very fiiCforent from those of the old. 

.Since Jacobi's integnil (Art. 255) holds throughout the motion, 
the elementa of both the conies must satisfy that equation. 

Lot(a,,fo), (a,./,) be the semi-major axis and scmi-latus rectum 
before and after passing through the sphere of influence of the 
pUuiet. Let i„ i, be the inclinations of the planes of the comet's 
urbil to the plane of the planet's motion. 

Let the sun be taken as the origin of coordinates, and let 
the axis nf f pass through the planet P. Let r, p be the distances 
of the comet Q from and P respectively and c^^OP. Let M, 
m be the masses of the sun and planet, then, reducing the sun 
to rest (Art. 399), we regard the comet as acted on by the resultant 
nttractioQ of the sun and planet together with a force in.jd' acting 
]utrallel to PO, The Held uf force is therefore defined by 

r p c' 
We suppose that the planet P describes a circular orbit relatively 
to with a conBtant angular velocity n, where n' = (jtf + wt)/c*. 
^The JacobiAn integral takes the form 

^^B'* Tiuetuid's eriterion may b« found in bis Note sar Tintegrsle de Jacobi, et 
^^b^Kii applwalioD A U Ihiorie del conitoa, UulttUn Aitrovoraiqae, Tome vi. 
HnV, ftlw In hia itieani^at CiliiU, Toms tr. Ii4tf6. M. 0. Callandieku's iiddilioD 
^^u ipTtm in Ibn Hoond chapter of hie bllude «iir la Ibforie dea comMaa p^riodiqiieii, 
Annaia di fObimatain <U ParU, Mtmoirei, 1893, Tome xz, There are aho some 
iuvMitigaCioDi by H. A. Nawlon on the cnptare of oometB by planeta, eapeoially 
Ameri<an Journal of Scietut, vol. lui. pagea I8S and 4S3, 1S61. 
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where V is the space velocity of the comet and A its angolar 
momentum referred to a unit of mass. Since (Art. 333) 

the integral becomes 

where fo*Po> fi>Pi» are the values of f, p when the comet is respec- 
tively entering and leaving the sphere of influence of the planet 
We obviously have />o = />i, and since the comet does not stay long 
within the sphere, we may neglect fo — f i when multiplied by the 
very small quantity mjM. Writing then n^ = M/(f as a close 
approximation, Art. 341, we obtain the criterion 

1 cosio\//o_ 1 cosiiV^i 
2ao c»s/c 2ai Cs/c ' 

416. Tisserand uses this criterion to determine whether two 
comets both of which are known to have passed near Jupiter 
could be the same body. If the criterion is not satisfied by the 
known elements of the two comets, they cannot be the same body. 
If it is satisfied it is then worth while to examine more thoroughly 
how much the elements of either body have been altered by the 
attraction of Jupiter. This must be done by using the method 
of the planetary theory and is generally a laborious process. 

In Tisserand's criterion the orbit of Jupiter is considered to be circular, which 
is not strictly correct. This defect has been corrected by M. O. Callandreau. 
Taking account only of the first power of the eccentricity he adds a smaU term 
containing that eccentricity as a factor. This term, unlike those in Tisserand'^ 
criterion, depends on the manner in which the comet approaches Jupiter. 

417. Stability d^dnoed firom Vis Viva. The Jacobian integral has been 
used by G. W. Hill * to determine whether the moon could be indefinitely pulled 
away from the earth by the disturbing attraction of the sun. In such a problem 
as this, it is convenient to take the origin at the earth P and the moving axis of ^ 
directed towards the sun 0. Reducing the earth to rest, the moon Q is acted on by 
{m-\-m')lp^ along QP and Mjc^ paraUel to OP, The Jacobian equation for relative 
motion, Art. 255 (.3), takes the form 



* G. W. Hill's researches in the Lunar theory may be found in the American 
Journal of Mathematics, vol. i. 1S7S. 




STTABILITV OF THE MOON. 



vhers p — ^Q, t-=OQ, e=OP and »i is the num of the nuusee in, m' ot the earth 
4Bd moon. Vie tcent the Ban's orbit aa oircnlar »nd pat *» > near approximation 
Ule'su'. Since ^-f' + V. this eqiutioo becomeR 

Kinoe Ihu left-hand aide in essenliftUy poBitive it U oleor that iJif muvtns particle Q 
titn BrviT crou llit lur/ace dejliud by equatiiin the light-kand liiie to zero, auil can 
AMilg mavr in ifiuar jiiirtt of ipaee 'it which fht right-hand tide It poiiliri. Art. 299. 

If the initial oircnmBtaDces ot the motion make C" oegative, the right-hand 
tide is always positive and the equation auppliea no limits to the position of Q. 

The (urm of the snrface Then C is positive has lieec diaeuHBed by Hill. When 
V etoeeds a certain qaBJitity the eurfaoe bae in i^neral three separate sheets. 
Tfae inner of these is smaller than the other two and mirronnde the earth. The 
second is alxo closed but HutTounde the sun. the third is not closed. When the 
eoDBtanln are ada^iled to the case of the moon, that satellite is found to be nlthin 
Iho firet sheet. It must therefore always remain there, and kn dislnnce from the 
««iUi can never eioeed 110 eqaatoiial radiL Thos the eixentricity of the taith'i 
orbil Mug ntiiUrt<il, ae TuiBf a rigoroat denunutratio« 0/ a tuprrior limit In tlit 
raditu rtetor of Iht moon, 

«!•. Ex. 1. If the moon Q move In the plane of motion of the earth P and 
U aUo the son is m remote that we maj pot - + ir'=ie'' (l + -\ when the left- 
hand side is expanded in powers of f/e and rile, the bounding sorfaoe degenerates 

into the cnrve - + i n V= ^"> It u required to tiaee the [onus of this cncve tor 

P 
■litlercnt positive values of C". 

TIm curve has two inSnite hranohes tending to the asymptotee Inf^C". U 
C" is fcTeat«<r than the minimum value of ^/{-i- j n'^ there is sUo an oval round 
tlia body .S*. II the particle Q is within the oval, it cannot escape thenoe and its 
radius veotoi will have a superior limit. If the particle is beyond either of the 
ioAoilA br»ticliea, it cannot cross them and the radius vector will have nn interior 
lunil. The velocity at any point of the space between the oval and the inlioite 
litsnohea is imaginary. [Hill.] 

£r. S. A doable star is formed by two equal constituents .S', P whose orbits 
Kl« olroles. A third particle Q whose mass is infinitely small moves in the same 
|ilana and uiitially is at a distance ftom P on SF produced equal to half SP. 
starting nitli such velocity that it wonld have describi^d a cironlar orbit about P if 
S bad been absent. Show that the curve of no relative velocity is closed, and that 
(he particle being initially within that curve cannot recede indeiinitety from the 
attrfteling bodira S and P. 

This example ia disonssed by Cnonlesoo in the Coiiiptti Scndui, 1892. He also 
ivftfr* to a msmoii of U. de Uaerdtl, 1890. where the revolution of ^ round P is 
traoed during two revolutions and it is shown that at the end of the third the 
pkrticla ia needing Irom J '. 

' Since writing Iho above the authof haa received Darwin's memoir on Periodic 
Orbil«. .Iri'" iliiilnrnuiiicn, XXI. in whicli the motion of a planet about a binary star 
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Theory of Apses. 

419. When the law of force is a one-valtied function of the 
distance, every apsidal radius vector must divide the orbit sym- 
metrically. 

Let be the centre of force, A an apse (Art. 314). The 
argument rests on two propositions. 

(1) If two particles are projected from A with equal veiodties, 
both perpendicularly to OA but in opposite directions, it is clear 
that (the force being always the same at the same distance from 0) 
the paths described must be symmetrical about OA, 

(2) If at any point of its path, the velocity of the particle 
were reversed in direction (without changing its magnitude), the 
particle would describe the same path but in a reverse direction. 

If then a particle describing an orbit arrive at an apse A, its 
subsequent path when reversed must be the same as its previous 
path. Hence OA divides the whole orbit symmetrically. 

We may notice that if the law of force were not one-valued, 
say F=^ ii[u± s/{u^ — ai^)]y where the apsidal distance OA =a, the 
first proposition is not true, unless it is also given that the radical 
keeps one sign. 

420. There can he only two apsidal distances though theie 
may he any numher of apses. 

Let the particle after passing an apse A arrive at another 
apse B, Then since OB divides the orbit symmetrically, there 
must be a third apse C beyond jB such that the angles AOB, 
BOG are equal and 0(7= OA. Since 00 divides the orbit sym- 
metrically, there is a fourth apse at Z), where OD = OB and the 
angles BOC, COD are equal. The apsidal distances are therefore 
alternately equal, and the angle contained at by any two con- 
secutive apsidal distances is always the same. 

has been more thoroughly studied. Taking a variety of initial conditions he has 
traced the subsequent paths of a particle of insignificant mass. Some of the 
paths thus presented to the eye have such unexpected and remarkable forms that 
the paper is full of interest. 



<t be deEcribed alioiit 




«ai. *■«— r'— f'C. 1. Show that a 
ceatra or [one whose attroctioti iit a 
one-VAiu<.<d fDUflUoD of ttie distanoe 
iMt)e«B that eentre id situated on a 
firiDtupal diuneter and ia outeide the 

By dr»win|ii nil the lungenU to one 
Un KF of the erolate we eee that the; 
«oTer the whole area ol the quadrant 
AVB of the ellipse. It foUows that a 
oorroal to the ellipxe ooo be drawn 
thraogh anj poiDt F situated in tbia 

qnadmil, anil thia nonnat doea not divide the ellipse Bymmetrioallj. unlesB P lies 
between E and A or between f and B, 

Ex. 2. It the path is an equiangnlar spiral and the oeatTBl foToe a one-valaed 
tutiGlioa ot the distance, prove that the oentie of force must be sitnated in 

Kx. S, If • particle of dibhs ni be attached to a line elaetio string of natural 
UogCh II and modolua X, and lie with the string unstretched and one extremity 
llied on a smooth horizonial plane; prove that, if projected at right angles to the 
atring with Telocit; v, the string will ja«t be doubled in length at its greatest 
•xtMuion if imv' = ia\, {Coll. Ex.] 

Ei, i. A particle ia projected from an apee with a velocity r, prove that the 
■pw! will he nn apocentre or a pericentre according as the velocity v is less or 
greater Ituui that in s circle at the satiiu distance. 



To find the apsidal dixtances 
■ C— IjFdr, gives 



422. The apsidal distances. 
whei% F= fiu", and n is an integer. 
The equation of vis viva, viz. v' = 

"-'i(S^«i-'^^-^I«■" «■ 

Let V ht! tile velocity at the initial distance R, ^ tlie angle of 
projection, then 

r'=c+-t, flj~\ i,= rjumfi (2). 



_2t„,„ 



MJ 



Thun bulli A and C hk known quantities, at an apse u ia a max- 
min, will therefore duld0 = O. The apsidal distances are therefore 
giTvn by 

I (!)■ = »■ (S)' = n^l--"«--'' = « W 

If an equation ta arranged in descending powers of the unknown 
atitjr, we know by Descartes' theorem that there cannot be 
re positive roots than variations of sign. Thu airaugenieui of 
jtemifl of equation (A) will dep€Qd on whether h - 1 is greater 
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or less than 2 : bat, since there are only three terms, it is dear 
that in whateTer <»der they are placed th^re cannot be more Uuo 
two variations of sign. The equation cannot therefore have moie 
than two positive roots. Utis is an analytical proof that Am 
cannot be more than two real apeidal 



4SS. If H is a fnetioii, taj >=p/f in its lowert tenns, we write ii=v*; the 
indifoes of w are then integers and v and t fa e t e tote ■ can ha^e onlj two poeitm 
valoes. It is aasomed that if f is an eien integer the sign of ^ is givoi by some 
other eoosiderationa, fior otherwise F would not be a ooe>irahied foaetion of n. 

424. The propositions proved in Arts. 420 and 422 are not 
altogether the same. The complete cmre found by integrating 
(A) may have several branches separated from each other so that 
the particle cannot pass from one to the other. In 420 it is 
proved that the actual branch described cannot have more than 
two unequal apsidal distances. In 422 it is proved that when 
F^fiu^ all the branches together cannot have more than two 
unequal apeidal distances. 

If the force be some other one-valued function of the distance 
the complete curve may have more than two unequal apsidal 
distances. 

425. Ez, 1. If ijjA =A(u-a)(u-h)(u-c)he the differential equation of 

an orbit, prove that the central force is a one-valaed function of the distance. 
Prove also that the carve has two branches and three onequal apsidal distances, 
and that either branch may be described if the initial conditions are suitable. See 
Arts. 309, 441. 

Ex. 2. If the central force is ¥=im*^ where n>3 and the velocity is greater 
than that from infinity, prove that the apsidal distances lie between p and q, where 
2/x=/«^(w- 1)?*"' and h'^=Cq*, [This follows from a theorem in the theory of 
equations applied to equation (A) of Art. 422.] 

426. The apsidal angle. To find t)ie apsidal angle when 
F^ fiu^, wliere n< 3, and tlie orbit is nearly circular. 

The equation of the path with these conditions has been found 
by continued approximation in Arts. 367 to 370. 

Taking the first approximation, we see by referring to the 
equation (6) of those articles that du/dO is zero only when 
jp^ + a = iir, where i is any integer. These values of therefore 
determine the apses and the reciprocals of the two corresponding 
apsidal distances are c (1 ± if). The apsidal angle described 
between two consecutive apses is therefore ir/p, where j^' = 3 — tl 
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Taking the higher approximations, we use the equations (12) 
and (13) in the same way. The apsidal angle is therefore ir/p, where 

p = V(3 - n) {1 - A (" - 2)(n + 1)M% 
The reciprocals of the apsidal distances are very nearly c (1 ± M), 

427. There is another method of finding the apsidal angle which is founded 
on a direct integration of the equations of motion*. Beginning with 

tPu itu^"^ 
we hare, as in Art. 422, 



'^'0*=„^»"-'-''*"'-^' 



let u=a, tt=& be the reciprocals of the inner and outer apsidal distances. Since 
the right-hand side of the equation must vanish for each of these values of u, we have 



n-l"- "^ ■ ^ "' n-1 
Eliminating h* and C we find 



( 



du) - A ' 



u»-S u\ 1 
a»-i, a\ 1 
6*-», 6«, 1 



To find the apddal angle we have to integrate the value of dd from tt=6 to a. 

To simplify the limits we put a=c(l+Af), &=c(l-Jlf) and ti=:c(l + lfd:); the 
limits of integration are then xs - 1 to + 1. Also since the orbit is nearly circular, 
we suppose if to be a small quantity. 

It now becomes necessary to expand A in powers of M. This may be effected 
by using some simple properties of determinants. If we subtract the upper row 
from each of the other two, the determinant is practically reduced to a determinant 
of two rows. Noticing that 

(ldbif)»-i-(l + Arj;)»-i=-(n-l)Jlf(j;Tl){l + CJlf(a;dbl) 

+ Difcf«(a;»dba; + l)+£Jf«(a:»±a^+«=*=l) + &c.}, 

where C=i(fi-2), D = |(n-2)(n-3), £=^(n-2)(n-3)(n-4), we see that the 
new determinant is 

A=c*+iir»(n-l)(aj«-l) 1 + C3f(jj + 1) + Ac.. 2+Jlf(a: + l) 

1 + C3f («-l) + 4c., 2 + Af(a;-l) 

Subtracting one row from the other and performing some evident simplifications, 

we find 

A=E«(««-l){l+i(n-2)3fa; + A(»-2)Jf»((n-4)a^+n-6)}, 

where E^ = 2c^^ Jff* (n - 1) (n - 8). We thence deduce 



* The method of finding the apsidal angle by a direct integration of the 
apsidal equation was first used by Bertrand, CompUs Rendutt vol. 77, 1S78. An 
improTed venion was afterwards given by Darboux in his notes to the Court de 
MieaniquM hf Defpeyious, 1886. 

B. D. 18 
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In the same way we find after some redactions 

(tt»-i-&»-i)*={2c»-iJlf(n-l)}i'{l+A(«-2)(n-3)AP}. 
Bemembering that du=cMdx^ these give 

The integrations can be effected at sight by putting xssin^. Taking the 
limits to be ^= dbjr to make the apses adjacent, we find that the apodal angle is 

428. Oloied orbits. An orbit is described about a centre 
of force whose attraction is a one-valued function of the distance. 
Prove thai if the orbit is closed, for all initial conditions wiAih 
certain defined limits, the law of force must be ike inverse square 
or the direct distance, [Bertrand, Comptes Rendus, voL 77, 1873.] 

If the path is closed and re-ent«ring it must admit of both 
a maximum and a minimum radius vector. The orbit therefore 
has two apsidal distances and must lie between the two circles 
which have these for radii and their centres at the centre of 
force. By varying the initial conditions we may widen or diminish 
the space between the circles, yet by the question the orbit is 
always to be closed so long as the radii of the circles remain 
finite. 

Representing the first approximation to the reciprocals of the 
radii by c (1 ± M) the apsidal angle will be irfp, where p can be 
expressed in some series of ascending powers of M. The orbit 
cannot be closed unless the apsidal angle is such that, after some 
multiple of it has been described, the particle is again at the 
same point of space and moving in the same way. Hence p must 
be a rational fraction for all values of M whether rational or nd. 
The coefficients of all the powers of M must therefore be zero, 
while the term independent of M must be a rational fraction. 

When F=fiu^ the series {or p is (Art. 426) 

p = V(3 - n) {1 - 3^ (n - 2) (n + 1 ) 3f « + &C.}. 

Since the coefficient of if' must be zero we see that n = 2 or - 1, 
Le. the law of force must be the inverse square or the direct 
distance. In either case the condition that V(3 — ^) should be a 
rational fraction is satisfied. 

If we take the most general form for the force, we have 
F=uY{u), We know by Art. 368 that the first term of the 



1 
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series for p is, in general, a (Unction of c, i.e. of the reciprocal of 
the mean rndius. Since this can ha varied arbitrarily the apsidal 
nngie cannot be commensurable with tt unless thia first term, 
viz. c/'(c)//{o), is independent of c. Putting this equal to a 
constant m we find by an easy integration thaty(c) = ^c™. Hence 
f =/iu"*'. The general case is therefore reduced to the special 
cose already considered. 

4SI. Clawtlleatton of orUla, TIi^ force being f=fuu'< it ii required lo 
<Jiu<f/y the varioui formt of llie orbit according to the number of the aptidal 
dUlanui '. We t-uppoie fi to be poiilive and h not to be lero. 

AiTftcgaag the apsidal equutioD (A) (Art. 422) in deeeeDding poweni of u, it 
Uktm one or other □( the three (ollovring forma 



(l)"-©''^^.---'--- 



...(A). 



-h-ii*- 



+ Cu'-" 



lies between 3 and 1. and n<l. 
i C aad A detennino the energy and angular 



■«oordiiijtu n>3, ii 

The two conitRQts i C and h detennina the energy and angular moituntun of the 
paniele. Ait. 313. When these arc givec. we ariive, b? inteftiallng (A), 6t ao 
•qiMtion of the form 9+o=/(ii). By varying the eoaatant a we turn the curve 
round the origin without altering its form. Jt follows that icben C and h are 
knvitn, the orbit it iletennlned in fona but net in poiition. The curve thnii found 
may have Mveral bmnebes which are not connected with each otlier. One jiaint 
OK the orbit mul therefort aUo be given to determine the value of a and to diitingaith 
(Ac bmnek actually d/.icribed by the particle. 

Any poiDl on the ourre beiag taken aa the point of projecdoD, we may regard v 
Ml the initial velocity. We thus have C — v'- F,' or C = ti' + 1',', where f] ia the 
«alocily (mm inOnity. and V^ the velocity to the origin. The first eqnation is to 
be naed wluu F, is Snite, i.e. when ns-l; the second when V^ is finite, i.e. when 
«<1. Sen Art. 813. 

««0. Oaa* I. L't the earr* liiire but oim apiidal dituince. The right-hand 
aide nf the apsidal equation {A) must change sign oooe as u varica from uto lo 
infinity. Hence, when n>3, C is negative or zero, i.e. the velocity v is less than 
or eqaal lo that from infinity ; when n lies between 3 and I. C most l>e positive or 
aoro, i.e. the velocity v ia greater thau or eqnal to that from infiaity. Lastly we 
we from the third form of the equation (A) that when n<:l the curve cannot have 
only one apiidal distance. 



* Korta««g, SuT la cmjecloiret dterite* *oiu Pii^atnet iTiuie force eenlraU, 
Aitbive' KterUmiUiUti, vol. Ui. 1884, liiBousaea the forms of the otbitH, the con- 
diltooa nl stability and the asymptotic eirolee. Oreenhill. On the itabiliti/ of 
urM'-t, P™^- fiVnd, .ITil'i. Soe. vol. ixii. 1888, treats o( the asymptotic circles which 
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These conditions being satisfied, let ti=a be the reciprocal of the apsidil 
distance, found by solving the equation (A). We then have 



(iy=K-^)'=<-'"*<">' 



where (u) cannot change sign as u varies from to od . Since (u) most hive 
the same sign as the highest power of u, its sign is positive or negative aooordbog 
asn> or <3. 

We notice that if n is a fraction, say n^pjq, we replace the factor u-ahy«-b 
where u=w^, a=&^; Art. 423. As in most cases the force F varies as some 
integral power of the distance, it will be more convenient to retain the form givoi 
above. 

Since the left-hand side of (2) is necessarily positive, the whole of the cQr?e 
mast lie inside the circle u=a if n>3, and must lie oatside that circle if a<3. 
Suppose the particle, as it moves round the centre of force, to have arrived at the 
apse. It will then begin to recede from the circle and must always continue to 
recede because dujdO is not again zero. The orbit has therefore two branebes 
extending from the apse to the centre of force or to infinity according as n> or< S. 
The apse is an apooentre in the first case and a perioentre (as in a hyperbob 
described about the inner focus) in the second case. 

The motion in the neighbourhood of the apse may be found by writing tt=a+x 
and retaining only the lowest powers of x. We then have 

(dxld0)^=^x; .-. u-az^Ae^, 

where 4tAh*=tf> (a). The path is therefore such that the particle describes a fimte 
angle while it moves from u=u to u=a. Since ddjdtszha^ is finite, the time of 
describing this finite angle is also finite. 

481. OaMfl ZZ. and ZZZ. To find the conditions that there may be either two 
apsidal distances or none. The apsidal equation must have two positive roots or 
none. The condition for this is that the right-hand side of (A) must have the 
same sign when u=0 and tt=ao . 

First, Let n>3, this condition requires that C should be positive and not 
zero. The velocity at every point must therefore be greater titan that from infitdt^. 

To distinguish the oases we find the maz-min value M of the right-hand side 
by equating to zero its differential coefficient. We thus find 

K \fl J 71-3 

Taking the second differential coefficient we find that 3/ is a minimum when n>3 
and a maximum when n<3. 

We notice that when n > 3, the two terms of M have opposite signs and thst 
we can make either predominate by giving h or C small values. Thus M msy 
have any sign if the initial conditions are suitably chosen. The path may then- 
fore have either two apsidal distances or none; there will be two if M is negativi 
and none if M is positive. If ilf =0 the apsidal distances are equal. 

Secondly t let 3>n>l. The right-hand side of (A) cannot have the same sign 
when 14=0 and tt=ao unless C is negative. The velocity at every point must thert- 
fore be less than that from infinity. 



-5(&r- 



c, 



we shnll prove that M is necestaiily positive nod has zero for its leaet value. Tbea 
sinoe the rigbl-baDd Kide of (A) is aegalive when v = and u — ^ and is equal to 
the posilive quaoLitjr lU for some iutermediate value, there mutl be tao aptldid 
ditlancit whiah can be equal only when M — 0. 

To prove that M is positive, we notice that 3f is least when h is greatest. 
ftinM h = prBiu^ (Art. SIS) this occurs when h=vr, i.e. when the particle is 
projeoM perpeodiaalacl; to the radius vector. Subatittiting this value of k and 
remeiiibeiing that C-c'-F,'. we can see b; a eimpte differentiation that .If is 
%^n least when v'su/r"*', that is, whea Uie velocity is equal to that in a circle. 
This valui! of c is less than the velocity from infinity (n being <3), and is there- 
fate adniiasible here. Substituting this value oF t> we find that the minimam 
value of .1/ is zero. The value of M is therefore positive and is zero only when 
the path is « circle. 

We may also prove that the orbit has two apsidal distances by observing that 
BiDoe the velocity ia insnfficient to carry the particle to infinity, the orbit must 
have either an apocentre or must approach an asymptotic circle. In either case 
the apaidal equation has one positive root and therefore has another. 

Thirdly, let l>ii. Since C=^-i' 7^ we notice that C must be positive. We 



"'-m- 



^^+^'^^ 



_l-n 
~3-n' 



we may prove in the some way oa before that 31 is least when h = vT and v'=iilr''~' 
and that then W=-j-^ r'-"+J'„«=0 by Art. 312, Thus il is always positive 
Bud the curve hat two aptidal diitnncri which can be eqniti only in a circle. 

We verify this result by nuticing that since an infinite velocity is required to 
carry the particle to iaQnity {n being <1, Art. 313), the orbit must have an 
apooentre or approach an asymptotic circle. The ap«idal equation must therefore 
have two positive roots. 

4S2. It follows from what precedes that the o 
equation (A) can be without an apse only when n: 
extends (mm the centre of force to infinity. 

We arrive at the same result by aoticing that if there is no apse, tht veloeily 
Biu'l br ntJIicimi lo eaTry the particle to inrinify. If 1 > n this condition cannot be 
aatiafied (Art. 312). If n>l this conilition requires C to be positive and it is 
evident thai the second form of the apaidol equation has then a positive root. 

It also [oUowB that there can be an asymptotic circle only when ii >- 3. For if 
the orbit be ollimalely circular the constant .V most be sero, and this cannot 
barptD when n.cS ncless the orbit is circular throughout. See also Art. 447. 

Tv Jtnil the motiua lobcn the orbit hat l>co upeidal diUniirf. If a, b be 
of these distances, the apiidal equation (A) takes the form 



••(S)' 
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where ^(u) is positive or negatiye aooording as n> or <S. Sinoe the left-hand 
side is necessarily positiye we see that u cannot lie between the limits a and h if 
^ (tt) is positive bat must lie between them if ^ (it) is negative. The whole cnrrt 
most therefore lie oatside the annnlos defined by the oirdes u=a, u=bii n>8, and 
most lie within that azmnlas if n<S. 

It appears that when »>3 the full carve defined by the differential eqnatioa (A) 
contains two distinct branches, either of which can be described by the partidfl 
with the given energy ^C and the given angular momentam h. These, being 
separated by the empty annalas, do not intersect, so that when the point of pn>> 
jection is given the particular branch described by the particle is determined. We 
notice also that this branch has only one apsidal distance though the comply 
curve has two. 

When n<3 the path of the particle undulates between the two droles ii=a, 
us 6, touching each alternately and being always concave to the centre of lone. 

484. OaM ZV. To find the motion when the aptidal dutanees art equal 
The apsidal equation now takes the form 

h*{dulde)*=:{u-df4>{u). 

The motion as the particle approaches the circle u=:a may be found by putting 
tt =ra +x and retaining only the lowest powers of x. We then have 

h*{dxlde)^=4>{a)a^, /. u-a=Ae-^, 

where m^=^{a)lh\ The particle therefore approaches the limiting drele in an 
asymptotic path and arrives at the circle only when ^soo. Since dBjdt (being 
ultimately equal to ha^ is finite, the time of describing an infinite number of revo- 
lutions round the centre of force is infinite. 

The conditions that the right-hand side of the apsidal equation (A) may have 
a square factor and be positive are (1) the coefficients of the highest and lowest 
powers must be positive, and (2) we must have i(f=0. Art. 431. If n>3, C must 
be positive, i.e. the velocity at every point must be greater than that from infinity. 
If n<3 the coefficient of the highest power of u is negative, and there can be no 
asymptotic circle, (See also Art. 432.) 

486. When n>3 and it is known that the path has an apse, we may prove 
that that apse is a pericentre or apocentre according as the velocity of projection is 
greater or less than the velocity in a circle at the same distance. Let v be the 
velocity of the particle, V^ the velocity in a circle at the same distance r, V^ the 
velocity from infinity ; then (Art. 313) 

^^'=n^li^» ^^'=i^» r«=F,«+C (1). 

.-. t72-r,«=-J(n-3)Fia+C (2). 

If r=ri represent any apsidal distance, we have at that apse v^lp=zF, V^lr^=F, 
•At a pericentre the orbit lies outside the circle of radius r^, hence p>ri and 
.'. t;'> V^. At an apocentre the orbit lies inside the circle and v'< V^, 

It follows by inspection of (2) that at a pericentre both sides of that equation 
are positive, and, since V^ decreases when r increases, both sides must continue to 
be positive as the particle recedes from the origin. The particle also cannot arrive 
at a second apse, for this requires the left side to become negative. In the same 
way at an apocentre the two sides of (2) are negative and must continue to be 
negative as the particle approaches the origin. The conclusion is that the velocity 



apoctntn. 

«86. The CoUoving table 



c path d 



1 ptrieintrf 



the poMible orbits when f =*iu'. 
apnJftI diataoce, path iiuide the ctrole. 
F=-r, (two Bpeidol iliBtanceH, path indda or outside both ciroles 
jU QegBtiv« I acoording as (> is -c or> y~. 

c > r, Eao apeidal dietance. tbe path extends from the centre of force 
U positive 1 to infinity. 

rs-l\ (an as^ptotic circle, approached hoia iritbin or from without 
— M=0 ( Bcoording as w ii < or >V,. 
3>R>1, D^F, {one apsidal distance, path outside the circle. 

D-c: F, {two apaidal disEonoes. path between the circles. 
l5.n, p-eF, — {two Bpsidal distances, path between the circles. 
Here F, is the velocity in a circle at the distance of the point of projection. 

Ex. When the force F=iiu'' is repulsive show that the path, it not rectilinear, 
hoB ■ perioentre with brBnches stretohioR to infinity. 

«ST. Thetaolion in the nrigkboarhoitd 0/ the nrigin is found by retaining the 
highest powers only of u. We thus have b; (A). Art. 429, 



e)'-(s)'- 



BV-i 



r - hhi'. 



Bcoording i 
iulegistioQ 



s ns-a or -cS. where (11 - l)£<=S*i. The first alternative gives after 
suppose the particle to be approocbiod the ori^, 



where jt = i|n-3), J = i{n + H; showing that the particle (except when n = 3) 
deseribea a finite angle in a finite time when the radial distonoe decteases Erom 



The Dugative sign in the teoond alternative shows that, when n<:3, the particle 
oonaot reach the origin anlesi A=0. Le. unless the path is a radios reetor. 



it powers only of n. We than have 



jjin is found by retaining 



The ncRative sign in the second alternative shows that 
wbon R< I the carve can have no branches which extend to infinity. 

When C 1« poaitivu, i.e. when the velocity v of projection is greater than that 
trom infinity, the first alternative leads to 

h (u - uj= - e^C, T-r„ = ly/C. 
■tiowlns <^t when tlie particle travels from r = r, to infinity it describes a hoite 
angle S round lb* origin, anil that the time is infinite. The path therefore tends 
In • reotilinear aqtnptote whose distance from the origin is -,l0ldu = hl^C. 

It however C = 0, I.e. the velocity v o( projection ie equal to that from Infinltjr, 
J power ot u io the apsidal equation (A) is u* 
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then have (dr\^ viif^^\^ i.«.i . 2^ .-i 

according as n>8 or n<8 bnt >1. The first alternative shows that (ezoept vki 
^ = 0) there are no branches leading to infinity. The second alternative, Le. a<S» 
gives, supposing the particle to recede from the origin, 

where (n~l)£>=2Ai, i>=-i(3~n), g=i(n+l). These equations show that u 
the particle proceeds from r=ro to infinity it describes a finite angle in an infimH 
time. The path tends to a rectilinear asymptote at an infinite diHtaniw from tht 
origin. 

489. Stability of the mrMta. Referring to Art. 486 we see that when n>S 
the orbit extends to the origin or to infinity except when the particle is ^>proaehiBg 
an asymptotic circle. The existence of such a circle depends on the equality of the 
factors of the right-hand side of the apsidal equation, and a slight change in the 
constants C, h may render the factors unequal or imaginary. In either case the 
new path will lead the particle either to the centre of force or to infinity. Ssel 
orbits may he called unttable. 

When n<3 and the velocity of projection less than that firom infinity, the psA 
is restricted to lie between the two circles u^a^u^h^ and the values of a and I 
depend on the constants C and h. Any slight disturbance will alter the values of 
these constants, but the orbit will still be restricted to lie between two dreki 
though the radii will not be exactly the same as before. Such orbiu may be caUei 
stable. 

440. Ex. Prove that any small decrease of the angular momentum h or 
increase of the energy ^C will widen the annulus within which the partide 
moves ; that is, will increase the oscillation of the particle on each side of the 
central line. 

441. Apsidal bonndarles wlien F=f{u). When the law of force contains 
several terms the argument becomes more complicated. Let F=^A^u^, then 

Transposing the terms, the apsidal equation is 

(i)'=K£r=^^'^»"-'-*^'-^ ^'- 

= (w-ai)(w-«2)..(M-aj0(tt). 

where a,, rz^,, ... are positive quantities arranged in descending order, and ^(u) 
contains all the factors which do not vanish between u=0 and ussoo . The factor 
<p (u) keeps one sign, viz. that of the highest power of u. 

Let us divide the plane of motion into annular portions by oircles whoee 
common centre is at the centre of force and whose radii are the reciprocals of a^, 
a.2, &c. Then since (dujdO)'^ changes sign when u passes any one of theee 
boundaries, it is clear that the curve defined by the differential equation (B) esa 
have branches only in the alternate annuli, the intervening ones being vacant. The 
space between u^^a-^ and u=co being occupied or vacant according as ^(u) ii 
positive or negative. 



*,} APSIDAL BOUNDARIES. 

If Uia initial position of the particle lie between any two conti«Hons oirelea, 
kAitMei]uenl path is restricted to lie between ibese drelee and touches «ach 
imtel;. U llie initial poBition lie outside the grealeGt circle or iuHtde the 
ibfequent path mnat also he oatside or iiuide these circiee and most 
IhsrBfoce extend to infinity ar to the centre of force. 

**a. Next, l«t Bonie of tbe factors ot the apddal equation be equal, say 

V /(u) hae been wnOen for the remaimntf factois. To determine the motion 
mbt tbe netghtraarhood of the circle ii = a, we write ii = u + x and retain only the 
n of z. We then have, anppoaing m>2, 



(i)'= 



= /(n) «(a), and K=i{'a-2). The case in which m = 3 is dtscusaed in 
Wt let thai tht eireU u = a U aiymptotie. The particle arrives at tbe 
le after describing on infinite number of revolntions round tbe centre of force 
p U the end of an infinite time. 

44S. IiFt us trace the surface of revolution whose abscissa is r and ordinate 

and let the ordinate c be perpendicular to tbe plane of motion of the 

We notioe that tftis turface it indepindfiit of Ihe initial eo'tdilimu and 

it* form dffmitt loUljl on the law of foree. 

at Is ttta; la ate that the ordinate i corresponding to any value of t represents 

of the angular momentnm in a circular orbit described with radins r. 

therafore be nsefnl also to trace the plane whose ordinate is i^t>', where 'i is 

Mgnlitr monmituin of the path deacribed. 

dsaeilbing circles whose radii are the sbseissie of the maximum and 
mm otdioal«s of the sarfaoe, we mny divide tbe plane of motion into 
portions in whioU the fonction i = Ft^ is alternately increasing or deoreaa- 
-urd< from the centre of force, These we may call the atcfiiding or de- 
ling porHoia of the wurfaef, 
44*. If r represent any apsidal diatiuice, we have at the corresponding apse 
H/fi— f'and i' = A/r; hence k^ = Fpr'. Al a pericentre the orbit lies ontside the 
circle of radins r, hence p>r, and the angular momentum h of the path must be 
8raU«r than that in a circle of radiua r. In the same way. at an apooentre the 
I OiUt lis* iiudde tbe circle, and the angular momentum h is less than that In a 
' ainla of radina r. 

lUferring to tbe surface i = j''r*, we see that a perieailral diitance r^OJ mutt 
hart an onlinale AA' Ira than that of the plaiii » = A', and an apoetnlral iliitinet 
on intut huBi an ordlliati Jill' greater than that of tht plane. It immediately 
followa thai it ,4, n are the p«ricentre and apooentre of ('■<• siinx jwl'i, both the 
poinu A'. B', C'lnnal tit on the lame deicending portion of tJu tiirfiice. This eon- 
Dlmdon docinot apply if J, Rare the pericentre and apocentre of different branches 
at ihooompleleonrve; (Art. Ul). 

Wa infer from this result tliat an ounnlai apace on the plane of motion (Art. 
H8) in which Fr' decreases outwards hns this element of instability, vix. that a 
ptith liuriag Uith a pfricivtre and iin •ipvceiHre eiinni>l he dtfe.rlbed within the tpoee. 
If the path liave a pciicentrc the particle will leave the space on Ita outer margiQ: 
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if an apocentre it will move out of the space on its inner boondaiy. We see i 
that when the particle has left the annular space it mnst proceed to infinity or I 
the centre of force, onless it come into some other external annular space in 
Fr* has increased sufficiently to exceed the M of its ovm path or into some intend | 
space in which Fr* has become less than h\ 

446. We may also deduce this result very simply firom the radial reaoliitiQa| 
Wehaye g=,(^y_y=l (ft._j^. 

As the particle approaches and passes an apocentre r increases to a maximum aod 
decreases, hence drjdt changes sign from positive to negative and dV/iiC n 
negative. In the same way, when the particle passes a pericentre, ^jdfi 'u 
positive. It immediately follows that at an apocentre .Fy*> h* and at a pericentie 
Ff*<hK 

449. If the orbit have an asymptotic circle r=^a, the angular momentum h 
must be equal to that in a cirele of that radius. Hence the tuymptoHe eirele nail 
he the projection of tome one of the intenectiofu of the iurface z=sFr* with the ploM 
z=h^; (Art. 443). 

As the asymptotic circle is itself an apocentre or pericentre, it follows, as in 
Art. 445, that when the particle is approaching the circle firom within ^-l^ii 
negative and ultimately zero. Hence Ft* is decreasing outwarde. When tiie 
particle is approaching the circle fix)m without h^ - Ft* is positive and nltimatelj 
zero, hence Ft* is increasing inwardt. In either case it follows that otUjf thott 
intertectUms which lie on a deteending portion of the eurface z=Fr* can earresponi 
to atymptotie circles. 

As each descending portion of the surface can have only one intersection with 
the plane z = h\ there cannot be more asymptotic cireles than descending branches. 

There may be fewer asymptotic circles than descending branches because two 
conditions are necessary that an asymptotic cirele of given radius r=a should 
exist ; (1) the angular momentum must be equal to that in the circle, and (2) the 
constant C must be such that the velocity at a distance r=a is equal to that in the 
cirele, i.e. t;'/a=F. 

447. As an example, consider the foroe F=fiu\ If n>3, the surface z=Ff^ 
has only a descending portion, there can therefore be one and only one asymptotic 
circle. Also the path described cannot have both an apocentre and a pericentre, 
though different branches of the same curve may have one an apocentre and another 
a pericentre. See Arts. 444, 446, 436. If n<3, the surface z=Fr^ has only an 
ascending portion. Hence there cannot be an asymptotic cirele, but the path can 
have both an apocentre and a pericentre. 

448. Ex. Discuss the properties of the surface Z=Fr-v^, where Uie 
velocity v is a known function of r given in Art. 441. Preve that (1) the abscisae 
of its max-min ordinates are the same as those of the surface 2= JV, so that the 
ascending and descending portions of each correspond (Art. 443); (2) each 
asymptotic cirele must be one of the intersections of the surface with the plane of 
motion; (3) conversely, if at any intersection we also have z=h*, that intersection 
is an asymptotic cirele. 

The first result follows firom . = -i j- . To prove the second and third w% 

or r* ar 
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pAluu that when Z=0, the veloaitj ia equal to that in a aiicU; audHhea t = h', the 
Vasalar tuomeDtom is equal to that in a oirole. 

I «4s. itT«iTn»t»», El. 1. Find ILe law ot force tritb the lowest index of ti 
laoh tfaat ui orbit oan be described having two given asjinptotio oirales whole 
ii are the reciprooals of a and 6, and find the path. Find alw the cocditiooa of 

D that the path ma^r be deacribed. 
Befening to Art. 441 we see that the right-hand side of the Rpsidal equation (BJ 
■ a)' (u - fc)». We then iind 

i Ibe angnlai momentum at projealion mast be ^/t'. 
£«. 9. Let F=iia",(H-a)(3u-a-h) + eu\, where F ia the central force. If 
» oonditioDR of projeotion are such that h' = >n: and the velooilj v when u = 'i is 
!i*=fico', rfinwlhat the path is ^' = (taDhe)'. where i:i(=' = a((i -(.). Show also 

l^at the onne has two infinite branches tending to the mme asymptotic circle 
«=n, with au apse at a distance Ijb, 

Kx. i. 1 particle acrivea at an apse distant r from the centie of force witli a 
valodc; r eqnal to that in a circle at the distance r. If the lelocitj be reversed in 
fiMoUoa, will the particle describe the lame path in a reverse order or will it 
Inval along the circle? See Art. 4)9. 

At nub an apse the radius of curvatore p of the path moil be equal to r. But 
■inee - — ""^js '* ^°J "■P^ ^^ reqaires that (Puldf-O. The apaidal eqaation 
(B) of Art 441 must therefore have equal roots, and the apse is at the eitremily of 
* P*tb with an asymptotic ciicte. The particle therefore can never arrive at such 
■B apw m any finite lime (Art. 442). 

If the partiole be projected from a point on the asymptoUc circle with the 
^TMi values ot v and h it may be said to describe either orbit, for the deviation of 
DBA (rom the other is indefinitely email at the end of any finite time. 

Bonssinesq, Compltt liiadui, vol. S4, 1877, considers the cironlar motion to be a 
•ingalar integral ol the differential sqnatian. Eon«neg and Oteenbill have also 
(I this problem. 



It 4M1 



On the law of force by vihick a conic is desci-ilied. 

4B0. Newton's theorem*. An orbit is described by a 
particle abwii a centre of fwce C whose Um is hwwi: it is 
rtquired to fnd the law of force by which the sume orbit can be 
dMor^Md about another centre of force 0. 

• Nwwton'i thoorem is given in Prop, *ii. Cor. 9 o( the second wcliou of the 
Snt book of the Ptincipia. The application to the motion of a particle in a eirete 
■ctad DO by a (orcv paratiul to a Sied direction follows in the next propositimi. 
au W. IL Hamilton's paper, giving the law F=ii.rlp', is in the third vuluni* ot the 
nvMMlln^ u/thi triih Acitdrmy. 18*0. Tlllaroean in the Ctnmrt imiiicf del Trmpt 
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Let F, F' be the forces of attraction tending respect 
to C and 0. Let CF, OZ be the 
perpendiculars on the tangents --^ 

at aoy point P; (7P = r, OF^r\ 
Then since am CP7=^C7/r, we 
have 

- = P — . t? = 



P= 



C7' 




p.CF»* 

AV P' A'« / /CF\» 



Similarly ^ = ^^., . . ^ = ^, - (^^J . 

If we draw CG parallel to OP, the triangles OPZ and 
are similar, and 

OZ_CY . r_h^c& 

OP^CO' •• P A« r'V 

If then P is given as a function of r, the law of force F' t€ 
to any assumed point is also known, when we have de 
CO as a function of r and r' from the geometrical proper 
the curve. 

Remembering that the area A = i^ht, we see that the p^ 
times in which the whole curve is described about C i 
respectively are inversely as the arbitrary constants h a 
By choosing these properly we can make the ratio of the pt 
times have any ratio we please. 

We also notice that if the time of describing any arc 
known when the central force tends to C, the area P 
known. Now the area POQ differs from this by a recti 

for 1S52, Tising Cartesian coordinates, arrived at two possible laws ol 
Afterwards Darboux and Halphen investigated two laws equivalent to the 
proved that there is no other law in which the central force is a function 
the coordinates of its point of application. Their results may be found in 
of the Comptes Rendtu, 1S77. The investigations of Darboux were reprodi 
him at somewhat greater length in his notes to the Court de Micam 
Despeyrous, 1884. There is a third paper by Glaisher in vol. 39 of the i 

Notices of the Astronomical Society t 1878, who also gives the expression (2ir/ 
for the periodic time. Darboux uses chiefly polar coordinates, while I 
employs Cartesian, beginning with the general differential equation of all 
Glaisher simplifies the arguments by frequently using geometrical n 
There is also ft paper by S. Hirayama of Tokyo in Qould*t Astronomical • 
1889. 
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whose area can therefore be Found. Hence the area POQ 
i therefore the time of describing the same arc PQ when the 
ntral force tends to can be found. 




\ 46L Suppose the orbit is a conic, then the force tending to 
e centre C is F=fi,r, and k = '^fi.ab. It immediately follows 

tt the force tending to any point is F' = -^ . — j- . If, for 

wmple, is a focus, it is a known geometrical property of a 
e that G lies on the auxiliary circle and that therefore CG = a. 
^We then have F' = fi'lr'*, where W = fib^ja. 

452. Parallel forces. To find the force parallel to a given 
■mtraight line by which a conic can be described. See Art. 323. 

Let the point be at an in6nite distance, then in Newton's 
Jbnnula PO and CG remain parallel to the given straight line 
throughout the motion. Also the length r^ = OP is constant. 
The requij-ed law of force is therefore F'^/i.CG', where fi is 
Bome constant. 

If the direction PO of the force at P out the diameter con- 
jugate to CG in N, we have CG .PN = h\ where b' is the semi- 
diameter parallel to CG. The law of force may therefore also be 
written F' = AjPN', where A =/«&''. 

To find the constant ft, we notice that in any central orbit. 
the velocity being v = hfp, the component of the velocity per- 
pendicular to the radius vector r* is hjr'. In our case when the 
force acts parallel to a given straight line this component is con- 
stant. Representing this transverse velocity by V, the Newtonian 

y% 
(bmiula of Art. 451 becomes F' = --i,GG'. 

463. Hamilton's fbnnula. A particle descrihea a conic 
about a centre of force situated at any point 0. It is required to 
find the law of force. Taking the same notation as in Newton's 
theorem, we let F, F' be the forces tending respectively to the 
centre C and the point 0. Then (Art. 450) 

F' h'^OP{CY\> „ ^o . - , 

It is a geometrical property of a conic that, if p and w are the 
perpendiculars drawn from P and the centre C on the polar Ud"* 
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of 0, — = YTu^ . It follows that the law of force tending to Ou 

F'=-jfz (—) ^, where p and / vary from point to point of the 

curve and h\ a, b and «j are constant. 

If we write the Hamiltonian expression for the force in the form 

F'^^fiV/p^, we see that the angular momentum h'^*Jfi!.abl^, wheie 
as before vr is the perpendicular bova the centre on the polar line. 

From this we easily deduce the periodic time in an eUiptic 
orbit. Remembering that the whole area is wab, the formok 
A = \h't gives as the time of describing a complete ellipse 

454. To find the time of describing any portion of the eUipm 
with Hamilton's law of force. The coordinates of any point P 
referred to an origin at the centre of force with axes paialld 
to the principal diameters are 

a; = a cos ^ — /, y = 6 sin ^ — jr, 

where ^ is the eccentric angle of P and /, g the coordinates of 
the centre of force referred to the centre of the curve. Then, if 
h be the angular momentum, 

hdt = xdy — ydx = {ah ^fb cos <^ — ^ra sin <j>) d<f>, 

/. ht = ab(l> —fb sin ^ + ^ra cos <f> — ga, 

where the time is measured from the passage through the apse 
from which <^ is measured. This, if required, can be expressed 
in terms of x and y, 

ht = db<l> —fy + gx — ga. 

This result can be deduced at once from the formula A = ^ht, by 
equating A to the excess of the area of the sector ACP (viz. ^oi^) 
over the sum of the triangles ACO, OCP. 

* The following is a short analytical proof: Let the oonio be Aa^+By*=zl and 
let /, p be the coordinates of 0. The polar line of and the tangent at P are 
respectively Af^ + Bgri = 1, Ax^ + Byrj = 1. 

The perpendiculars from P and 0, viz. j) and OZ^ are therefore 

^- VMV' + ^V) ' ~y/(Ax^ + By^) ' 

The perpendiculars from the centre, viz. w and CY, are found by replacing the 
numerators by unity. It foUows that pjOZ^wjCY. 
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THE TWO LAWS OF FORCE. 



■The time of describing an arc of a hyperbola or parabola may 
(blind by proceeding as in Arts. 348, 349. 



Ei. ]. Dedace &om Hamilton's expresBion (1) the 
a the focuB o[ a oonic, and (2) that to the oeotre. [In the Utter 
kre both infinite but their ratio ie unit;.] 
Ex, 3. A particle desoiibeB an ellipae whose centre is C under the action of a 
e of (oroe P eituated at a point R in the major aiis. If the tangeot at F cat 
e major axis in T, proTe that Ihs force F varies as RP . (Cr/RT)". 

4S6. The Hamiltonian expression for the force may be put 
into two different forma. 

First, we have the form F=/ir/p' (Art. 453). 

Secondly. Let OA, OB be two tangents drawn to the conic 

from the centre of force 0, and let PL = a, PM = 8. PN=f, 

these being the three perpendiculars drawn from any point P on 

the sides of the triangles OAB. By a property of conies we have 

, aj8 = «7', where « is a constant for the same conic. The central 

' force may therefore be expressed in either of the forms 

_ OP OP . ,, 

Each of these expressions is a one-valued function of the 
position of P though their values are not necessarily equal except 
at points on the orbit. 

We may suppose either of these laws to be extended to all 
points of the plane of motion and enquire what would be the 
path for any given conditions of projection. These problems will 
be considered in turn. 

457. The conic baing given in its general form referred to any reotanKular 
UM, viK., Ax'' + 2Cxy + By* + 2Di + 2Eii + a = (}, 

Ibfl t«o Hamiltonian eipreuiona for the foroe to tbe origin ma; be put into 

Iha fomu F= F= , 

(Ux + Ky + U)* («i" + 27iff + pi(«)' 

wtme asIfl-AQ, y = DE~Ca, ^=£*-fia, and A is thediiorinunuit. 

To prova thii wa notice that the polar line of the origin i> DK+Ey+G=0, «o 
tint Uie ratio of the perpend iculara from the centre z, y and (him the point P u 

p ~ Dx + Bk'+ O * 
If wo rttcr the etiDatlon of the oonio to (he centre aa origin, U beeooieg 
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Turning the axes round the origin let this beoome 

A'afl-^BY= -Dx-Ey-G, 

where by the theory of inyariants A'B'=AB-'C and A''^B'=A-hB. Since tht 
conic is now referred to its principal diameters, we have a*6*s=^ —,^ — . 

^ XT 

It immediately follows by substitnting in Art. 453 that 



a«6« \pj (Dx+£y + G)»' 

Since the equation of the conic may be written in the form 

a{Az^+2Cxy+By*)-^{Dx+Ey + Cff=:{Dx+Ey)^, 

the expression just obtained for the force F may be put by a simple aubstitatuxi 
into the second form. 

The straight lines aa^+2yxy'i'Py^=0, when real, pass through the origin and 
make Dx+Ey + Q=0, They therefore meet the curve at the points where the polar 
line of the origin cuts it, Le. thete straight lines are the tangents drawn from, tht 
centre of force to the conic, 

468. In the same way we may express F as a function of the ooordinatei 
a;, ^ in a variety of different forms each of which gives the same magnitude for 
the force when the particle lies on the given conic. When these expressions for 
the force are generalized and supposed to hold at all points of space, they are not 
always one-valued functions of the coordinates. A law which gives seveni 
different values for the force at the same point may be set aside aa altogether 
improbable. 

For example, we might deduce from Hamilton's law an expression for J* io 
terms of r alone. To do this we find the distance p of any point P on the orl»t 
from the polar line of the origin O in terms of the distance r of P from O. Bat 
there are four points on the conic at the same distance r from the origin and each 
of these is, in general, at a different distance from the polar line. The expression 
for the central force F as a function of r only will therefore have four values ixa 
each value of r. 

469. The First law of lioroe. Supposing the first form of the Hamiltonian 

law of force to be extended to all points of the plane, we put F=-^ , where r is the 

difstance of any point P from a fixed centre of force 0, and p is the perpendicular 
from P on an arbitrary straight line fixed in space. It is supposed that p is po8itiT« 
when P and the origin are on the same side of the given straight line. 

We shall now prove that, if a particle be projected from any point P in awf 
direction PT^ with any velocity F, the path is a conic having 0, and the given 
straight line, for pole and polar. 

This follows from the results of Art. 453. It is obvious that we can describe a 
conic to satisfy (1) the three conditions that it shall pass through P, touch PT and 
have such a radius of curvature that F'/p is equal to the normal force at P, (2) tht 
two conditions that the polar line of shall be the given straight line. We maj 
also prove that this conic is a real conic. This being so, the conic must be thi 
path. 



a. mi.] THE FIRST I,AW. 

Wa mky boiraver ohuia ■ proof independeat or Art. 4fi3 t 

a ot motion. Lat the origin be at the centre of foroe, and the given 
t line be par«UeI to the mus of ;« nt a distance c, tlien p— 



the ■ 



ft»u' h'(up)' /i'(iu"-einS")'" 



^ To integrate thie, pat ci 



iPu' 



' dff^ ft Vb'' ' 

This is the differential equation of the path of a particle Mtcd on b; a central 
k (wee F=fir/c'. This path is known to be a conic having ita centre at the origin, 

\ Aft. SIS; 

.-. (:««•»= J'co9'S + 2C COS e Bins + 5' Bin'« (IJ, 

M polar equation of the reqatred orbit le Ibereroni 

(eu - Bio flf=A' cob' e + 2C' eoa fl sin fl + B' Bin' e. 
b when written in OartegiiLD eoordtnatea bt^oomeE 

(c-ij)'==A-xf> + 3C-xt/ + BY (3). 

iog Ihis eqiiation la the form ry^=a^ where a, p are the &ctors of the right- 
3 aide, it ia obvioua that the polar line of the origin U (he given straight line 



ia given in the form (2), the ctmstartt h ii given by j 



= A-B--C'. 



J prove thia we notice that h repreaente the angular momentum of both orbits. 
W* l)*ve tbarefore by Art. 33G h'c^ln = a'^V, where a', b' ore the eemi-azes of the 
nie (1). We know by the theory of conioa that A'B' - C'=^e*la''li'', the resoit 
I ibwcfoie fuUowB at once. 

When tbeoonic is given in the general lonn of Art. 457, we And 'l, = Al - ] . 

Biooe the central force is not a function ot r onlf, it t> not conitrvatiee and the 
I 'Triodt}' cannot be foand without a knowledge ol the path. In auch coaea we aae 
.•JoimuU o = h/(U/], eee the figure o' ^t' ^^O- 

4AO> To cliuiifs the patlu according lo the lign of «. t/ie Iqip of force being 

r JUt It be fotitive ; the force is atlraotive and the orbit oonoave to O at all points 
I-ttW tide of the given straight line nearest to the centre of force and the con. 
f at all points on the far dde. When a conic cuts the polar line of a point 0. 
i part of the oorve nearest lo O is convex ; hence tkt orbit iloes not cat tlie p-ilar 
II alM follows that the orbit may be an ellipse or hyperbola on the side uvor 
It be a hyperbola on the far side. 
BX«I n If nrgatltt ; the force is repulsive nnd the orbit convex to on the near 
n^ of ifaa polar line while the cootraiy holds on the for aide. The conic may be 
W or a hyperbola. By drawing a Qgure we see that the polar line must cnt 
e tlwogh, in the cane of a hypurboU, the path may be the other branch. 

f4as. awBifir'** ^'- I- "Hie conic Ai'-i-aCjy * Hy^+icy - c'=t} is ile- 

I b; a particle under the action of a central force ^=T) lending to the 

In, where p=c-> is the distance ot the particle trom the given atraighi line 
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y=:c. The oonio most have the form given if the polar line of the origin is to be 
ymtc. Prove that 

(1) {A{B + l)-C»}k*=MC, (2) {4B-C«}J*=M^-(^y. 



(3) 






(6) -CW=g^+(c§ + /,)c|. 

From these equations, when the path is known, we can find the angnlar momentoD 
h and the two components of velocity; conversely we can dednoe the path wbeo 
the circumstances of projection are given. 

These equations follow from the preceding propositions. An independent 
proof may be obtained by differentiating the equation of the conic twice and 
writing for d?xldt\ dhfldfi their valaes -fixlji^, -My/l^** We thus obtain thi« 
equations which may be transformed into those given above by simple proccBsea 

Ex. 2. Prove that the conic described is an ellipse, parabola or hyperbob 
according as /li^p- c)lp^-p'* is positive, zero or negative, where p is the dietanee 
of the point of projection from the polar line and p' the retolved initial velocity. 

Ex, 3. If ^x>+2Cxy + By'+2Dx+2£y + G=0 is the conic desoribed, ahov 
that the periodic time in an ellipse is 7=-^ j . ^ ^- [ ' 

tending to the 



[(AB - C2) G\ 
Ex, 4. A particle is acted on by a central force F=fi 



origin where r is the radius vector and p the distance from a fixed straight line. 
Prove that the equation of the path is c/r = sin ^+/(^)i where clr^f{0) Im the 
polar equation of the path when the force tending to the origin is F:=fjLr*~^l<^, 
both orbits being described with the same angular momentum h, 

462. The a eco B d law of lioroe. Supposing the second form of th« 

Hamiltonian law of force to be extended to all 
points of the plane of motion, we put 

j._, OP 

(PL . PM)^ 
where PL^ PM are the perpendiculars from ant/ 
point P on two fixed straight lines OA, OB^ drawn 
through the centre of force 0; Art. 456. 

The form of the path may be obtained bj 
following either of the methods described in Art 
459. The result is that the path is always a conic touching the given straight 
lines OAy OB. 

If the force at any point P given by this formula is to be a function of the 
position of P only, it should be supposed to keep one sign throughout each of the 
triangular spaces formed by the given straight lines OA, OB (supposed to be real), 
though that sign may be different in different triangles. In any triangle in which 
the sign is negative only the convex portions of the conic can be described, whik 
the concave portions are alone possible when the sign is positive. The forte k 
infinite when the particle arrives at either of the straight lines OA^ OB and thi 
path becomes discontinuous. 

If we suppose the magnitude alone of the force to be given by the formula, th 




ugn brang Ukea nt pleaanre, uoe oF both parte of each c 
by si^'BE -I^ '^^ pioper sign. 

«as. Sxunplaa. Ex. I. If the trilineor equation of the conio [a a^- 117^, 
prove thttt >(■= - itci^ coaec' 8 where v-fuiV is Uie aogle at ths corner of tlic 
triangle occapied b; the central force, and c is the perpendicular bom tlie centre 
of force od the polar line AB. The negative sign shows (what Is indeed obvioua 
from the figure) that the force is repDJsive ou the aide ot the polar line Dearest to 
Ibe oenlre of foroe, i.e. ^ is negative. 

Ex. 2. A particle is projected from the poiiit /' with a velocity V ond the 
tangent GPH intersects the given straight Unea OA, OH in G and if. Prove that 
the area] eqaatiOQ of the path, referred to the triangle OGII, is 

ttbere l=GP, m = RP, & is the area of the triangle, and the radius of curvature p 
ot the patli at P is given by V'lp = FBlnGPO. Il follows thai the conic is 
ioaeribed or escribed ac«ording as i'' is positive or oegatire, i.e. according ae the 
force is attractive or repulsive. 

4S4. There are no other laws of torae besides 
OP _ OP 
''-"Pii'-'iPL.PiDi' 
whicll, being a one-valued function of the coordinates (eicept oa i^atda sign), are 
auoh that a conic will be described with any initial conditiona. 

To prove tbta contider two oonios intersecting in the four points A. E, C. D, 
which it 1b ooavenieni to take as reaL It follows Irom Hamilton's tlieonun that 
for points on any one conic (he force to a given point must be F = )irlp'. Hence 
If the force is to he one-valued, i.e. the same at the same point of Bpitce for all 
paLlui through that point, we must have at each of the foor points A, B, C, I), 
]i*/fi — Jc p''lii', where p, p' ore the per[>endiculars on th« two polar lines ot O. 

We now renuire llie following geometrical theorem*. If two conica intersect 
ID lonr piiioiA A, B. C. D and the ratios of the perpendiculars from each of these 
poiata on the polar liues of a point are equal, then either the polar lines are 
MUioident or two eotmnoii tangents (real 01 imaginary) can be drawn from 0. 

la the fonnct oasL- the oommon Uw of force tor the two oooIcb is given by the 
lint tonn of P, in the latter case b; the second form. 

* Lai the conies bo. see Art. JS7, 

ai» -f iyxy + fiy* = (Oe + £y + G)», 
a'!" -t- iy-xy + ^y'={D-i + E'y + 0')'. 
Since Hi+Ey-fO=0, D'l+E'n + G'^O ate the polar lines o! the origin, we 
mtwl have at the points of inteiaeelion 

ax" + ayiy t- ^>= m (bV -f ayia +■ ^V'), 

This quadnttic eqnatioD gives only two values of yjz for the B&nie value of m. 
Tba aqiiation oaanot therefore be satisfied at tour points oclesa either a, p, y are 
napMtiMly proportional lo a', p". y', at the four points lie on two straight lines 
(aaf OAtl. OCDi paaiing throii({h O. In the former caae the two conies have u 
pair of common tangents, in the latter tlie polar line of O is oommon to the two 
eonfw. Thii oommon poUr line can be coostniotcd by dividing OAD, OCJ) bar- 
nonicaUy In £. fuid than Joioiug EF. 
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Singular Points in Central Orbits, 

465. Singular Points. It has already been pointed out in 
Art. 100 that cases present themselves in our mathematical pro- 
cesses in which either the force, the velocity or both become 
infinite. Such infinite quantities do not occur in nature and if 
we limit ourselves to problems which have a direct application 
to natural phenomena these are only matters of curiosity. Never- 
theless it is useful to consider them because they call our attention 
to peculiarities in the analysis which we might otherwise pass 
over. The utility of such a discussion is perhaps shown by the 
differences of opinion which exist regarding the subsequent path 
of a particle on arriving at a singular point*. 

466. Points of infinite Force. Let us suppose that a 
particle P, describing an orbit about a centre of force 0, arrives 
at a point B where the tangent passes through the centre of force 
and therefore coincides with the radius vector. At first sight we 
might suppose that the particle would move along the straight 
line BO and proceed in a direct line to the centre of force. But 
this is not necessarily the case. 

Supposing B to be at a finite distance fix)m and the cun^ature 
to be finite, we see from the equations (Ai't. 306) 

'i^ -nP It^ dd h 

p r p dt r 

that both V and F are infinite at the point B, We shall also 
suppose that when the particle passes on the force changes its 
direction and reduces the velocity again to a finite quantity. 

At the same time the component of the velocity perpendicular 
to the radius vector OP, \iz, rdd/dt, remains finite however near 
the particle approaches B, Since there is no force to destroy this 
transverse velocity, the particle must cross the straight line OB 
and proceed to describe an arc on the opposite side. 

* The fiingularity of the motion when the particle describes a circle about an 
external centre of force is discussed in Frost's Newton, 1854 and 1863. The same 
result is independently arrived at by Sylvester in the PhiL Mag, 1866. Oth«r 
cases are considered by Asaph HaU in the Messenger of Mathematics^ 1874. Then 
are several papers also in the BiUUtin de la Soci6ti Mathitnatique de France, muh 
as Oascheao in voL x. 1881, and Lecomu in vol. xxii. 



467, To simplify the argunieDt, let us suppose that the 
particle describes a circle about a centre of force external to 
the circumference. By Art, 321, the circumstances of the motion 
are given by 



(r'-l,=r 



2(7^-6')" 



8a'' 



where b is the length of each of the tangents OB, OS drawn from 
O to the circle. 

Describe a second circle having a radius equal to that of the 
given circle and touching OB at B on the opposite side. If a 
second particle, properly projected along the second circle, arrive 
at B simultaneously with the given particle P, but moving in 
the opposite direction, both the velocity v and the transverse 
velocity kjr of the two particles will be equal and opposite each 
to each. 

If the velocity of the second particle be reversed, Art, 419, it 
will retrace its former path in a reverse order and this must be 
also the subsequent path of the particle P. 

The particle will therefore describe in succession a aeries of 
arcs of equal circles. The points of discontinuity at which the 
particle changes from one circle to the next lie on a circle whose 
centre is and radius OB = b, and the successive ares are alter- 
Dately concave and convex to the centre of force. The particle 
will thus continually move round the centre of force in the same 
direction in an undulating orbit, but the curve will not be re- 
entering after one circuit unless the angle BOB' is a submultiple 
of four right angles. 

The same arguments will apply to other orbits. When a 
conic is described about an external centre of force as ex- 
plained in Art. 462, the particle by a proper projection can be 
made to describe either of the arcs contained between the 
tangents drawn from 0. On arriving at the point of contact B, 
it will cross the tangent and describe an arc of a conic equal to 
the uudescribed arc of the original conic. 

«•■. TIM pturtlol* •irlTaa at tlia cantr* «f toroa. When tbe paitkle P 

axtitiHi Ki (tin ocntie of force in n tinito time, the determiDntion ot th« aubsequent 
palll pieiuiatii some other pecuti»ritie8. 

Taking flnl the Kewtauian ease in which the pArtiele describes a oiiels alwat a 
Ofotru of force on il« oircaiulcrenoe, we notice that the tranaverfe velocity ft/r (m 
■Wtil aa tlia fdodt; v) become* inHnite at O. To anderstaod bow the piurtMle oan 
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hAve an infinite velooity in a direction perpendicular to what is nltiniately a 
tangent to the path, we obserre that, since 2ap=f^, the transverse Telocity A/r ig 
infinitely less than the tangential velooity hjp. 

When the particle has passed through the origin, the central force, changing 
its direction, rednces the velocity again to a finite quantity. Meantime the 
transverse velocity carries the particle across the tangent to the circle. By the 
same reasoning as before, the subsequent path is an equal circle which touches the 
original circle at the centre of force. On arriving a second time at the centre of 
force, the particle returns to the original circle, and so on continually. 

460. One peculiarity of this case is that the radius vector of the particle 
while describing the second circle moves round the centre of force in the opposite 
direction to that in the first circle. Let P, P* he two positions of the partide, 
equidistant from the centre of force, just before and just after passing through 
that point. The transverse velooity being unaltered the moments of the velocity 
at P and P* taken in the same direction round are equal and opposite. Binee 
this moment is r*d$ldt, it follows that at the point of discontinuity h changes 
its sign. 

470. When the particle moves in an equiangular spiral about a centre of 
force whose law is the inverse cube, it describes an infinite number of oontiBotllj 
decreasing circuits and arrives at the centre of force at the end of a finite time, 
Art. 319. The subsequent path is another equiangular spiral. Art. 357, having 
the same angle. To determine its position we consider the conditions of motioD 
at the point of junction. 

Let us construct a second equiangular spiral obtained from the first bj 
producing each radius vector PO backwards through the origin O to an equal 
distance OP*, If two particles P, P* describe these spirals so as to arrive simol- 
taneously at the centre of force 0, the particles are always in the same straight 
line with 0, and at equal distances from it Their radial and transverse velocities 
are also always equal and opposite each to each. If the velocity of P' be reversed, 
it will retrace its former path in a reverse order, and this must therefore be the 
subsequent path of P. 

On passing the centre of force the particle will recede from the origin and 
describe the spiral above constructed. We notice also that the radius vector of 
the particle moves round the centre of force in the opposite direction to that in 
the first spiral. 

471. Tilmiting Probleins. We may sometimes simplify the discussion of 
some singularities by replacing the dynamical problem by another more general 
one of which the given problem is a limiting case. But the use of the method 
requires some discrimination. For example the motion of a particle attracted by 
a centre of force at a point O whose law of force is the inverse cube, may in some 
cases be regarded as a limit of the motion when the particle is constrained to 
move in a smooth fixed plane and is attracted by an equal centre of force situated 
at a point C outside the plane, where CO is perpendicular to the plane and is equal 
to some small quantity c. The method requires that the limiting motion should 
be the same whether we put the radius vector r=0 first and then c=0, or c = first 
and then r=0. We know by the principles of the differential calculus that the 
order in which the variables r and c assume their limiting values is not always a 
matter of indifference. 




KEPLERS PROBLEM. 

The eomponent of foiMin (he direatioo of tbe radina vector POie /irllr' + ir]' 
whan the MOtre o( force i» ftt C. nod is /i/H when the oentre ia at O. As long as 
the puticle U at a finite distance from the origin, these oomponentB are sab- 
■tBntialljr the same, but when the particle is in the immediate neighbourhood of 0, 
Ihe lormer is ur/«*aDd theiefoie zero when the portiate passes throngb 0, while 
Ihe luttet ia infinite. 

lu the fonner case, though the orbit at a diBtanoe from is ver; nearl; an 
equiangular spiral, it beoomea elliptical in the neighbourhood of O. The fores ia 
DOl eaOioient to draw the particle into tbe centre; the path has a pericentre and 
the parliele retires again to an infinite distaiiee. Bee also Art. 823. 

47ft. awaingl— ■ t^x, 1, A particle describes one branch of the spiral tB^h 
IBKter tbe aotioo of a centre of foroe in the origin (Art. 368). Show that after 
pwain^ through tbe centre of force it will describe another spiral of the same 
kind, obtained from the firat bj producing es«b radius vector baclcwardB throngh 
the origin to an equal distanee. 

Since the tangent to the curve is altimatelf perpendicular to the radius vector, 
tbe two branches of tbe Epir&l maj have a aomraon tangent, and it might therefore 
b« supposed that the particle would describe the second branch. But this argu- 
ment requires that the particle should not pnss through tbe origin, so that tbe 
radial velocity drfdi (which is known to be constant) bas its direotiaa altered witb- 
oat any change in Ihe direction of tbe force. 

£.'z. 2. A particle descriliea an epicjcloid with the eeutie of force in the centre 
of tlje fiied circle (Art. 333). Supposing the toroo to become repulsive when the 
particle enters that circle, ahow that tlie path on passing tbe cusp is a bypocjcloid. 

Kepler's Problem. 

473. A particle describes an ellipse about a centre of force in 
one/ocus. it is required to express in series tlie two anomalies and 
the radius vector in tei'nis of the time. 

If we require only the first few terms of the aeries it is 
convenient to start, from the equations 



* ■ 



Vl/iOd-e')!, ^^^V^'-l + eco.. (1). 



where V ia the true anomalj". Eliminating r, we have 

= ( I - ^e" + &c.) (1 - 2a COS u + 3e= COS" i; - &c,) 
= 1 — 2e cos V -f jt«' COS 2v + &c. 
Remembering that v='0~a, where a is the longitude of the apse 
neiareat to the centre of force, we have 

„( + e = ^_2e8in(^-a) + ^(^siQ2(^-a) + &c (2). 

. nrhere ?i* =/*/«'. 
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We notice that when the planet makes a complete revohition, 
6 increases by iir and that the corresponding increment of ^ is 
2irln. It follows immediately that n represents the mean angular 
velocity, the meism being taken with regard to the time; see 
Art. 341. 

The equation (2) may be extended to higher powers of e, and 
therefore when e is small it may be used to determine the time 
of describing any angle 6, 

474 To find 6 in terms of t, we reverse the series. Writing 
it in the form 

^ = n^ + € + 26 sin (^ - a) - f e> sin 2 (^ - a), 

we have as a first approximation 

a second approximation gives 

^ = n^ + € + 2e sin (?i^ + e — a). 
Writing v© = n^ + e — a, a third approximation gives 

^ — a = Vo + 2« sin (vo + 2e sin v©) — f e" sin 2t;o ; 
/. ^ = n^ + € + 26 sin (rie + € - a) + f e" sin 2 (n^ + € - a). . .(3), 

and so on, the labour of effecting the successive approximations 
increasing at each step. As the eccentricity of the earth's orbit 
is about l/60th it is obvious however that the terms become 
rapidly evanescent. 

476. For the sake of clearness we recapitulate the meaning 
of the letters in the important equation we have just investigated; 
6 is the true longitude of the planet measured from any axis of 
X in the plane of the orbit ; a is the longitude of the apse nearest 
the centre of force or origin ; n is the mean angular velocity, the 
mean being taken with regard to time for one complete revolution; 
€ is a constant whose magnitude depends on the instant from 
which the time t is measured. 

To define the epoch e. Let a particle Po move round the 
centre of force in such a manner that its longitude is given by 
the equation 0^ = nt-\-€. It follows that this planet moves "with 
a uniform angular velocity n and has therefore the same periodic 
time as the true planet P. When the radius vector of the particle 
Po passes through an apse 6^ — a and therefore n^ + 6 — a is an 
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integral multiple of tt. It immediately follows from (2) that 
d = nt-h€. Hence the radii vectores of the two planets coincide 
when the true planet passes through either apse. The definition 
of Po may be shortly summed up thus. 

Let an imaginary planet move round the centre of force with 
a uniform angular velocity in the sams period as the true planet 
and let their radii vectores coincide at one apse and therefore at the 
other. This planet is called the Dynamical Mean Planet. Its 
longitude at the time t^^Oisthe constant e and is called the epoch, 

476. To express the mean anomaly and radius vector in terms 
of the time. 

Since both the mean and true planets cross the nearer apse at 
the time given by w^ + e = a, the mean anomaly may be repre- 
sented by m = n^ + e. If w be the eccentric anomaly we have by 
Art. 342, 

u^m + esinu. 

Proceeding as before we have for the three first approximations, 

u^m, tt = m + esitim, 

u = m + e sin (m-he sin m) 

= wi + esinm + Je"sin2m (4). 

Again, as in Art. 343, 

r^^a — ex^a-^ae cos u 

— a^as cos (m + e sin m) 

= a{l — ecosm + Je"(l — cos2m)} (5). 

The Beries for the longitude and radius vector are given here only to the second 
power of the eccentricity. Laplace in the Mieanique CiUste (page 207) and 
Delannay in his Thiorie de la Lane (vol. i. pages 19 and 55) give the series up to 
the sixth power. Stone has continued the expansion up to the seventh power in 
the AitnmomUal Noticei, 1896 (vol. lvi. page 110). Glaisher has given the 
expansion of the eccentric anomaly up to the eighth power in the A$tr<momical 
Notieei, 1877 (vol. xxxvn. page 445). 

477. When the eccentricity e U very nearly equal to unity, as in the case of 
some comets, the formuln giving the relations between t and v must be modified. 
Starting as before (Art. 478) from the equations 

_«^ #1 /I 9o a(l-«') - . 
»*5J^=V{/*« (!-«')}, -1-^ = 1 + e cost?. 

we put the perihelion distance a{l-e)=p. 

. /m f {l + e)^dv 
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Let (1 -«)/(!+«)=/ and put tanjosz foi the aake of brevity; 

When 17 IB giyen this formula determines the time t measured from perihdioQ. 
If / is small the term independent of / is the one requiring the most arithmelieil 
calculation and this can be abbreviated by using the tables constructed for thit 
purpose ; see Art. 349. Conversely when t is given and v is required the same 
tables give a first approximate value of x. Representing this by tan^w, it ii 
usual to expand the correction v - la in terms of la in a series ascending in poven 
of /. For these formulie we refer the reader to Watson's Astronomy and Gaoia, 
TheoriGf &o, 

47S. When the eccentric anomaly is given, the true and mean anomalies and 
the radius vector are expressed by the equations 

m=u-«smtt, *"*2~Vr^ 2 ' *' 

r=a-ex=a(l-«C08tt) ^. (2). 

When any one of the other quantities is taken as the independent variable, tbe 
corresponding equations can be deduced from these in the form of series. Two 
methods are uted to find the general term of these series. First we may hafe 
recourse to Lagrange's theorem, viz., when 

where I»i = l .2.3...t, and the Z implies summation from i=l to oo. By tbe 
second method the general term is expressed by a definite integral which is nsuallj 
a Bessers function. 

470. Ibagrange's theorem. To express the eccentric anomaly u and the 
radius vector r in terms of tJie time. 

Since u^^m + eanu, we have by Lagrange's theorem 

"="• +^ Li dSF" <""'">'• 

Tbe expansion of (sin my in cosines of multiple angles when t is even and in sines 
when i is odd is given in books on trigonometry ; (see Hobson's Trigonometry, Ait 
52). The (i - l)th differential is always a series of sines and is easily seen to be 

2*-» ^^(8inm)*=i*-»8intm - i{i - 2)*-i8in(i - 2)TO+*-^^^(i- 4)*-isin(t - 4)m -4tc. 

In the same way, expanding cos u by Lagrange's theorem, i.e. writing f{y) =cosy, 

we find 

r «*+! d*-i 

--1= -ecostt= -«co8wi + 2-r-r 3—1—, (sinm)*^^, 

where as before Z implies summation from i=l to oo . 

480. BeflMl'a funettona. We shall now briefly examine the second method 
by which we express the general term in a definite integral. We know by Fourier's 
theorem that we can expand any function (m) in a series of the form 

(m)=ilo+iliCOsm+... + iliOOsm+... 
+B| sin in+...+£iSintm+..., 
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'Vbfeh hoids for »U tbIuw of m from -r to +r. If Mbo ^(ni) ie > periodio 
fanitiaD lutting the period Sir, the exptutsioQ nill hold tor all Tftlues oF m. If 
^(■) doM not obaoge sign with m we maj omit the second line of the eipansion, 
■irllil* if it does cbuiee sign with in, we omit the first line. 

To Bud '(iWBtue Poiuier'a rule; multiply lioCh siiles bycosim sod lutegiate 
ban m= -* to -fr. fiemembering that 

jcoBinicoai'mdm^O, J'*o8im9iin"mdBi = 0, 
Jaos' ifni()ii = Jaiii'iniiIiH = ir, 
J»(m)ooH.-«irfm = ir.l., fi,(m)dm = 2irA„, 
Similu-ly moltiplyiiig liy sio im and integrating between the eatne limitn, we flnd 
/*{w)Binimdrn = ir/;,. 
4SX. To expand u-m = fiiinu in n imen d/ tinei of multiplfaof in. We put 
u-m = lB,aatm; 
.: rBi = j{a-ta)eiB™dni, 
\ha Ifanita being ni= -r to r. Integrating by parts, 

«B.= -(«-«) COB im 4.(003 i«(rfu. <£«,)- 
The iulegnted part ie zero, for u and nt are equal wheu u=±b-. We thus Lave 

iri!i,=jeoa tut du - Jcos im dm. 
Th« tecood integral is zero ; Bubstitudng for m its value in termi of u, 

irii', = jeoBf |u - «ain u)du. 
Thisdeflnite integral when taken between the limits and x u written irj,(i>). 
We have 

u = m + 2Bisinim, i,B, = 2J,{i». 

«SS. The satiea thus obtained is convergent, tor 

' J dm dm J dm' 

The integrated part vanishee at both the limile ni= ±r. AUu 

u = m + eBinu, .. ^» = (i_,eoBu)'' 
mod since xl.it is elear that il'ii/iiiri' has a numerical maximnm value ; let thia 
he k. Since siniin-cl. It toLowa that rPB, U numericaJly <3JtT. The aeriee is 
tbereCore at lout aa convergent as £ l/i'. 

^••> To amparr tht two tipamioni of u - m. In the Lagrangian series the 
tomia are eolleded according to the powers of e, the coefficient of r> being a serieg 
of the ainea of multiple angles. In the series with Bessel's functions the terms 
■M arranged according lo Che multiple angles, the coefficient of ainim being a 
Mriei of powers of e. 

The aoriee tor u>ni in really a double seriee containing both trigonometrical 
luniB ut the form (in I'm and alao powers of '■ If the terms are coUeeted and 
utanged aooording to the multiple angles, it followH from what precedes, that each 
ooaOeiont fi, Is a convergent series, and that the series of ooefhcients £,, B., £o. 
alao Conn a convergent series, provided the eccentricity e is lees than unity. 

Bat if Uie nariei is arrangud according to the powers of r, the positive aud 
ll(|C*tIve term* are added together in a diCferent ivay. ll may then be that the 
•criBB of coetteleotM of i, e', die. are only made convergent by more limited values 
IB condition of ooovergency ii given in Art. 488. 



HJ^^bBi 
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484. The expression for Bi may be written 

viBi=jeosiu . {1 - JiVsin'M + Ac.} dtt+Jsiniu . {i« sin u - Ac.} du. 
If we expand sin'u, sin^u, Ac, in cosines of multiple angles and remember that 
Jco8tttco8t'tt<2tt=0, we see that every term in the first integral will be zero in 
which the power of « is less than t. A similar remark applies to the seoond 
integral. Hence the lowest power of e which accompanies the term sin im is ^, 

485. To express rla=l''ecosuina series of cosines of multiples of m, we pfU 

-« cos tt = ^0 + 2Mi cos im ; 

.-. rAi= - ejooB u cos imdm, 

where the limits of integration are m= - x to x. Integrating by parts to change 
dm into du, we have 

riAi= - e cos u sin tm - ejun im sin udu. 
The integrated part vanishes between the limits. Writing m=u-tf sin it, the 
integral becomes 

xLli= - ejsin i (u - £ sin ti) sin udu 

= j£ Jcos {(t + 1) u - ie sin u} du - j^e Jcos {{i-lju-ie sin u}du; 

.-. iAi=e{Ji^i(ie)'-Ji-i{U)}, 

Similarly 2xAq= - ejooa udm= - ejcos u.{l-e cos u) du. 

Integrating between limits ti= - x to x, we find AQ=ie^ : 

.-. r/a= l + 4«* + 2i4« cos im. 

486. That this series is convergent may be proved in the same way as bef<^. 

We have 

^. fdcosu, fd^cosu . , 

Tt^Ai = - « I —3 — d cos 1/71= tf I - ■ ^ cos tmdm, 

by integrating by parts. Since u = m + e sin u, we find by differentiatioD 

^p cos II 6 "■ cos u .^ 

— r—s— = n ro • This has obviously a maximum value* say k. Then since 

dm* (1-tfCOStt)* 

costm<l, Ti^Ai is numerically less than ^vkcj and the series is at least as con- 
vergent as Sl/i*. 

487. BzamplMk Ex, 1. Prove cos iru = 2^1 < cos tm, sin ku=2B« sin tm, 
where t J < = jc {t7i_« (i>) - J^^ {ie)) , iBi = k {Ji^ {ie) + Jq^ (ie)} and k is not equal to 
unity, and the summations extend from t = 1 to oo . Also t7_„ (x) = ( - 1)*» J^ (x). 

Since t7_n( - x)=zJ^ (x), these series may be written 

1 „, ... cos im 1 . __ .. .sin im 

- cos icu = St7<_,t {te) — : — , - sm icu = 2c/<_,t (te) - .— , 

where 2 implies summation from i = - oo to + « , and the term t/^.^ (t^)/i* ^ben 
t=0, is - ^e or according as k is equal or unequal to unity (Art. 485). 

Since the Cartesian coordinates, referred to the centre of the ellipse, are 
j;=:acosu, 2/=r&sinu, we deduce the expansions of these in terms of the mean 
anomaly by putting /c=l. 

Ex, 2. Prove that a/r=l + 2ZJ{ (ie) cos im, where the summation extends from 
i=ltooo. 

This follows from alr=duldm; see Arts. 843, 481. 



. a. Prove Ihalrsm+SC^i 






HI {dv - lim) ; substituting for dvlilii, 

t loUotrs. Also by integTBtiug Dg&in by pojia, we can prove that this 

.1 >t l«wl as eonvargent as Zl/i^. This inteitral is given b; FoiBWXi In the 

taittanct dc$ Tevipi, 1825, 183G. See aUo Iinplaoe, vol. t. and Letort, LiouviUeU 

tut, lS4ti. ii»ie also Art. il4:i. 



mt. A, Prove the expansions 

\ (u-u]= \sini 
i(u-^)=-Xsini 



.2« + JX'B 



[Laplw 



n ^ii = ^lan ju. where it'— (1 + ')/(!-')■ substitute the eiponentia) values of 
fbe lAUgents, solve for ('"'"' ^'' &iid take logarithnia; the results lollon easilj'. 



^(l-e-JlEi 



£jr. 5. Bhon that m 
latioD bom ■ = 1 to v . 
We have bom the geometricitl meaning of u.rsin 



V ivheie £ implies i 

lit! u (Alt. 312). 



Expand, substitute in n) = u -« sin u, remembering the theorem in Ex. 3, the result 
tellowa. This ia Tiaaerand's proof at Laplace's theorem, Hit. ClUiU, page 233. 



\m sMlM lar r and S. Laplace was the first to prove 
that th* tiipanaions of the radius vector and trae anomaly in tenua of the time 
and in povera ot the eccentricity are not convergent tor bU values of the eecen- 
Irieily less than imit,v (see Arts. 474, 476). He showed b,v a difficult and long 
procobs that the condition necessary for tbu oonvvrgeaoe of both Beries is that the 
MMntncit; should be Usi than -6S106, Mft. Cfltult, Tome v. Supplement, p. 61G. 
Thia important result was sfterwarda confirmed by Cauch;. Excreiifi d'Analyie, 
Ae. An aocoont is also gtren by Moigno in his Diffennliul Caleuhu. The whole 
Upunent wai [lut on a better foundation bj BouchS in a memoir on Lagrange's 
•arioa in llie Jouraiil Polgttchniqut, Tome mi. The prooesa was afterwards 
tnrtbci simplified hy Hermite in his Court a la FacuU/ da Seiejicei, Paris IBSe. 
In llivw invsstigatiotis the test of convcrgenc; requires the use of the complex 
variaUe. The latter put of the method of Itonch^ ma; be found in Tisserand, 
Jf^e. Cilau, Alt. 100, and is also given here. 

«B0. Tlie tlieurem arrived at may be briefly stated. Raving given the 

uquation t = m-ix^{;) wo haie (1) to distinguish which luot we expand in powers 

of >, (3) to delariuiue the test of convergancy. It is shown that if n cont'iur 

■ti^ncnelosing the complex point t = Ni.suoh tliat at every point ol the boundary the 
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modulns of ^^^ is less than unity, the given equation has but one root vithii 

the area and the Lagrangian expansion for that root is conyergent*. 

To apply this theorem to Kepler's problem we put 4> (2) = sin z and let x repn- 
sent the ecoentrioity of the ellipse, Art. 478. 

We measure a real length OAssm from an assumed origin 0, and with A for 
centre describe a circle with an arbitrary radius r. Representing the complex li» 
OP by 2, the Lagrangian series will be convergent if r can be so chosen that Um 

modulus of ^°°* is less than unity for all positions of P on the eirde. 8in«e 

(mod)«of 0(|+i?i)=0(^+i?t).0tt-i?i), 

where e is the base of Napier's logarithms, we have 

'x\ * sin (m + r«**) sin {m+re" **) 



.«.-W 



= (^y{l(«'"'*"*+«"'"""V-cos>(m+rcos^)}. 



* If /(x) be a continuous one- valued function over the area of a circular contour 
whose centre is x=:a, then Cauchy's theorem asserts that /(x) can be expanded hj 
Taylor's theorem in a convergent series of powers of x - a for all points within the 
contour ; (see Forsyth's Theory of Functions, Art. 26). 

When 2 = m + x0 (2), the Lagrangian expansion of 2, or ^ (2), in powers of j is 
a transformation, term for term, of Taylor's, and we may use Cauchy's theorem, 
provided 2, or ^ (2), is one-valued. 

If 2 have two values for the same value of x, the equation F (2) =2 - m - x<f> (r) =0 
(regarded as an equation to find 2 when x is given) has two roots. To determine 
whether this is so, we use another theorem of Cauchy's (see Bumside and Panton, 
Theory of Equations) . 

We measure OA = m from the assumed origin and with A for centre describe 
a circle of radius r. Let a point P describe this circle once, then by Cauchy's 
theorem if log F (2) is increased by 2nirt, the equation F (2) has n roots within the 
contour. Hermite writes 



logF(2) = log (2-m)-h log (1-^^). 



(1) The equation 2>m = has but one root and that root lies within the 
contour, hence as P moves round, log (2 - m) is increased by 2irt. 

(2) If the modulus of u=— — is less than unity at all points of the circle, 

2 "■ fa 

the value of log(I-u), (being the same on departing from and arriving again at 
any point of the contour) increases by zero when P moves round the contour. 

It follows that logF(2) increases by 2Tri when P makes one circuit, that is the 

equation zrsm+x4>{z) hcu but one root within the contour if the modulus of -— 
is less than unity at all points on the circumference. 
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Now, putting «*'"*»*+«~''"»*=t; + - , we see that the first term of this ex- 

V 

pression continiiallj increases from v=l, or ^=0 to vzao, and is therefore 
greatest when B=-^x. The least yalne of the second term is zero. The modulus 

\x 
is therefore less than - - (£''+«~'0* ^^ Lagrangian series is therefore convergent 

m T 

for all Yalnes of the eccentricity x less than 2r/(e^+tf~*^. 

To find the mazimmn value of this ftmction of r, we equate its differential 
ooefficient to zero. This gives 

F=e'^(r-l)-«-»'(r+l)=0. 

Since dVJdr is positive for all values of r this equation has but one positive 
root, and this root lies between 1 and 2. Using the value of e^ given by the 
equation F=0, we find that the maximum value of the eccentricity is ^(r^-1), 
srhich reduces to '66. 



CHAPTER Vn. 

MOTION IN THREE DIMENSIONS. 

The four elementary resolutions and moving aaes, 

490. The Cartesian equationi. The equations of motion 
of a particle in three dimensions may be written in a variety of 
forms all of which are much used. 

The Cartesian forms of these equations are 

^^^Y ^"y^v ^'^-y {X\ 

where x, y, z are the coordinates of the particle and Xy F, Z the 
components of the accelerating forces on the particle. These 
equations are commonly used with rectangular axes, but it is 
obvious that they hold for oblique axes also, provided X, F, Z are 
obtained by oblique resolution. 

491. The Cylindrical equations. From these we may 
deduce the cylindrical or semi-polar form^ of tlie equations. Let 
the coordinates of the particle P be /j, (f>, z, where p, <f> are the 
polar coordinates in the plane of ayy of the projection N of the 
particle P on that plane, and z = PN, By referring to Art. 35, 
we see that the first two of the equations (A) change by resolu- 
tion into the first two of the following equations (B), while the 
third remains unaltered. We have 

where P, Q are the components of the accelerating forces respec- 
tively along and perpendicular to the radius vector p. 
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492. Principle of angular momentum. Since the 
moments of the components P and Z about the axis of z are 
zero, the mom^qt of the whole acceleration about the axis of z is 
equal to Qp. In the same way the moment of the velocity about 
Oz is equal to the moment of its component perpendicular to 
the plane POz, and this is p^dif>ldt. Introducing the mass m of 
the particle as a feu^tor, the second of the equations (B) may be 
written in the form 



d /moment of \ _ /moment of 
dt Vmomentum/ " \ forces 



)■ 



The moments may be taken about any straight line which is fixed 
in spcu^, such a line being here represented by the axis of z. The 
moment of the momentum is also called the angular momentum 
of the particle (Arts. 79, 260). 

When the farces have no moment about a fixed straight line the 
angular momentum about that straight line is constant throughout 
the motion. 






483. The polar equationi. We may immediately deduce 
^rom the semi-polar form (B), the polar 
equations (C). Let r, 0, <f>he the polar co- 
ordinates of P, where r = OP, is the 
angle OP makes with the axis Oz, and <f) 
the angle the plane POz makes with the 
plane xOz. 

Since OP = r is the radius vector cor- 
responding to the coordinates ON^p, NP^z, we see by Art. 35 
that the accelerations 

d*p . d'z , 4. dV fd0\* .Id fA0\ 

^and^are equal to ^--ry and-^^(r-^j. 

Hence the whole acceleration of P is the resultant of 

(1) ^~^(^) along OP in the direction in which r is 
measured; 

(2) - ^ (**7s) P^rp^'idic^lar to OP, in the plane zOP, taken 
positively in the direction in which is measured ; 



B.D. 



20 
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(8) p y^] in the direction of the perpendicular drawn from 
P on Oz, Le. parallel to NO ; 

^^^ " Tf\f^^] perpendicular to the plane zOP in the direc- 
tion in which ^ increases. 

If R^ Sy T are the components of the acceleration of the 
particle respectively in the directions of (1) the radius vector OP, 
(2) the perpendicular to OP in the plane of zOP^ and (3) the per- 
pendicular to the plane zOP, taken positively when they act in 
the directions in which r, 0, <f) are respectively increasing, we have 



pdtV dt) ■* 

We notice that /> = r sin A 

494. Ex, If t) be the velooity, show that the radial acceleration is 



(C> 






nm-A- 



495. Reducing a plane to rest. Referring to the semi- 
polar equations (B), we notice that if we transfer the term 
p (d(f>ldty to the right-hand side of the first equation and include 
it among the impressed accelerating forces, the first and third 
equations become the same as the Cartesian equations of motion 
of a particle moving in a fixed plane zOP (Art. 31), while the 
second equation determines the motion perpendicular to that 
plane. We may therefore replace the first and third resolutions 
by any of the other forms which have been proved to be equivalent 
to them. Art. 38. 

For example, if we replace these two resolutions by their 
polar forms (Art. 35) we obtain at once the equations (C). 

The process of regarding p {d<f)/dty as an impressed accelerating 
force acting at P and tending from the axis of z ia sometimes 
called reducing the plane zOP to rest See Arts. 197, 257. 
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496. The intrinBic equations. To find the intrinsic equa- 
ions of motion, due to the tangential and normal resolutions. 

Let P, P' be the positions of the particle at the times tyt-^-dt^ 
', v-\-dv the velocities in those positions, d*^ the angle between 
he tangents. 

In the time dty the component of velocity along the tangent 
^t P has increased from v to (v + dv) cos d-^. Writing unity for 
OS dy^, the acceleration along the tangent, i.e. the rate of increase 
►f the velocity, is dvjdt 

The component of velocity along the radius of curvature at P 
las increased from zero to (y + dv) sin d-^, which in the limit is 
d-^. The acceleration along the radius of curvature is therefore 
^dyjt/dt, or which is the same thing i^/p. 

The osculating plane by definition contains two consecutive 
angents. The component of velocity perpendicular to that plane 
s zero and remains zero. The acceleration along the perpendicular 
o the osculating plane, Le. the binormal, is therefore zero. 

If F and G are the component accelerations measured posi- 
ively in the directions of the arc s, the radius of curvature p 
md H the component perpendicular to the osculating plane, the 
tquations of motion are 

"S^^' r^' '=^ ^^^- 

407. Show that the tolution of the equationt of motion of a particle in polar 
oordinatei can he reduced to integrationt when the work function has the form 

7here /j (r), /, (0) and /, (0) are arbitrary functions. 

The third of the equations (C) gives, with this form of U, the mass being onity, 

rwnedty dtj rain 9<i0r» sin' tf* 

.•.i(r'gin»<»gy=/,(#)+^ (1). 

The second of the equations (C) gives 

r dt\ dtj \dtj rde r^ r* sin' 

Snbetitating for d^jdt^ we obtain 

K^iy-^e^^*^"^^^ W- 
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The equation of vis viva is 

it)'^''Q'*-^-'&)'-"'^"' * 

After snbstitating from (1) and (2) this becomes 

0'+^=2-^»w+2^ (*'• 

These are the first integrals of the equations of motion. Since the variables 
are separable in all the equations, they can be reduced to integrations. Subetitat- 
ing for dt from (4) in (2), that equation gives $ in terms of r. Substituting again 
in (1), we find <p in terms of r. Lastly (4) determines t in terms of r. 

498. Moving axes. To find the equations of motion of a 
particle referred to rectangular aaes which move about the origin 
in an arbitrary manner. 

Let us suppose that the moving axes Ox, Oy, Oz are turning 

round some instantaneous aids 01 
with an angular velocity which we 
may call 0, Let ^i, d,, d, be the 
components of 6 about the instant- 
aneous positions of Ox, Oy, Oz, Then 
in the figure 6i represents the rate at 
which any point in the circular arc 
yOz is moving along that arc, 6^ is 
the rate at which any point of the 
circular arc zOx is moving along the arc, and so on. 

Let us represent by the symbol V any directed quantity or 
vector such as a force, a velocity, or an acceleration. Let F,, Ty, 
V^ be its components with regard to the moving axes. 

Let Of, Off, Of be three rectangular axes fixed in space and 
let Fi, Ft, Fj be the components of the same vector along these 
axes. Let a, /8, 7 be the angles the axis Of makes with Ox, Oy, 
Oz. Then 

Vi = Vgt cos a + Fy cos /8 + F, cos 7, 




dV, 
dt 



dF 



dF. 



= -cosa + -j;^cos^ + 



dt 



dt 



dVj, 
dt 



cos 7 



da 



dfi 



dy 



- F, sin a T- - Fy sin ^ -T- - F, sin 7 -jf 



dt 



dt 



dt 



Let the arbitrary axis of f coincide with Oz at the time t, i.e. let 
the moving axis be passing through the fixed axis. Then a = ^, 



ART. 500.J 


MOVING AXES. 


/3 = K7 = 0. 


Uence 




dV, dV, „ do „ d/3 
dt ~ dt 'dt 'dt 
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Now da/di is the angular rate at which the axis Ox is separating 
from a fixed line 0^ momentarily coincident with Oz, hence 
dajdt = fff Similarly d/S/dt = — 0i. Substituting 

dV, dV, 



dt dt 



- vj, + Vye,. 



Similarly ^ = ^-_ F,^.+ F,^., 

When the moving axes momentarily coincide with the fixed 
axes, the components of the vector V are equal, each to each, 
i.e. Vfg = Vi, Vy = Fj, F, = F,. As the moving axes pass on, 
this equality ceases to exist. The rates of increase of the 
components relatively to the moving axes are dVg/dtf dVy/dt, 
dVg/dt; while the rates of increase relative to the fixed axes 
are dVijdt, dVJdt, dV^jdt The relations which exist between 
these rates of increase are given by the equations just investigated. 

499. If the vector F is the radius vector of a moving point 
P, the components F«, Fy, F, are the Cartesian coordinates of P, 
and the rates of increase are the component velocities. If the 
vector F is the velocity of P, the rates of increase are the com- 
ponent accelerations. 

Let then or, y, ^ be the coordinates of a point P ; u, VyW the 
components of its velocity in space ; X, Y, Z the components of 
its accelerations. Then 

dX yt yt tr dtL >, >« 

•OO. If the origin of coordinates is also in motion these equations require 
some slight modiiioalion. Let p, q, r be the resoWed parts of the velocity of the 
origin in the direotions of the axes. In order that u, v, w may represent the 
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resolved velocities of the particle P in space (i.e. referred to an origin fixed in 
space), we must add p, 9, r respectively to the expressions given for u, v, 10 in Art 
499. These additions having been made, u, v, w represent the component spMe 
velocities of P, and the expressions for the space accelerations X, Y, Z are the same 
as those given above. See Art. 227. 

The theory of moving axes is more folly given in the author's treatise oo 
Rigid Dynamics. The demonstration here given of the fundamental theorem is 
founded on a method used by Prof. Slesser in the Quarterly Jowmal, 1858. 
Another simple proof is given in the chapter on moving axes at the beginning of 
vol. n. of the treatise just referred to. 

501. MoTlns fl«ld of iisro*. When tJ»e field of force is fixed relatively to 
axes moving about a fixed origin we may obtain the equation corresponding to that 
of vis viva. 

If T be the semi vis viva, we know that dTldt is equal to the sum of the virtoal 
moments of the forces divided by dt. Hence, the mass being unity, 

at 

=Za?'+ry'+Z/ + ^,(a;r-yX) + 

If A^, A^t A^ are the angular momenta about the axes (Art. 492), 
Ai=:yw-MV, A^=zm-xw, A^=xv-yUt 
and, taking moments about the axes, 

dA^ldt=yZ - zY, dAJdt=zX^xZ, dAJdt=xY-yX. 

The equation of vis viva therefore becomes 

dT dA^ dA^ fl^^-^f^ 
dt'^''dt'*^^W^''di""dt' 

where 17 is a function of the coordinates x, y, z only. If 6^ $2, 6^ are constant, 
this, when integrated, reduces to the equation of Art. 256. 

502. Ex, 1. Show how to deduce the polar forms (C), Art. 493, from the 
equations for moving axes. 

Let the moving axes be represented by 0{, Oriy 0^. Let the axis of ^ move so 
as always to coincide with the radius vector OP ; let O17 be always perpendicular to 
the plane zOP, The angular velocity ddfdt of the radius vector may therefore be 
represented by d^^ddldt about O77. The plane zOP has an angular velocity d^ldt 
about O2, and this may be resolved into $i = coa dd^Jdt and 6^= sin Od^/dt. Also 
the coordinates of P are ^=r, 17 = 0, f=0. 

It immediately follows from the equations of moving axes that ti = dr/d t, r=^/, 
IT = - $^r. Substituting these in the expressions for X, Y, Z we obtain the com- 
ponents of acceleration already written at length in Art. 493. 

Ex, 2. If (aj/3j7j), {cufi^ydf (^^sTs) are the direction cosines of a system d 
orthogonal axes moving about the origin, prove that 

^»-rff ^+d^^a"*■■d7^•-^• 
where ^3 is positive when the rotation is from the first axis to the second. 

To prove this we notice that ^3 measures the rate at which the axis of y ii , 
separating from the position of the axis of x at the time t. Hence -$^t is thil 
cosine of the angle the new axis of y ftiakes with the old axis of x, ' 
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LAQRANUES EQUATIONS. 



I Sz. H. A patticls ia deecriLJiig an orbit abonC a centra □( force tchicb varies 

■ Sn; funcUoQ of the distance, and ia acted on by a disturbing force wbtah is 

IS petpendicolsr to the plane of the inetantaaeons orbit and ia inversely pra- 

>nal to the distance of the particle fiom the oeutie of force. Prove that the 

tt of the instsntaneoai orbit revolvee tinifonnl; roand its instantaneoufi aiia. 

[Ualh. TripoB, letiO.] 



Lagrange's Equations. 

Lagrange haa given a general theorem by which we can 
I the equations of motion of a particle, or of a system of 
tides, in any kind of coordinates*. 

The expression " coordinate " is here used in a generalized 

Any ijiMntities are called Hie coordinates of a particle, 

t.of a system of particles, which determine the position of that 

tide or system in space. 

In using Lagrange's equations, it will be found convenient 

^ repreitent by some special sj-mbola, such as accents, all total 

-ential coefficients with regard to the time; thus af, d' 

tent respectively cfcc/d( and d'xjdl'. 

504. Lemma. Let L be a function of any variijtlea so, y, Ac. 
r their velocities x'. y', Ac. and the tivte t. If we eatress x, y, <fcc, 
at functions of some independent variables 9, ip, Ac. and the time 
t.say 

w=f{t.0.if),Ac.). y = F{t,6,^,Ac.), z = Ac. (1), 

tlieti will 

d dL _dL _ (d dJL _ dL\ dx (d^dL^ dL\ dy , 
dtdff~ dB ~ \dt'd^-~di)d^'^ \dtdy' dy) dB^ 
Bcpresenting partial differential coefficients by suffixes, we 
have by differentiating (1), 

a^ =/f +/*^ +/#*' + &c (2). 

StDCc 6 eaters into the expression L through both x, y, &c. and 
tboir velocities w', y', &c. while d' enters only through x, y', &c., 

* Tbe LagrangiaQ equations are of the greatest importanco in the higher 

L ^vainiM and ate uauallj studied as a part of Rigid Dj/uamici. We give here onl; 

li thauTBiiiii aa nia; im of ubu in the reel of thii treatise. The application of 

■ DCtliod to itDpaUca, to the caBea in which tbe geometrieai equations contain 

dmarmUal wMlIici«nti nf llie coordinates, the use of indeterminate niQltiplieti, 

latenian (unction. Jm.. are regarded ae a part of the higher djnanuca. 
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we have the partial differential coefficients 

dL _dLdx dL daf J, . 

dB^dxde^d^ d0'^^ ^'^'^ 

dL _ dL da^ « , . . 

dff^dx dff^^ ^*^' 

where in each case the &c. represents the corresponding terms for 

y, r, &C. 

dtSc dtSc 

By differentiating (2) we see that ^ =^ = -j^. Hence 

d dL ^dL _/d^dL^ dL\ dx „ 
dtdS''d0''\dtdaf'di)d0'^^ 

-S(s/--^*«- <* 

By differentiating^ totally with regard to t, we have 

^/# =A +^^' + &c (6> 

The right-hand side of this equation is seen by differentiating (2) 

dx* 
to be equal to -v^ . It therefore follows that all the terms in the 

second line of (5) vanish. The lemma has therefore been proved. 

606. By using this lemma we may deduce Lagrange s equations 
from the Cartesian equations of motion. For the sake of generality, 
let there be any number of particles, of any masses t/i,, w,, &<?., 
and let their coordinates be (a?i,yi,ri), (jc^, 1/2* ^2)* &c. Let The 
the semi vis viva of the system, then 

2r = 2m (a;'* + y'« 4- /*) (7). 

Let U be the work function of the impressed forces, then U is a 
function of the coordinates only. Let Rxy Ry, Rz be the com- 
ponents of any forces of constraint which act on the t}Yical 
particle m. We have as many Cartesian equations of motion of 
the form 

as there are particles. 

The particles may be free or connected together, or constrained 
by curves and surfaces, but after using all the given geometrical 
relations, the position of the system may be made to depend on 
some independent auxiliary quantities or coordinatea Let these 



{ 



I be d, 0. &c,; then writing L= T-k- U, we have for the particle m, 
d dL dL_d , dU_j^ 

with similar forms for if and t. Hence using the lemma, 

dtde--de=-\^-de^^-de^^'dB} ^^*- 

where S implies summation for all the particles. 

The right-hand side of this equation (after multiplication 
by hd) is the virtual moment of the forces of constraint for a 
getjmetrical displacement Z8. This by the principle of virtual 
work is known to be zero. 

Since the Tarmtions of the raorHrMf* x, y, Ac. due lo the dUpUoement t8 are 
dedQoed from the partial differentiiU ooeCGciente dijdS, dijjde, ke., t not TOrying, 
the dinplacement given to the system ig one oonaistent with the geametriol relations 
as they exist st the instant of time I. 

Tkktng the varions liindfi ol rorcei ot coDBtmint it has been proved in Art. 248 
that the virtual monient of each for Bach a displacement is zero. Consider the 
naae of a partiole constrained ta rest on a ourve or SDrrace, the virtnal moment 'a 
MTO for an; displaoement tangenliaJ to the imtantaneotu posltioa of the carve or 
■Dtfaoe. Tht ratriction that the geomttTical eqnatioiii mutt nol contain tht lime 
erplieitlj/ m nol luceiiary in Ijigrtrngt's tquatiom. 

If some of the particles are oonnected togethu so as to form a rigid bod;, the 
malDal actions and reactions of the moleeulee are eqaal. Their virtual momeiitB 
destroy each other becansa eaoh pair of partioles remain at a constant distance 
trom aaoh other. The Ln^angian equations ma; thereJore be applied to rigid 
bodia. 

606. The Lagrangian equations of motion are therefore 



'"■ "--0. ^ji-S^O, .c. = ,„, 



dt d& de "' dt rff ■ 
The function L=T+ U and is therefore the sum of the kinetic 
ettergy n/td the wwk futiction. If we use the function V to repre- 
sent the potential energy, we have, by de6nition, U+ V equal to 
a constant. We then put L= T— V, m that L ts the difference 
between the kinetic and potential energies. Substituting these 
3 for L, and remembering that JJ and V are functions of the 
latea and not of their velocities, we may also write the 
mgiui equations in the two typical forms 

ddT_dT_dU ddT dT dV 

dt dff de ~d0 ■ dtdff de^ dd" * ^■ 

t 9 stands for any one of the coordinates. It should be 
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noticed that in these equations, all the differential coefficients are 
partial, except those with regard to t 

The function L is sometimes called the Lagrangian functm. 
We see that when once it has been found, ail the dynamical 
equations, free from all unknoum reactions, can be deduced 6jf 
simple differentiation. 



p-S=M"^'^^'^"^M <"'• 



607. "Vlrtaal mommat of tiM mBt c t t w fbvoM. If we substitnte for I in 
the lemma of Art. 504 the valae of T giyen by (7) we have 

dtd$' 

The right-hand aide (after moltiplieation by 96) is the som of the virtual momaits 
of the effective forces mx'\ my", &e. It follows therefore that the Lagrangim 
expre9*i<m on the left-hand side {after multiplication by 9$) repretentg the ntm of Ik 
virtual wwments of the effective forces, when expressed in terms of the generaliud 
coordinates $, ^ <tc. 

In the same way writing T for the arbitrary function Z in (4), we have by (7) 



dT ^ i ,dx ,dy ^ \ 



The left-hand side {after multiplication by d$) therefore represents the sum of the 
virtual moments of the momenta of the several particles of the system for the displace- 
ment 9$. It is often called the generalized $ component of the momentmn. 



508. »g^«w<««|f of tlie 1^— »«— The fundamental equation represented bj 
the lemma has been deduced from the principles of the differential calculus withoat 
reference to any mechanical theorem. 

Analytically, it expresses the fact that the Lagrangian operator symbolized by 

A — 1_£ jL 
•~d^ dt de* 

follows the same law as the differential coefficient djde^ i.e. 

A,L = A^.g+A^.^*+ , 

which may also be written 

A^L . W = AjpL. 5x + AyL . 9y-k- , 

where 90, 9x, 9y, &o, are any small arbitrary variations consistent with the 
geometrical relations which hold at the time t. 

If we interpret the lemma dynamically (Art. 506), the equation asserts that the 
sum of the virtual moments of the effective and impressed forces for a displacement 
50 has the same value whatever changes are made in the coordinates. 

509. Working rale. When we solve a dynamical problem we begin bj 
writing down the equation of vis viva, viz. T=U-\-C. 

It appears that when we have done this, Lagrange's method enables us to write 
down all the equations of motion of the second order by performing certain 
differentiations on the quantities on eaoh side of the equation (Art. 506). 
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I We thall preseDtl; shnw that betore perrormitje these iUSereQtmtii>ii)<, ire may 
rrKQOTB certiiin factors from one siJe to the other by matiBg a change in the 
Independent varulile t -. kit. SH. 

610. The ftiQction T. We have assumed that the Cartesian 
cooniiuaics x. ij, t of every particle of the system can be expressed 
tn terms of the generalized coordinates 0, ij>, &c. by means of 
eiftmtioDs of the form 

ct=/it.e.4>.&c.) (1); 

these equations may contain (, but not 6', ^', &c. (Art,. 504). hi 
choosing therefore the Lagrangiati coordinates, we see that they 
viutt be auch that the Cartesian coo7-diiiates of everi/ paiiicle could 
be expressed if required in tej-ms of them by means of eqiuxtions 
which may contain the tijne, but do not contain differential co- 
tfficieiits with regard to the time. 

Differentiating the geometrical equations (.1) as in Art. 504 

'«'=/f+/.^+/**' + &c., y' = &c (2X 

and substituting in the expression for the vis viva 

iT^-Emix-'+y'^+z") (7). 

given in Art. 505, we observe that SJ" takes the form 

tT= A„e^+2AJ'<i>' + ... + B,e- + B,<f>' +... + G. 
where the coefficients A„. &c., Bu B,,, &c., and C are functions of 

t. e, <t>, &c. 

Ill most dynamical problems, the geometrical equations do not 
contain the time explicitly, i.e. t does not enter into the equations 
(1) except implicitly through 6, 0, &c. The terra /( will therefore 
be absent from the equation (2), Art. 504. Hence y, y', z are 
homogeneous functions of &, ^', &c. of the first order. When 
tnibstituted in (7), we find that %T is a homogeneous function of 
ff, 0', &c. of the second order, viz, 

ZT=A„e'' + 2A J >!>'+.... 
where vl„, Aa, &c. are functions of the coordinates $, 0, Ac, but 
not of t. 

511. BxaiBpUa of Id^^ransa'a aqoatlona. Ex. Two pactiolea, of IIlassel^ 

•If, m, ar« coitnectcil by a lijjbi rod, of leni^tli I. The lirat A is conatraiiied to move 
tlong a amoolh flied Lorizi>iitut wire, while tbe other B is free to oscillate in the 
Terlioal piaae nfdpf tlie action of gravity. It is required to find the motion. 

Tu Hi tlu! poiitioDi ol both the particles in epace. we require two ooordinaleE, 
ttf, the diitouce j ol the polul A fcaiu some origin and the inolination e of All 
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to the vertieal. The Cartesun coordinates of B are then x={+ 2 sin $ and y^slcoti. 
The semi vis viva and work functions are then 

r=i Afr«+im {(r + 2C08 ^^')«+(i sin ^^«} 

=J(lf+m)r'+m2cosdf^+JmW« (1). 

U=mglcoB$ (2). 

Sobstitnting in the Lagrangian equations, 

ddT dTdU d dT dTdU 
dtd^" d^" d^* dtd9'' de" de' 



we have 



^ {(lf+iii)f +iiaoo8d^}=0 



dt 
d 
dt 



•^ {m2co8 9^+iRW}+mZ8in^|'^= -m^Zsin^l 



These give 



(lf+m)^+jiaoosd^=il, QOBB^'+W^-gtane (3), 

where ^ is a constant of integration. Eliminating {, we have 

(3f+m8in«^)^^'+msindcoBd^.^'«=-^(itf+m)8in^^. 

This gives by integration 

(lf+main»^)^=C+^(itf+iii)coBd (4). 

In this way the velocities {' and ^ have been found in terms of the coordinates I 
1.0. 

We have here used both the Lagrangian equations, but we might have replaced 
the second by the equation of vis viva, viz. T^U+C, Eliminating ^ by the help 
of the first of equations (3), we should then have arrived at the result (4) without 
any further integrations. 

51 a. Ex, 1. The four elementary forms for the acceleration of a point jolh« 
at once from Lagrange^s equations. For example, let us deduce the polar form 
given in Art. 493. 

We notice that the components of velocity of P along the radius vector and 
perpendicular to it, are respectively / and r6', while that perpendicular to the 
plane zOP is rsin $<p\ Since these three directions are orthogonal, we have 

2T=m (r^ + f^0'^ + r» sin* Ofp'^. 

Substituting in the Lagrangian equation 

±dT_dT_dU 
dtd^ d^^ d^* 

where { in turn stands for r, ^, 0, we obtain 

j^ (mr^ - m {rd'^ + r sin^ H'^)=^ . 

-T- (mr^e') - mr^ sin cos ^0'^=-^ , 
at Ov 

which evidently reduce to the forms given in Art. 493. 
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U Ex, 2. To deduce the accelerations for moving axes from Lagrange^s equatiom 
when the component velocities are knotvn. 

We have given by Art. 499, 

u=sx'-y^,+«^j, v=y'-z$i+x6^t w=z' -xB^ + yOi, 

Also T = i (tt* + 17» + tf7«), 

the mass of the partiole being onity. Since x' enters into the expression for T 
only through u, while x enters through both v and w, we have 
dT^dTdu^ dTdTdv^ dT dw_ 

dxf "^ du dx''~ * dx ^ dv dx dwdx~ '"* *' 



^ , . d dT dT dU 

The Lagrangian equation - ^, - _ = ^ 

becomes -77 - v^s + "'^j = ^' 

£x. 3. To deduce the equation of vis viva from Lagrange^s equations. 
Multiplying the Lagrangian equations 

d^dT dT_dU d dT ^^^E 
dtde'' do" d$* dt dit>' ~ d<p " d^p * ' 

^7 ^t ^'* ^^' respectively and adding the results, we have 

fd/ dr\ dT\ y^dT dU 

where Z implies summation for all the coordinates. 

If the geometrical equations do not contain the time explicitly, T is a homo- 

dT 
geneons ftmetion of ^, <t>\ <!^c.. Art. 510, and by Euler's theorem Ze' -r^=2T. Also 

aiiioe T and U are not functions of t, 

at \ da dv ) at a9 

Substituting in the expression given above, we have 

^dT dT dU m TT r, 

^dt'Tt = di'^ .•.T=c.+ c, 

where C is an arbitrary constant, usually called the constant of vis viva. 

Ex. 4. The position of a moving point is determined by the radii l/{, I/77, 1/^ 
of the three spheres which pass through it and touch three fixed rectangular 
coordinate planes at the origin. Find the component velocities ti, v, w of the point 
in the directions of the outward normals of the spheres, and prove that the com- 
ponent accelerations in the same directions are dujdt + v (17U - ^) - u; ({ir - ^), and 
two similar expressions. [Ck>ll. Ex. 1896.] 

Writing Ds^+i^^H-^ we deduce from the equations of the spheres that 
x=2{/D, Ac. Noticing that the spheres are orthogonal, we find, by resolving the 
velocities x*, y*, m' along them, « = - x$'/|, i; = - yv'hj «?= - z^/^. Hence 

Also the acceleration along the ( axis is dU/udt or -iDdUld^. Substituting in 
the Lagrangian fonnula ^ = j* ^ - 3r. ^« obtain the required result. It may 
also be dedoeed firom the formuls of Arts. 499, 502, Ex. 2. 
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513. To apply the Lagrangian equations to determine ik 
email oscillatione of a system of particles about a position of 
equilibrium, when the geometrical equations do not contain the time 
explicitly. 

Let the system have n coordinates and let these he 0, <f>,kt 
Let their values in the position of equilibrium he a, fi, &c., and at 
any time ^, let ^ = a + a?, ^ = /8 + y, &c. 

The vis viva being a homogeneous function of 0\ <f>\ &c. (Art 
510), we have 

27 = P^'« + 2Q^f + R<f>'^ + &c., 
where P, Q, &c. are functions of 0, ^, &c. When we substitute 
^ = a + a:, &a and reject all powers of the small quantities abm 
the second, this reduces to an expression of the form 

2T = Anx'^ + 2A^'y + A,^^ + &c (1), 

where the coefficients are constant, and are known functions of 
a, /S, &c. 

The work function i7 is a function of 0, 0, &c. and when 
expanded takes the form 

2tr= 2Uo + 2B,x + 2B^ 4- &c. + jBn^ + 25^3^ + &a...(2). 

We assume that these expansions are possible. 

Since the system is in equilibrium in the position defined by 
^ = 0, y = 0, &c., we have by the principle of virtual work, 

^=0, ^=0,&c.; .-. A = 0, 5, = 0,&c (3). 

If the position of equilibrium is not known beforehand, the values 
of a, /8, &c. may be obtained by solving the n equations (3). 

To find the equations of motion we substitute in the n 
Lagrangian equations typified by 

ddT^dT^dU 

dtdx' dx dx ^ ^' 

Since the expansion for T does not contain the coordinates x, 
y, &c., we have dTjdx = 0, dT/dy = 0, &c. The equation (4) there- 
fore becomes 



Aux'' + A,^'' + A^^'' + &c. = B,,x + B,^ + 5i32^ + &c.) 



A,^'' + A^f + A^" + &c. = B^^ + B^y + B^z + &c. 

&c. = &c. 



► ...(5). 



^^B To solve the equations (5) we follow the rules given in Arc. 
^^^S. Let any principitl oacillation be repreaented by 

^H x=Gam{pt + a). 1/ = ff Bta (pt + a). &c. (6), 

^^Bere G, II, &c. are constants. We find by an easy substitution 

^B (A„p' + S,,)G+{A,^ + B^)H+... = 0\ 

^M (A^i^ + B^)0 + (A^p' + B^)H-i- ... = (i\ (7). 

^H &c. =oJ 

^^nninating the ratios G : H : &c., the n values of p' ai-o given 
^^Bthe Lagrangian equation 

^H I J„p' + 5„, Ar,p' + Bn, &C. =0 (8). 

^H ^»P' + -Si» A^p* + B^i. &c 

^^B 614. It ia shown in the higher dynamics that, because the 
^^H Tiva 27 ia neces-sarily positive for all real values of a/, y, &c., 
^^Btt values of j^ given by this deteraiinantal equation are real. 
^^B all the roots are positive the values of p are real, and the 
^^Btem of particles then oscillates about the position of equi- 
^Hhinni. If any or all the values of p' are negative, some or all 
^^^^ values of p take the form ± q -J— 1. The corresponding 
^^B^onometrical terms in (6) become exponential and the system 
^^fc not oscillate. See Art, ISO. 

^^1 61B. If a value of p^ is zero p has two e([ual zero values, and 
^^Kk corresponding term in (6) takes the form A + Bt. In such 
^^K|ue the coordinate may become large and the system will then 
^^^BBrt so far from the position of equilibrium that it will be 
^^^pessary to take account of the small terms in (1) and (2) of 
^^Hmkt orders than the second. 

^^ 516, Rule. When applying Lagrange's equations to any 
special case of oscillation about a position of equilibrium we begin 
by writing down the expressions for the vis viva and work function 
for the system in its displaced position, and express these in the 
tputdmHc forms (1) and (2> (Art, 513). If the whole motion is 
required we follow in each special case the process described in 
the genenl investigation. But if, as usually happens, only the 
periods are required, we omit the intervening steps and deduce 
tbo detvnninant (8) immediately &om the expansions (1), (2). 
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To help the memory, we notice that, if we drop the (iccerds in 
the expression for T, the determinant (8) is the discriminant of ike 
quadric Tf^ + U, 

517. To apply Lagrange's equations to determine the initial 
motion of a systetn. 

The method has been ah-eady explained in Art. 282. The 
Lagrangian equations give the values of 0", <f>'\ &c. in the initial 
position without introducing the unknown reactions. Differen- 
tiating the Lagrangian equations of Art. 506 we obtain 0^'\ ji", 
&c., and any higher differential coeiBcients. 

If a?, y, z are the Cartesian coordinates of any point P of the 
system, we have by Art. 510, 

^ =/i (^, ^y &c.), y =/j {0, 0, &c.), ^ = &a, 
and therefore by differentiation the initial values of a/, x\ &c, 
y', y", &c., z\ &c. may be found. The initial radius of curvature 
follows from the formulae of the differential calculus, Art. 280. 

518. Lett for example, the initial accelerations be required 
when the system starts from rest The initial position being d = a, 
^ = /8, &c. we put, as in Art. 513, O^a-^-x, ^ = )8 + y, &c. Since 
the system starts from rest, the velocities a?', y', &c. are small and 
we can make the expansions (1) and (2) as before. Since the 
initial position is not one of equilibrium, we no longer have 5i = 0. 
Bi = 0, &c. Retaining only the lowest powers of x, y, &c. which 
occur in the equations of motion, we have 

Aux' + A^y'' + &c. = B, ) 
Ay2x' + A^y'' + Szc. = B., ^ 

&c. = &c.. 

These determine the initial accelerations of the coordinates and 
therefore the component accelerations of every point of the system. 

519. Ex, 1. Let as apply the Lagrangian eqaations to find the amall oscills* 
tions of the two partioles described in Art. 511. 

The quantities {, $ represent the deviations of the rod from its position of 
equilibrium. The vis viva and work function expressed in quadratic forms are 

The determinant is the discriminant of 

rjp«+t7=4(3/+m)p«e* + m(p«^^ + imZ((p»-p)^*; 

(af + m)p«, mlp^ I =0. 
m/p>, ml{lp^-g) 



i = GBin(i.(-i<.), 9 = Ham(pf + a). 



)n« prinoipftl motion ia ^ven b; 
ffM+m 

Dm oUwr is delvrmiDed b; p' = 0; this implies that oue ooordinate takes the form 
l + Sl. It u eitiil«Dt tli&l the rod oould be so projected along the horizontal wire 
iwt { bu this f oCTu while S = 0. 

Tha Rtndenl ehould appl.v L&gtange'e equntions to the problems on small oscil- 
kUonH ftud iiiitinl njiitionii nheady considered in the oliapter on motion in two 
BmeniioDi. He will thus be able to (onn a comparison o[ the advantogeH ol the 
BbNut meibodB. 

Mm. 8. Three nnllbmi rods AB, BC, CD have lenstbs ia, ib. So uid mMaw 
a, n', nt. The; are hinged together at B and C, and at il, D are unall smootb 
JBgB vhich are free to tnove along » fixed fine bomontai bar. The rode bang in 
wtailibriiim, forming with the bar a vertical rectangle. When a slight symmetrioal 
liHplacelnent IB given, the period of a small oscillation U given by 4nia;^ = 3^(ni-(-i>i'). 
?uid klao the periods when the dispiaeement is nn symmetrical. [Coll, Ex. 1897.] 

£x. 3. Two equal strings AC, BC have their ends at the fixed points A, B. on 
rbo aame horizontal line, and at V a benv; particle is attBched. From C a string 
"D hangs down with a second beavjr particle at D. Find tbe periods of the three 
mitll OMillatJotia. [The two periods of the osoillntions perpendiouiar to the verti- 
■m1 plane throaeh A and B are i^ven in Art. 300, Ex. 1.] 

620. Solution of Lagrange's Equations. Our success 
in obtainiug the first integrals of the Lagrangiau equations will 
greatly depend on the choice of cm^i'dinates. When the position 
nf the Bystem Is determined by only one coordinate, the equation 
at vis viva is the first integral, and this is sufficient to detenmne 
the motion. 

When there are two or more coordinates, integrals can be 
(bond only in special cases. The gE>neral problem of the solution 
of the Lagrangian equations is too great a subject to be attempted 
here. It is suflScient to state a few elementary rules which may 
naaist the student. 

621. We should, if possible, so choose the coordinates that aome 
me ttf them is absent from the erpreaaion for the work function U. 
For example, if there be any direction such that the component 
o! the impressed forces is zero throughout the motion, we should 
UJce the axis of z in that direction and let e be one of the co- 
DrdiniteB. Again if the moment of the forces nbout some straight 
line fixed in space, say Ot. is always zero, the angle <fi which the 
plane POe makes with xOi will be a suitable coordinate. In that 

I dt//d^^O and U is independent of 0. These, or similar, 
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mechanical ooiisi<ierations generally enable ns to make a proper 
choice. 

Let be the coordinate absent from the wcnrk fiinctioQ, then 
if 6 is aUo absent from tie exp r e ssi onfor 7, thon^ the differental 
coeflScient ff is present, the Lagrangian eqoaticm 
d dT dT dU ^__ dT . 
dtdff'dS^de ^"^"^^ dff^"^' 
where A is the constant of integration. Thus a first int^ial, 
differetdfrom that of vis viva^ has been found. 



aaa. SAowUlt's lafai ■! lionville has giTen an int^snd of Lagnnge's 
equstioBS which hms the advantase of gxeai simplieity when it can be applMi 
This may be found in toL xi. of his Joicniai, 1846 ; the foUowiog is a slight modi- 
iScation of his method. 

Let ns soppose that the vis viva has the form 

2T=Jf(P^'«+Q^'«+i?f'«+Ac.) (1), 

where the products ^^', ^'f , Ac are absent. The method requiret thai the eo- 
efficient P ihould be a Junction of $ onZy, while Q, i{, <£«., are not fitmetiom of f . 
We notice that M may be a foncticm of all or any of the coordinates, and Q, R,SBt. 
functions of any except $, It u aUo neeeuary that the impressed forces sbonld be 
sach that the work function U ha$ the form 

If (i;+C)=Fi(^)+F(^, ^. Ac) {% 

where C is the constant in the equation of vis viva, 

T=U+C (S). 

We shall now prove that when these conditions are satisfied, a first integral it 

iM*Pd^=F^(0) + A (4). 

We first put P6'^=^'^, then ^ is a fanction of 6 only and we may temponrilj 
take {, 0, }p, Ac. as the coordinates. We now have 

r=i3f(r+Q0'« + Ac.)=C/+C, 

and the Lagrangian equation for ^ is 

Using the equation of vis viva, this takes the form 

Substituting on the right-hand side from (2) and multiplying by f , we have 

Since F^ (0) is a function of ^ and not of any of the other coordinates, Uus 
gives by an easy integration 

Keturning to the coordinate 6, we have the integral (4). 

When the initial conditions are given, the value of C can be found by introdns- 
ing these conditions into the equation of vis viva. If a solution is required for sD 




yJSdt, 
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i eouiiiioat C it ubitmry and id that case the condition (3) reqaires that 
b«lli ilt' and iJ sfaonld hare the geueral iotta indicated on the rigbt'hADd of that 
bqnatioti. U 

M(V+C) = F,(8i + F,l,l,) + &e.. 
ind Q, H, Ac. ftre reepcctJTdr fanotioiis of 0. ^, &e, odI;, it i« evident that the 
nelliod sappliet all the first ititegnJa. 

Bx. It T=SriPe''+Q9-^}. J/=/i(9)+/,(0), MlI=F,(e) + F,i^). inugrate 
A/ JtO^rangian rqiiation by Liotwillc'i mciE/W. The integrals are 

iMiimlieM and UBIDB the eaiuttion of vis liva ne ueihAtJj + A, = Q. The paths 
In Umo Biven by 

sj'Pde __ ^lid p _ ,J2dt 

ffolliplj'in); these bj/,, /, and adding, the time ia Tuand bj 

/,^iFde /^^Qdfi 

sl[l'\ + Cj, + A,r ^'IF, + CJ, + A^' 
>t]«re ftll the vanableB hare been Hepurnted. 

S9S. Jacobt'a IntaBral. If T be a homogeneous funation of the eoocdinatee 
>, #, Ac. ot n dimensibDH and [/ a homogea^onB fnncIJoii of the wune coordinatei 
tf — (N't 3) dimensioae, theo one integral ia 

kImk C it the constaiit of vie viva and J an arbitrar; caaetaot. 

To prove thie, ire multiply the Lagrangian equations b; 6, #, &e. and add the 
ptodnetc. Remembering Baler's theorem on homogeneons functions, vre have 

The left-hand side ie the uroe as 

tkam r la a bomogeneous fnnetion of ^, -p', Ae. of two dimennonB. Bemembenng 
lUtT-f'=C.«eh«Te^^ |#^^^, + *c.| ={n + 2)C. 

£jt. A tree ayKtem of particles moves under the inSnence of Iheir mutiuU 
tUnctiona, the Ian of force being theiuvenie oabe: sbov that Xmr' = A +Bi+ Ct' 
vbar« r 1( the dislanoe ot the particle m from the oriRin. 

[VarUtuKj/tn liber DynatnHt.] 

Some developnienti of these tesalti are given in the fiiet volume of the author's 
liMliae on Risiil tnjnnmkt. 

»»*. Dkanc* «f tit* lad«pMidMit varlaltl*. ll ii lometima ntt/al Ie bt able 
li fhioige Ihe iiiieji'idttit varinhlr in Lagrauge't tiivalioiu from t to tomt oAcr 
ifvintity t to thai lU = Pdt, ichtre F ii nnj/ fnnclion of ll" euarillHala. 

\\'» nippoae that the geoinetriaal equntioni do nol oontUn the time nplioiU?, 
to that r ii a homogeneous fanotiun ot llie form 

kr=Mii*''+''.j<^*'+Mo»''+ I"- 
- 



s(': 



J 
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Let suffixes applied to the coordinates mean differentiations with regard to r 
just as accents denote differentiations with regard to t. Then 

^ = P^j, ^' = P0i, <tc. 

Consider how any one of Lagrange's equations, say, 

ddT dT^dU . 

dt d<t>'' d^^ dit> ^ '' 

is affected by the change of t. Let ns write 

r,=(4^iA'+^i2^i^ + )P (»)• 

Supposing that P is a function of the coordinates only, not of ^, <f>\ Ac, we hsfe 

^-1^^+ Jl^^e^^ \p^^p^H'Ei\ 

dip'2 d4> ^ •""V2 d^ ^' "J d<p\p)' 

The Lagrangian equation therefore becomes after a slight reduction 

drd^' dip"" P dip^ P dip ^'' 

If we use the equation of vis yiva, viz. T=U+C, and notice that TssPT^.ihA 

right-hand side of this equation becomes -j- — =— . The typical Lagrangian form 

dip " 

therefore takes the form 

d dT^ dT^^ d U+C 

dTd4>i''d^ dip P ^'' 

We notice that though T=PT2, they are differently expressed. To obtain the 
partial differential coefficients of T,, the quantities ^, 0\ Ao, must be replaced by 
P0^^ P^, Ac. before differentiation. 

Suppose for example that the equation of vis viva (Art. 509) is 

T=M {iAe'^ + &o.} = U+ C, 

and that we wish to remove the factor M before deducing the Lagrangian equations. 
Changing the independent variable so that dT=Pdt^ we deduce the Lagrangian 
equations by operating on 

Choosing I/P=l, we have 

ra = ii4^i« + <S:c., C;, = 3/(t7+C). 

The factor M has thus been transferred from the expression for the vis viva to 
the work function. Here 3/ is a function of the coordinates only. 

We may now change the suffixes into accents if we remember that the differen- 
tiations are to be taken with regard to r instead of t. This difference is of no 
importance if we require only the paths of the particles and not their positions at 
any time. If the time also be required, we add the equation dt^Mdr, 

525. Orthosoiial Ooordlnates. The Lagrangian equations are much sim- 
plified when the expression for T can be put into the form 

T=i{P0'^+Qip'^ + &c.), 

where the products S'ip'f d'c, are absent. We shall now prove that this will be tht 
case when the coordinates of the particle are the parameters of systema of curvM 
or sur&oes at right angles. 



Let tlie eqnfttiona of three sjateins of sarfaces whioh interMOt at right 
uelet be /,(!. s. i) = ft, /,(x. !f, /l = p„ f^(x, y, ,)=p^ (1), 






*i. Pj. Pi ' 






r parameters whose vulnw determine which 
BOrhcc of each »-}»\eta ia taken. These par&meters may be regarded a« the co- 
ordinsiM of the point of inteiseetion oF the three Burfacee. 

Saeh coordiaateB are called Bometimes orthogonal coordinatte and Bometimes 
euTvUituar coordinala. Their theory was giien b; Lam£ in his Lefonj nir fej 
cwon{i>iiiu!r< ciiri'ifij^iua, 1859. In what follows we adopt hia notation as for aa 
poMible. 

Aa an example of orthogonal coordinates we cull to mind s tytiem of confocal 
tUipnuidi and hr/jKrlioliiiiiji v/ one atid two ilierU, the lengths of the major axes 
beiog usaall; taken at the parameters. These are called elliptic coordioatea. We 
tttKJ alw notice that all the toordinata in eoviman lat, whethrr Carttiiaa. eylindrieal 
or polar, are ortkogona!. In the liriit the poiat ia deSned aa the interBeotion of 
three orthogonil planes, in the second we use a cylinder cut b; two planes, and in 
tbe third a sphere out bjr a. right cone and a plane. 

Lst (a,, b„ Ci) be tbe direotion eosines of a normal to the surface whose 



Wft.l 



' ft, 4r ■ ^^h, dij' 



1 dp, 



...(2). 



-m^fm^m- 



Ii«t ilii be an elemeotiu? arc of the intersection of the i 
il*, i* oIm aa elementary length meaanred along tbe normal 



imltMB fy, pfi then 
tbe BDiface p, . 



wc traiel along this &rc x, g. : and p^ vary, while p^ , p, are constant. Hence 

pd^^-'pdu^^'^dz^dp,; 
dJ^ dg " d: '^" 

.-. a^d.T + h,d,j+c,d,==.ip,ih, (4). 

Bu Ibe left side ia the torn of tbe projections of dx, dg, di on the normal and is 

therefore d>,; benee dfi = (fp,//i,. It tollowa that the component v, of velocity 

along the normal to the lurfaoe p, 



ft, dt 



In the same wa; tbe components 



at velocity nomial I 
right •ngles, 



the other two sarfacee may be found, and since these iu 






ST''^ ■ 



vhara accents denote differential coefficients. 

Ia order to nae this expression, it will be neoeesary 
Mnns ol the new conntinates p,. p,. p,. To eOeot th)9< 
ud determine .r, ij, i as lunctiona of p, , 

Eiuione (8) for A, . A, , Aj . This 
'■ 



eipresa hf, ft,, ft,, in 
Bolve the eqtuiions (1) 
Qnally substituting these values in 
a lengthy process. 



Motion on a Curve. 



Fixed Currei. To find the itMtion of a particle on a 
curve Jlred in space. 
To iiDcl the velocity, we i-esolve the forces along the taugent 
(0 rti« curve. If /* be the component of the icnpressed forces 
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X, F, Z, this gives as in Art. 181, 

d/n ri ^dx xrdy ^dz 
as as as as 

If IT be the work function, F= dU/ds, and we have 

which is the equation of vis viva. 

To find the pressure, we resolve in any two directions which 
may suit the problem under consideration. Supposing that we 
choose the radius of curvature and binormal, we have 

— = (? + i?,. O^H + R,, 
P 

where 6, H are the components of the impressed forces; i?i, iL 
the corresponding components of the pressure on the particle. 

These equations show that the pressure of the particle on the 
curve is the resultant of two forces, (1) the statical pressure due 
to the forces urging the particle against the curve, (2) the centri- 
fugal force mxFjp acting in the direction opposite to that in which 
p is measured, Art. 183. 

527. Ex, 1. A plane is drawn through the tahgent at P making an angle i 
with the osculating plane. If p' be the radius of the circle of closest contact to 

the curve in this plane, then - , = G' + i2' where G' and R are the components of 

P 

the impressed accelerating force and of the pressure respectively. 

This follows &om the theorem on curves p'cost=:p, corresponding to Mennier's 
theorem on surfaces. 

Ex, 2. A helix is placed with its axis vertical, and a bead slides on it under 

the action of gravity. Find the motion and 
pressure. 

Let a be the radius of the cylinder, a the 
inclination of the tangent to the horizon. 
Drawing PL perpendicular to the axis of ;, the 
radius of curvature is a length measured along 
PL equal to a sec' a. If PT is the tangent, the 
osculating plane is LPT. If the helix is smooth 
we have 




O=^cosa + 



r' cos* « _ ^1 
a " m 



m 



If the particle start from rest at a height ft, 
we see that C=:2gh. Since r= ^dsjdt and d*s'm a=dz, we find that the time ol 
descending that height is oosec a J2hlg. 



B TODgh, the (notion b f>^(it,>-»-ii,<). Sappoung thftltheooefficient 
statin, tbe resolution ftlong the t&nKeDl beoomeR 



wnliuK f'cos a = ( for brerily, we finii 

To inlegr«te this we multiply the Dumerator and deuaminator of the fraction 
«n the left-hand aide b; the deoominalor with the minas sign ohanged. We 



j»n + s'(»*eoB'o + aV')! ^ 



E. It Ihia were zeto the particle wonld 



Ex. S. & rough belical taW of pitch a and radioR a ia pUoed ta as to h»ve 
il« aiiH vertioal and the ooefficienl of frielion is tanscoat. An extended flexible 
■liing which jiut fits the tube ia placed in it: show that when the atting has fallen 
Ihroogb a vertical distance ma its velocity is (aif seca sinh3>i)', where *i ifl 
tUtemiined by tbe equation 

cot i( tanh »i = tanli ((. sin c -I- ) m cos a ain 2c). [Math. Tripos, 1$U6.] 

Ex. i. Two small rings of moBsee m, m' can slide fr«ely on two wires each of 
which is B belia of pitch p, the axe« being cotnoident and tbe principal normats 
common ; the rings repel one another with a force equal to tinim'r when they an; at 
a difltauce r from one another. Trove that if # be the angle the plane through one 
nng and the nxis makes with the plane through Ihe other ring and tbe axis, tbe time 
in wbieh ^ioDreases from a to (3 la / \Aii' - 2B aoa ip -t. Ci ~ ^ d^i, where 

and a. b arc the radii of the cylinders on which tbe helices are drawn. 

[CoU. Ex. 1896.] 

•■». WoTins BtOTM. Kx. 1. A parliclr P ii emMraitttd to movt on (Ae 
p4a<te<vnet = f{i), tehleh ratalcM about a HraigM 
biK Or ill Ifl plane with an angular velocity u. 
fl U re^airtit tu farm Iht ei/iinlirflta of motion. 

Applying to f an acoelaraCion ai'jr lending 
frfltti the axis of rotation, we treat the ourve as 
U It won fixed. Art. -tdS. Taking tbe tangential 
tuid normal resolutions, we have 



fl , . , E W 

dg m ' p -n "^ IN 

whore tt is the velocity of tlie psrticle relalivlij to Ihe cumi; ^ the angle the tangent 
at P nakcB with ihe axis ol x, and p is the radins of ciirvalnre. Also F and are 
llMOomponantt at tbe impretscd forces aloug the tanusni and radius ot curvature 

^^■.T« Bi«y replace tbe first of these ei]aaiione by the integral of vis viva, vii. 
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The second equation then gives the component R of piessore in the plane of the 
carve. The component R* of pressure perpendicolar to the plane of the eom 
is given by 

where H is the corresponding component of the impressed force, and x is the 
distance of the particle from the axis of rotation. 

Ex. 2. A circular wire is constrained to turn round a vertical tangent Oz with 

a uniform angular velocity ta. A heavy smooth 
bead, starting from the highest point A without 
^i^ip any velocity relative to the curve, descends under 
the action of gravity. Find the velocity ssd 
pressure. 

Let C be the centre, OC=a; let P be the 
particle, the angle ACP=$, vzzadBJdt, We re- 
duce the plane to rest by applying to P an aooele- 
rating force measured by w'x, where x=a+a sin ^, 

and acting parallel to OC. The equation of vis 
viva then gives 

fx 
iv'=p(a-acos^) + a^ / xdx; 

.-. r«=2p(a-acosd) + w»o«(28in^ + 8in«d). 

The components 12, 12' of the pressure on the particle respectively along PC and 
perpendicular to the plane are given by 

--=gc<M0-<J^xBin0 + --, ztA^») = zz- 

a tn X at m 

The latter equation reduces to R's=2miav cos 6, 

Ex. 8. Two small rings of masses m, m', (m>m') are capable of sliding on a 
smooth circular wire of radius a, whose vertical diameter is fixed, the rings being 
below the centre and connected by a light string of length a,J2: prove that If the 
wire is made to rotate round the vertical diameter with an angular velocity 

— ~^ —^ —[ » the rings can be in relative equilibrium on opposite sides of the 

atjo m — tn | 

vertical diameter, the radius through the ring m being inclined at an angle 60^ to 
the vertical. Show also that the tension of the string is -, g, 

[Coll. Ex. 1897.] 

Ex. 4. A smooth circular cone of angle 2a has its axis vertical and its vertex, 
pierced with a small hole, downwards. A mass M hangs at rest by a string which 
passes through the vertex and a mass m attached to the upper extremity describes 
a horizontal circle on the inner surface of the cone. Find the time T of a complete 
revolution, and prove that small oscillations about the steady motion take place in 
the time T cosec a{{M + m)/3w }*. [Coll. Ex. 1896.] 

Ex. 5. A smooth plane revolves with uniform angular velocity u about a fixed 
vertical axis which intersects it in the point 0, at which a heavy particle is placed 
at rest. Show that during the subsequent motion v*=p^ut* + 2gz; where < is tbB 
depth of the particle below O, p its distance from the axis and v the speed with 
which the path is traced on the plane. [ColL Ex. 189S.] 



••■• of tra* motloii wMb ti 

tf vnil niui, it cniutToinrd In more along an elliptic 
tUTii J rf tiff about iti tuajoT ajcU. The particle h acted on bij tao ctnlret of font, 
titfaUil in thjt foei S, H. ichieli attract aeeording to Ike law of the iiivem iq-uare. 
froTt thai the prtirure on the tiirve U tero in certain ca»ei. 

We take Uie major axis aa tba axis o[ 2 and the oriKin at the centre. Let u be 
Ibe aimulsT valoeilj of tlie wire. Svpreseating the distauce of the particle P from 
Iho toBJor Biii bj g. the oompoDCDt ii' of preBHure on the particle perpeniUcultu' to 
the pluie of the carve ij given b; 



(!/»<-) = B'. 



Bnt naee the n 
Uiep 



B withODt inertia, i.e. withoat mass, the wire raovw bo that 
ii zero. Art. 267. We therefore bare (hroagboDt the motion 



wbore B ii tbe eODstsnt of wi^tar momentum about the axis of rotation. 

I<et the dislSDOes of the particle from the foci -S', H he r,.r,-, and lei the centn,! 
loraea be n^lr,', u^r,'. 

To find the moLioD iu the plane zQP, tre apply to P an acceleration ui'i/ = Wjij'. 
tending from tbe major aiie, and then treat tbe curve as if it were fixed. We 
notke that the particle could freetj deuoribe the ellipse nndet an; one of the forceB 
A/'i' *^''a'' ^'I'j' '' properly projected; see Arts. 333, 328. It immediately 
blloiTB that if all the three foroea act simultaneoualy. the preaaure on the particle 
wQl be a oonatant mnltiple of tbe carvattire, Art. 272. 

Tb< pre»8ure will be zero, if tbe square of the velocity of projection ie equal 
to tba lum of tbe nquarea of tbe velocities when (be particle deBcribes the curve 
flTMljr onder each force separately; Ait. 373. We find therefore that if b, be the 
relocity telatively to tbe curve, the pressure il zero, if 



/2 I\ /2 1\ „/■! a>-i»\ 



Utih* the temltantveloci^ of tbe particle in space, we have u' 






/a 1\ /2 1\ „,ii'-b' 



Kei 
Iba preMure is lero, tbe wire may be removed and the particle deBcribee 
freely in apaoe onder the action of the two given centres of force. The 
(Mankl (latb nnder all oircnmBtanceB of projection has not been found. // the 
fKTtb'U il pnijtetrd along the tangent (u any elb'pii hiiving S, H for foei aitk a 
vehrity whole nimpanent in the pliine tff the eltipie ii Vj. iiml vhote component 
ptrpmdimliir to the plane ii o' = try = Bly, it will eontitiue to deicribe the elUpie 
fivtlf. while tht tUipte iticlf mnvei round the itraight lint SH lettb a variable 
oaf ulor notocitjir ashli/''. 

£«. 8. If the paiticle is aUo acted on by a third centre of force situated at the 
K»aU* and attracting according to tlie direct distance, prove that tbe pressure on 
■a?olviQ|{ wire !i zero in oertain cases. 
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580. Ex, A particle P of unit nuui moves on a gmooth curve wHeh i$ am- 
strained to turn about a fixed axis with an angular velocity w. It i$ reqmrei U 
find the relative motion. 

Let the axis of rotation be the axis of z and let the axes of x, y be fixed to the 
curve and rotate roand Oz with the angular velocity w. Let us refer the motion to 
these moving axes. Since ^i=rO, ^,=0, ^,=bi, the equations of Art. 499 become 

Y+R^^j^-^rUta, '^ = ^+*«>" (1). 

where 22^, i^,, l^, are the components of the pressure on the particle. Eliminating 

II, V, IT, 



d^z 



(2). 



The resultant of the two accelerating forces X^s^u^x^ l\=tAf isei force tending 
directly from the axis of rotation and whose magnitude is F|=(iiV, where r is the 
distance of the particle P from the axis. 

The resultant F, of the two forces X^-ydtajdt^ ^j= - xdiajdt is F,= -rdttjdt, 
and it acts perpendicularly to the plane containing the axis of rotation and the 
particle in the direction in which the angular velocity w is measured. 

To find the resultant F^ of the forces X^ = 2(adyldt, ijs -2<adxldt, we notice 
that the component along the tangent to the curve, viz. X^dxjds + l\dylds, is zera 
The resultant acts perpendicularly to the given curve, and may be compounded with 
and included in the reaction. When only the motion of the particle is required, 
the force F^ may be omitted. 

Beasoning as in Art. 197, we see that the equations of motion (2) become the 
same as if the particle were moving on a fixed curve, provided we impress on the 
particle (in addition to given forces X, T, Z) two accelerating forces, viz. (1) a force 
Fi=ui^r and (2) a force ^3= -rdujdt. 

The process of including the two forces Fj, F^ among the impressed forces is 
sometimes called reducing the curve to rest. 

The curve having been reduced to rest, the velocity of the particle relatively to 
the curve is found either by the equation of vis viva or by resolving along the 
tangent. We find 

Jv«=C+C7-f fwVdr- jr^.rdip, 

where U represents the work function. If the smgular velocity is uniform, this 
reduces to 

The velocity thus found is the velocity relative to the curve. The actual velocity' 
in space is the resultant of velocity v and the velocity tar of the point of the ount 
instantaneously occupied by the particle. 
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■ax. the preBsure of the Bi«d curve on the pattjole is not the same aa the 
■ebi*! pTtsaare of the moving curve. Representing the first by R' and the second 
Ig- A, we aee IliM il' is the reaull&nl ol B and the two [orce» S,=.2adyldt. 
Tf= -iudijdt. We may compound th^se tvro forces into a single force F,. \?e 
'pvieet the moving curve on a ptsue perpendionlar to the axis of rotation. If P' 
b the ptojection of P, lUjdi and dyjdt are the component velocities oF P. The 
iFWaltknt ie then evidently f,=3ui'' where t^' is tlie velocity of P' relatively both 
In the euive and its projection. The direction of P, is perpeodioular not only to 
ttc given enrve bat also to its projMtioD. The componenlsalong and perpendicular 
lo th« rsdins vector are -i- 2wnf 0/d( and -2wdrleU. 

■•a. Et. a small bead stidea on a smooth eirenlar riug of radius a which 
la made to revolve about a vertical axis paaaing through its centre with unitono 
lUgnlu velocity u, the plane of the ring being inclined at a oonslant angle a to the 
lionaonta! plmie. Show that the law of angular motion of the bead on the ling U 
Ifae same as that of a bead on the ring of radins n/sin a revolving roond a vertical 
diameter with angntai velocity u sin a. [Coll. Ei.] 

sai. A obanslns onrra, A bead of uiiif maa movci on a tmoolh curve 
wAoir form u ch.iHginii in any given manner. It tV rrqiiirid (o Jind t)u motion. 

Let the equations of the curve be written in the form 

!=/,(». <). i/=/,(S, 0. '=M». t) (1). 

•here 9 is an auiiliary variable. We may regard the position of the particle at 
Ujr fiireD time I oa defined by some value of 0. Our object is to find ff in terms of 
lite lime. 

I^ us Die Lagrange's equations. We have 

r=i 2 (/,»■+// .(3), 

K£ implies summation for all the coordinates, and partial differential ooeffi- 
ii« indicated by suffixes. The Lagrangian equation in 
rfrfr_dr_rff/ 
. dt dB' dB da ' '' 



■■ = r. </»"" + ^t>-''i - s (//■+./,) (/,/+/«) = 



}k • differential equation of the second order from vhich 8 tnay be foand. 
■ three oomponentB of the pressure on the particle in the direotione of the 
I may be found by differentiating the equations (I). If X. 1'. Z, be the oom- 
ponanta of the inipressed forces ; R^, R„ If, those of the preBsare, the Cartesian 
•qnatians of motion are 

'P^-Y^R •^J-v^n '^'-7^11. 

Binoe the precanre must be perpendicolar to the tangent to the instantaneous 
position of the curve, we do not necessarily require all these equations, though it 
mvj be eoBvenieni to use tbum. 

••«• £x- A helix is Donstrained to turn about ita axis Ot, which is vertical, 
wilb a nnirorm angular volocily u. Find the motion of a particle of unit maas 
ia>e en di ng on it under the action of gravity. 

L«l the aiee OA, OB move with the curve and let OA make an angle lat with 
Man ucia of x Oxed in ipnce. Let the angle A0N = 9. Sec the figure of 



X 
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The equations of the helix referred to axes fixed in space are 

x=a COB {6 + <at)t y = aan{0+vt)t z=atftaaa; 

/. 2r=a:^+y'»+«'«=a«{(^' + «)«+tan«tt^}. 

Substitnting in Lagrange's equation, we find after a little redaction 

a$"= -j7 sin a cos a, 

which admits of easy integration. It shoold be noticed that this resnlt is inde- 
pendent of the angular velocity of the guiding curve, provided only it is ccmitui 
A similar result holds for any curve on a right circular cylinder taming xudSonaij 
about its axis. 

To find the pressure of the helix on the particle we use cylindrical coordinatBi, 
Art. 491. Let P, Q, R be the components of the pressure, then since in the beliz 
p=af 0=tf+ftft, we find by substitution 

P=-a(^'+«)«, Q^aS", Z-g=atAna$". 

These show that the pressure on the particle is equivalent to a sustaining foree 
g cos a acting perpendicularly to the osculating plane together with the radial 
pressure P. 




Motion on a Surface. 

636. Any Surfiu^e. To find the motion of a particle on a 
fiaed surface. 

Let P be the position of the particle at the time t, Prj a 

tangent to the path, P(f a normal to 
the surface, and Pf that tangent to 
the surface which is perpendicular to 
the path. Let PC be -the radius of 
curvature of the path, PA the bi- 
normal, then PJ., PC lie in the plane 
f f. Let X be the angle CPf. 

Let Xy F, Z be the resolved impressed forces parallel to 
any axes x, y, z fixed in space. Let the equation of the surfiw^ 
be/(a;,y,2) = 0. 

The resolved accelerations of the particle in the directions 
PA, Ptj, PC are known to be zero, vdv/ds and v^/p respectively, 
Art. 496. Hence resolving in the direction Prj, 

dv ^dx ^rdy ^dz 
as as as as 

which if U be the work function at once reduces to 

imt;»=£r + C (1). 

This is the equation of vis viva. 



Let B he the pressure of the constrainitig surface on the 
particle measured positively inwards. Then resolving along 
the normal, 

will' „ „ 

— cos y = H + H, 
P '^ 

where S ia the component of the impressed forces. If p' be the 
\ radius of curvature of the normal section ijPf of the surface 
1 made by a plane through the tangent to the path, it is proved 
D solid geometry that /) = p' coo x- We therefore have 



-r-ff+a. 



• .(2). 



BS6. It 1. h ate the ndii of currature of the prinoipal « 
\\ F, p tbe SDgle Ibe taogeat to the path malces ftilh ihe « 
Eoler'B theorem 



IB of the aurfaee 
I 0, ire have b; 



Ilivt r,, r^ be the resolved vetoeilies of tbe particle along the taageata to the 
frindpol (MtioDB, then i', = i'aoi^ and r,=eiin f. Tbe equalion (3) then take» 
llwfonn 



r«(^ + ^') = H + B, 



637. If the forces are consei-vative, the veloeity of the particle 
ia given by the equation (1) tn terms of its coordinates at any 
instant and of the initial conditions. To determine the velocity 
at any point we do not require to know the path by which the 
particle arrived at that point (Art. 181). 

The presauit R is given by (2) in tenws of the velocity at 
that point, tbe normal component of force and tbe radius of 
cnrvalure of the normal section of the surface through the 
tangent. The presmre w therefore nlso independent of the patli. 
The whole energy C being given. Vie pressure depends on the 
position of the paiiicle and the direction of motion. 

The equation (2) shows that the acceleration of the particle 
normal to the surface is v'lp'. It is therefore independent of the 
position of the osculating plane but depends on the direction of 
motion. 

638. To find the path of the particle we resolve in some 
third ilirection. Choosing the direction P^, we have 

"^.mx-f (3), 
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where F is the component of the impressed force along that 
tangent to the sur&oe which is perpendicular to the path. Thk 
may also be written in the forms 

—rtanx^F, -77=^, 
P P 

where p" is the radios of curvature of the projection of the path 
on the tangent plane. It is also called the geodesic radios of 
curvature. 

639. Geodesic path. If the only impressed forces acting 
on the particle are normal to the surface, F=0, and the third 
equation shows that either sin ;( = or that the path is a straight 
line. The path is therefore necessarily a geodesic line. 

If the surface is rough, the friction acts opposite to the 
direction of motion, and F would still be zero. So also if the 
particle moves in a resisting medium the resistance is opposite to 
the direction of motion. Generally we conclude that the path of 
a particle on a rough surface in a resisting medium when a/stei on 
hy forces normal to the surfojce is a geodesic. 

Conversely, if the path is a geodesic line we must have sin ^ = 
and therefore F^O. The component of the impressed force tan- 
gential to the surface must then also be tangential to the path. 

640. To find the radius of curvature of the path and the 
position of the osculating plane when the position and direction of 
motion of the particle are given. 

To effect this we use the two equations 

mw" . -, 1 co8'<^ 8in^<t cosy 

p ^ ' p a b p 

The particle being in a given position, v^y a and b are known. 
Since ^ is the angle the direction of motion makes with the 
principal section whose radius of curvature is a, we have 

-F= il cos (^ 4 -B sin ^, 

where A and B are the given components of impressed force 
along the tangents to the principal sections. Thus the values of j 
both sin 'x^jp and cos ^Jp follow at once. | 



^^(fy)=v;}i (!)• 
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641. Motion on a luiikoe of revolution. When the 
surface on which the particle moves is one of revolution, it is 
generally more convenient to iise cylindrical coordinates. 

Let the axis of figure be the axis of z and let f be the 

distance of the particle P firom that axis. Let the equation of 

■: the surface be z =/(f ). Let U be the work function, and let the 

f mass be unity. The equation of motion obtained by resolving 

|- perpendicularly to the plane zOP is 

^ We have also the equation of vis viva 

r=i{r+/«+fy*} = cr+c (2), 

which, by using the equation of the surface, may be written in 
the form 

i ir{i+(5|)]+ify*=tr+(7 (3). 

Here accents denote differentiations with regard to the time. 

By solving (1) and (3) we determine the two coordinates f, ^ 
in terms of the time. 

In cei*tain cases the solution can be effected. The equation 
(1) gives 

Let the impressed forces be such that 

^U = F,{^) -^ F,{1 z) (4), 

where ^i, F^ are arbitrary functions. We then have 

f y I (f y ) - ^^ f ; ••• i f V = /•, (^) + 4 . . . (5). 

Substituting this value of ^' in (3) we find 

if«r{i+(|y}=^.(f.^)+c7f'-4 ^^)- 

Since 2^ is a known function of f , the variables in this equation 
are separable. The determination of f as a function of t has 
therefore been reduced to integration. The differential equation 
of the path is found by dividing (5) by (6). It is evident that 
here also the variables are separable. 



x.^ 



b£r: 
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Since the expression for the vis viva, given in (3), can 
written in the form 

where P is a function of f only, this solution is an example 
Liouville's method of solving Lagrange's equations ; Art. 522. 

642. Motion on a sphere. When the surfieM^e on whic 
the particle moves is a sphere, we may use polar coordinates, tl 
centre being the origin. The equations corresponding to (1) 
(3) of Art. 541 are found by putting f=Zsin5, where I is 
radius ; we then have 

P ^^ (sin'^f ) = ^ , i? {^* + sin«^f } = U+C. 

These admit of integration when U, expressed in polar coordinates, 

has the form 

sm^eU= F, (r, <!>) + F, (r, 0), 

The resulting integrals are 

il^Bm*e4>'^^F,(l,(t>) + A I 

^l^sm^00'^=^F,{l,e) + Csm^e^A]' 

548. WTimpl—. Ex, 1. A particle of mass m moves on the inner Bnr&oe 
of a cone of reTolntion, whose semi-vertical angle is a, under the action of a 
repulsive force mufr^ from the axis ; the angular momentum of the particle aboat 
the axis being m^/itana; prove that its path is an arc of a hyperbola whose 
eccentricity is sec a. [Math. Tripos, 1897.] 

Besolve along the generator and take moments about the axis, thus avoiding 
the reaction, Art. 541. These prove by integration that the path lies on a plane 
parallel to the axis. The angle between the asymptotes is therefore equal to the 
angle of the cone. 

Ex. 2. A particle P moves on a sphere of radius { under the action both of 
gravity and a force X=filx^ tending directly from a vertical diametral plane taken 
as the plane of yz. Show that the determination of the motion can be reduced 
to integration. If the particle is projected horizontally from the extremity of the 
axis of X, show that when next moving horizontally, it is in a lower position. 

Ex, 3. A particle is acted on by a force the direction of which meets an 
infinite straight line AB At right angles and the intensity of which is inverselj 
proportional to the cube of the distance from AB. The particle is projected with 
the velocity from infinity from a point P at a distance a from the nearest point 
of the line in a direction perpendicular to OP and inclined at an angle a to the 
plane AOP, Prove that the particle is always on the sphere the centre of which 
is 0, that it meets every meridian line through AB 9.1 the angle a, and that it 
reaches the line AB in the time a' sec a/^/ii, where fi is the absolute force. 

[Math. Tripos, 1S60.] 



E'- 4. A pvtiolB moves on ■ dpberical surface of unit radius, its poBition 
i determined by its polar dialance B and itu longitude *. If the wngenlial 
WCktion ii always in the meridian, and siD*0(J^/iII = A. aot9 = u. prove that 

■'""*"t'"*)(-*S)- 

'rtrvB also that the l»w of force petpendicnlat to the equatorial plane under 
li Uie ephero'Conic ^-^ = ■ , + ^"jr o*" ** daacribed ib that of the inverse 
of the distance. [Math. Tripos. 1893.] 

Ev- S. A particle moves on a smooth helicoid. i = aifi, nnder the action of a 
I fr per unit maaa directed at each point along the generator iDwards. r bciiig 
''■(■'■oe from the axis of i. The particle is projected sloug the sarfaoe 
ntdicolarly to the generator at a point where the tangent plane makes an 
t a with the plane of ly, ite velocit; of projeation being a^fi. Prove that the 
tion of the projection of its path oo the plane of xy is 

l+a'/r^ = »ee'BicOBh(*/coBa)]'. [Math, Tripos. 1896.] 

■^4. OyUaaasm. £x. I. A particle moves on a rODgh cirool&r cylinder 
c tlie action of no-eitemal foroes. Prove that the space described in time I is 

■ log ( 1 + ~ J where the particle has initially a velocity T in a direc- 

m»ltiTig AD angle a vith the traosveree plane ol the cylinder. 

[Uatb. Tripoe. 1888.] 
i*. 3. A heavy particle moves on a rongh vertical orcnlar cylinder and is 
■cted hoiizontally with a velocity V. Prove that at the point where the patb ■ 
I'm) Reneralor at an aogle «, the velocity r is given by 

ofl/p' »in' 1>-agl F' + 2« log (cot # + coaec <t>], 
that the azimnthal angle 6 and vertical descent i are agS=\v'd^ and 
f^tot^df,, (he Umila being ♦=i«' to*. [Math. Tripos, 1888.] 

1%* QTlindrica] equations of motion give 

^(rBin#)=-^Hsin'*, -(pcoB*)=9-^r'ein»*oo»#. 

eUminating dt and pnttiDg d = 1/u we obtain the flnt reaolt. BeeaoHy 
(AlKting li we obtain the others. 

^x. 3. A smooth cylinder who^e aross section is a cardioid is placed with ita 

^^Mn inclined at an angle a to the vertical and having the gt^nerator throngb 

^(Wp in it* highest position, and a particle in projected from the cusp line with 

-^tj t' alon^ the inner suttaoe of the cylinder inclined at an angle jj to the 

.^toi; sLowthat it will leave the surface if r'-=; "".",„* ■ "here 3a ii the 

i^ of any section Ihraogh the cusp. (Math. Tripos I8ST.) 

Ig on * ssrtkea, Ex. I. A slrinfl. one end of which is fastened 

M oI the torface of ■ smooth eircolar cylinder whose axis is vertical, winds 

bl«^ind«for P^rt of its length, and lerminktea in a straight portion o( 

^ •* Ibt end of which a particle is tied. Show thAt when the particle is 

n Ibe Jireotion boriwntal %ni perpendicular to the string it bf^a lo 

J''*«rding»* thevelocity is greater or less than sin Bijcaeca)* J a being 

(»> *Ual] tbe ■t'tiig oat< ' 
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Prove alM tluU during the ensoing motion - ^ (r^) + a«*=0; r being at uf\ 

time the length of the projeotlon of the straight portion of the string ot t\ 
horiiontal plane, m the angnlar veloeitj of the vertioal pUne drawn throogb tkj 
string and a the radios of the ^linder. [Coll. Ex. 189S.] 

Ex, 2. A string is woond roond a Tertioal cylinder of radins a in the fona rf 
a gtren helix, the inclination to the horison being t. The upper end is attached to. 
a fixed point on the cylinder, and the lower, a portion of the string of lengHj 
Isec f haTing been onwoond, has a material particle attached to it which is alniii 
contact with a rough horixontal plane, the coefficient of friction being fu 
Snpposing a horizontal velocity V perpendicolar to the f^ee portion of the strisf 
to be applied to the particle so as to tend to wind the string on the oylisder, 
determine the motion and prove that the particle will leave the plane after fht 
projection of the unwound portion of the string upon the plane has desoribtd 
an angle 

5-; log . ^^. ^. y ,. — r- — . [Math. T. I860.] 

Ex. 8. A fine string of length I is fastened to a point ^1 of a smooth ^linte 
of radius a, and, being wound round the cylinder, has a particle of given man 
attached to the free end. Show that, if the particle is projected in any direction, 
it will, so long as the string is tight and some portion of it remains wound on the 
cylinder, describe a geodesic line on the surface 

X cos - iJP-z^- ,yx*+y'-««) + y8in - (Vi*-i'- i^x*+y'-««) =a, 

where the axis of the cylinder is the axis of g, and the axis of x is the radins 
through A. 

Show also that the particle cannot be so projected that the string shall not slip 
on the cylinder, except when the path lies in the plane of the circular section of 
the cylinder drawn through A, [Math. Tripos, 1893.] 

546. Oanas' eoordlnatea. The motion of a particle on a surface may also 
be investigated by using the geodesic polar coordinates of Oauss. In this method 
every surface has a geometry of its own, in which all the lines under oonsiderMtion 
are drawn on the surface. The geodesies on the surface correspond to straight 
lines on a plane, and the properties of the figures are discussed by reasoning 
analogous to that of two dimensions. 

Let be any origin, p the length of the geodesic drawn from O to any moving 
point P. Let <a be the angle OP makes with some fixed geodesic Ox. Let OF be 
a neighbouring geodesic, PL the perpendicular to OP*. Then in the limit LP'=dp, 
PL = Pdw. The theorem that OP=OL is proved in Salmon's Solid Geometry, 
Art. 394, edition of 1882. The quantity P is a function of p and w, whose form 
depends on the particular surface under consideration. On a plane P=:p, and on 
a sphere of radius a, P =a Bin pja. On an ellipsoid when the origin O is at an 
umbilicus, P=y ooseo w, where w is the angle the geodesic OP makes with the are 
containing the four umbilici. The difficulty of finding the value of P for any 
surface prevents this method from coming into general use. 

The vis viva 2T of a particle of unit mass is given by 

r=l(p'»+P««'>), 
where accents as usual denote differential coefficients with regard to the ttmt. 



r COOBDlNATEa 



B-C be Uie work tanction ; F, G tfae accelerations at P along and perpeDdicnUr 
ae vector OP. We have hj Lagrange's theorems, 

d dT AT dV 






dl rfui" da~ 
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^^ dp 
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= -j-p' + T— w', thiH redaces t( 



...(1). 



..,(2). 



?. BV nay aim arriet at tlitie resulti n-it)iout luiitg Lagrange'i tquatioTU. 

V be the eampoiwDt veloeitieii of P along and perpendiaular to the tangent 

Ksti'tti tbegeodeaio Of. Let i^F be the projootioD of the taiigect toOP'on 

ptengetit plane at P. Since the tangent planes at P. P" make an indefiaiteljr 

U angle with each othei the aomponent vaiociliea at P along and perpendicalar 

WFT tnu-t-dutadv + di;. If d» be the tuigle PT makes mlh FT. the accele- 

iB along and perpendjenlar to PT are (as in Art. 33fi), 



P=^ 



'i- ° 



dv de 



Kew n=p', v = Pi^. and by a theorem proved ij 
I 393, dSs~ da. We therefore have 



Salmon 'e Solid Geome'ri/, Art. 



Tbwe ledaoe to the h 



le tormi u before. 



•4a. Ex. A paniole P, oonstrnined to move on an ellipsoid, is attached to 
mti lunbilicus by a itrinti of given length, which also lieB on the inrface. Prove 
thM the particle desoribei a geodesic oirole with a oniroini velocity >', and that the 
■ngoUr Telocity of the string about the nmbilicus is I'einu/y. Prove also that 
tb* accelerating tension ie !'< oob filn. where fi is the angle the tangent at P to the 
atrlng makes with the aiie of r|. 

ft4S. Davolopabla nulheaa. When the surface on which the particle moves 
ia deVBlopable, we may soniotimes fix the pontiOQ of the particle by using the edge 
■• A curve at reference. Let a be the arc of the edge mea«iued from same filed 
pMDl J to a point Q inch that the tangent at Q passes through P. Let QP = « 
OMMnreil poritively in the nme direotion ae ■. We then have 

The Intra at the mrfaoe being given, the radius of curvature p of the edge at 
4 ii known as a fnnction of t. When U ii given aa a function of u and i the 
Lkgnngian method supplies two equations to find the coordinates u and •> 

Sz. A heavy particle moves on a develepable mirface whoee edge is a helix 
wilh III Bill Tortioal. Obtain two inleKtals by which i' und ii' may always be 
Iboni) In l4rTni ol u and i. Show also that it the particle is projected alouK > 
lucent to the h«Ui, it will eontinae to describe that tangent. 



340 MOnON OF A HEAVY PABTICLE. [CHAP. m 

Motion of a heavy particle on a surface of revolution, 

660. To find the inotion of a heavy particle on a surface 0/ 
revolution the axis of which is vertical. 

Let the axis of z be the axis of the surfiatce and let z be 
measured upwards. The velocity v is then given by 

t^^2g{h-z) (1), 

where A is a constant depending on the initial conditions. Let 
the plane z = hhe called the level of no velocity. 

Let f be the distance of the particle P from the axis of figuie, 
and <t> the angle the plane zOP makes with the plane zOx, Then 

pf-^ « 

where mA is the constant angular momentum and its value is 
known when the initial values of { and d<f>/dt are given ; Art 492. 
The velocity v at any point being given by (1), the angular mo- 
mentum A must lie between zero and v(. It is the former when 
the particle is moving in the plane zOP and the latter when 
moving horizontally. The particle therefore can occupy only 
those points of the surface at which v^>A, i.e. those points at 
which 2g (h — ^:) f ' > A\ If then we describe the cubic surface 

(h-z)^*^A*/2g (3). 

the f of the particle for any value of z must be greater than the 
corresponding f of the cubic surface. 

This cubic divides the given surface of revolution into zones, 
separated by horizontal circles, and the particle can move only in 
those zones which are more remote from the axis of figure than 
the corresponding portions of the cubic. The zone actually moved 
in is determined by the point of projection. The particle moves 
round the axis of figure and must continue to ascend or to descend 
until it arrives at a point at which the vertical velocity can be 
zero, that is, until it reaches one of the boundaries of the zone. 

If the particle is projected horizontally it is on the boundary 
of two zones. It will move on that neighbouring zone which is 
the more remote from the axis than the corresponding portion of 
the cubic. If the cubic touch the surface of revolution, the 
particle is situated on an evanescent zone and will then describe 



Eontal circle. The path is stahle or unstable according as 
eighbooring zones are less or more remote from the axis of 
p thau the cubic snrfiice. 

A particle u pnrjeeted koritotlaUy with a velocity V at a point 
Koonf JiuiEfi art f, >. WiU it nx orfaUi 
■ iH nR be the prMSure on the purttole, ^ the angle the r&diua of oarratuie 
mafcu with the veiticKl, ve see by resoWing vertically, that the particle if inaide 
■nd 41 <,\ir will rise or Tall according oa R cob ^ is greater or less Ihao g. 

To Hod a we leaoWe olnng the normal to the aartooe. Binue the particle in 
moving •long that principal section whole radins of curvature ia the normal n, 
ochane K';n = R-ffC0BV'. Art. 5311, Since n sin ^ = C, we see that the partii^U will 
rUt. fall, or dticribt a horisonlat cireU according ai V ii ffreater, lea. or equal to 
titani: If i=/(f) be the equation of [he aurfaee o[ revolution, tan it = (ij/dj. 

To (ind the level to which the particle will rise or foil wa use the cubic surface 
described in Art. 550, the conetoots A and '1 being known from the equationa 
Vi—A, V = 2g |A- i). The intermediate motion may be deduced from the equations 
(1), 13] ot the came article. 

• ftS. Ex. To find the preuure on the particle v>hen (n any poiUian. 

We nae the formula given Jn Art. 636. The principal radii of curvature of the 
tattmtx ore the rediua of curvature p of the meridian and the normal 11. The 
VBlocJty perpendicular to the meridian being v^ = fd^!dt, the velocity n, along the 
meridian ia given by ii'=p,' + irA The formula 



.,+?2i»-Uf'( 



1\ 



This problem has a HpecisI intereet because we can 
mentally the path of a particle under the action of a ce 
projection of the particle on a horizontal plane, the n 

that of n iwrticle moving under the action of a central force whose magnitude ii 
JI un i/. If then a, surface ia ao oonatruoted that the (;eneratiDg curve aatisUeB the 
differential eiiuation R ain ^ = ii/f 1 where It has the value given above, the path of 
(f abonld be a conic with a fucuH at the origin. 

The eiperiment cannot be properly tried with a particle, for the surface must 
tli«D be terjr imooth. It la better to replace the particle liy a small sphere which 
b mods to roll on a rongli surface, but in that caae, the theory mast be modified to 
ftllow [or the nxe of the particle. Nature, 1897. 



e it to repreaent eiperi- 
'e of force. If ^ be the 

n of Q ia the same ai 



■. A lieavy particle P, dneribing a horiionlal 
eirelt on a turface of rteoluliim. it tliijktty disturbed. It 11 required to find the 
OaeiUolJOM to a firit <ijipro.rimntion. 

The plane tOP may be rednced to real it we apply to the particle a horiiontal 
■MflwmtioD (id^ldl)^. Art. 49S. Since p<l<^ldt = i, thle ooeeleration is equal to 
Bwwlvinit along the meridian, we hare 



dt" 



>»<f/- g sin ^, 



^ U th< angle PGO whioh the normal to the lurface makea with the ads. 
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b 



m 



Let the radios of the mean cirde be NiPi^e and let the normal to the 
at any point of its circmnference make an angle PiOiO=y with the ▼< 




Since « may be taken to be the are of the meridian between the partide and the 
mean circle, we have 

where p is the radios of oorvatore of the meridian at its intersection with the 
mean circle. 

Sobstitotingy we find by Taylor's theorem jpi'^^''^* 

„ A* , ^ A^Bmy SA*oot^y gooBy 

F= -^ cosy -g any. j,.= _^+ —-j-T + L—J. 

The position of the circle of reference is as yet arbitrary except that the 
deviation $ most be small. Let it be so chosen that the mean valoe of « (taken for 
any long time) is zero; we then have F=:0. The mean drole and the angular 
momentom mA are so related that A^ssc^gtAny, while the osdllatozy motion is 
given by «=Lsin {pt + M) where L, M are the constants of integration. 

To find the motion roond the axis of fignre we ose the eqoation ^d^ldt=A; 






(i.^^ostt); 



At 2^cosv L , ^ ,rv .r 

where N is the constant 'of integration. 

If we write ta for the mean valoe of (f^/dt, we have A ^e*uf. We then find 



C(^=g tan 7, p^=(^ (— — ^+ 3 cos»7 j 



flfC0«7 



P / P 

The time the particle takes to travel from the highest position to the lowest or the 
reverse is r/p. 

554. THe Paraboloid. Ex. 1. A smooth paraboloid is placed with its axis 
vertical and vertex downwards, and its eqoation is ^=i(u, A heavy particle ia 
projected horizontally with velocity T, the initial altitode being i=&, show that the 
particle is again moving horizontally at an altitode z=V*l2g, Show also that 
the pressore on the sorface at any point of the path is inversely proportional to tht 
radios of conratore of the parabola. 



fc 555.] 



CONICAL PENDULDM. 



« the flnt, we notice that the Bngalar momeatuin A = Vi where ^ = iah. 
K^«abia p{ft-i) = -1'/83 beuoineB i'- hi+ V'bl2g = 0, one root of the qnadratio 
tsb, the other b' u given either by h + b' = h or b' = Vj^S- "^^ seoond part 
nAit.5S3. 



I Ibe time T ot pauitig from 



limit to the other be leqnired, 



mits being b and b'. This iDtegral can be redaoed to Blliptio forms b; putting 

a +! = ((.'+(() 008' tf. 

particle moves nnder the B.atian of gravity on a smooth paraboloid 

veiticill. Tert«i downwards Kud latus rectam ia. If the paitiole be 

1 along the siuface in (he horizontal plane tbroogb tbe foous with a 

•Jtinag), prove that tbe ioitiai radius >if curvature p of the path, and the 

li t whioh tbe radius of curvature makee with the axis, are given by 

s'(«' + l)p = 2n<'s'2, (l-n)tane = l + H. [Math. T. 1871.] 



A heavy particle to 
n of the Burfaoe beitU{ z'/' 



the quartiG sorfaoe 



a paraboloid with its axis vertiml, the 
■■is. Show that the particle when moving 



* \P' ) \2ff pV P' 

* -, = T + 3! + *i andfliBthelnitiftlvalaeof-.f- +^+2ffV Slio" »Im 



■ wbm the puaboloitl ie a Burlaee of revotui 

mtal planes and two coincident planes at tbe vertex. 

\.KG. Th« Conical Pendulum. To find the motion of a 
y particle P on a smooth sphere'. 
It will be coavGiiieut in this problem to take tbe origio of 
eoordinatea at the centre of the sphere and to measure Oz 
vertically dovmioards. Let / be the length of the string OP and 
9 the angle it makes with Oz. Let ^ be the angle the vertical 
plniie sOP makes with some fixed plane zOx. Let r be the 

* The problem ol the •joaiokl pendnlum hai been considered hf Lagrange io 
tb« aeoond volume of hie Jf^cnnijuc Analytiqiu. Be dedaces equations eqoivaient 
la (1) and |!l) of Art. 356 trom his generalized equations, and notioes that the 
cubie im* Ihnw fnal roots. He reduces the detetmination of t and # to integrals, 
and nrnkea spproitmatioDB when tbe boanding plajies are dose together. He 
nlsn alio to a memoir ot ClairRUt in ITUS. There is an elaborate memoir by 
Ti«M>4 in LteuiiiUe'* Jaurnal, vol. xvii. ISo'J. He eiprasses 1. 1, and tbe arc i in 
•Uiptio inleiirals in terms of u. A long eummunioaliun by CliaiUn may be (band 
in ItM btiUrtin tie Soc. Math, di Franae, 1S89. voL xvn. There is a brief dJMDMian 
-flf thU problam in UreenluU-a AppUeation* ttf Elliptic funclioiu. ISSS, Art. 108. 
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distance of P from Oz. Let h be the altitude above of (h 
level of zero velocity. We now proceed as in Art. 550. 

By the principles of angular momentum and vis viva, 

Eliminatiiig d^/dt and writing r = lsia0, 

Pam*e(~J=2g(h + lcoee)a.n'e-^ (i). 

Putting z=l COB d, this may also be written in the form 

'dzV 



^(S) =^<*+')(^-^)-^* (3). 



To find the positions of the horizontal sections between which the 

particle oscillates (Art. 550), we put dz/dt = 0. We thus ha?e 

the cubic 

(A + ^)(/.«^)-^./2<7 = (4). 

Since the initial value of z must make (dz/dty positive, the 
left-hand side of the cubic (4) is positive for some value of i 
lying between z=±L When s—±l the left-hand side is negative, 
hence the cubic has two real roots lying between ± I and separated 
by the initial value of z. Let these roots be z^a and ^=6. 
Lastly when z is very large and negative the left-hand side is 
positive, the third root of the cubic is therefore negative and 
numerically greater than /. Let this root be -r = — c. The partick 
osdllcUes between the two horizontal planes defined by z^a, z^h. 

Since the cubic can be written in the form 

we have the obvious relations 

a + 6-c = -A, {a'¥b)c-(ib^l^, abc = A^/2g - l*k 

Conversely, when the depths a and b of the two boundaries of 
the motion are given, the values of the other constants of the 
motion, viz. c, h, and J., follow at once. We have 

556. Ex, Prove (1) that one of the two horizontal planes boonding the 
motion lies below the centre ; (2) that the plane equidistant from the two boonding 
planes also lies below the centre; (3) that both the bounding planes lie below the 
centre if 2ghl^'<A^; (4) if a length OC=e be measured upwards firom the oentre 0, 



■i 



Ihe poini C in oot onl; aboTe tlie (op of the sphere, but above the level of zero 

To prove (1), we notice that i( »X\ the roots were negative, every coefficient of 
'fte eahio (4) wonld be positive, whioh is not the case. To prove (2) ; since both 
4 Wd b are nnmericall]' less thui I, it foUovs from the valne of e that u + h i» 
powtive. (3) The two roots a and h will have the same or different signs according 
u the left-hand side of the cobic when z-0 and t^l has the same or different 
ngn«. The fourth re»nlt follows troni the fact that c~h, i.e. a + b, ia positive. 

The first and third results follow also from Deeoarlee' rule of signs; tor since 
all the roots of the onbio ue real, there are as man; positive roots as changes of 
tiga, and a« mao; De^nlive roots as eontinualioas. 

••». Es. To find the teiuion of Ihe tiring we produce the radios vector OP 
colvardi to a point Q bo that PQ is half the length of the string. Let ^ be the 
depth of <i below the leve! of zero velocitj. Prove that the tension m^ is given 
hj lR=2gt'. Thence show that the tiring can become ilack only tahfi Q ero»er 
tltt Uvrl ef lero velocity. It ma; be noticed that the teosion or pressure od a 
■pbere is independent of the angular momentDm mA, 

BSS. El. 1, A particle P it pntjecttd horitontaUy with a veUtdty V. 
DrItnaiTu ichelher it icill riae or fall, nnd find the jtoillion of the Other boundary bi 

Let the initial radius OP make an angle a with the vertical. Besolving along 
(be Dormal, we find tbal the initial tendon mR is given b; n^^oosa + K'/r. 
Til* iMtticle will rise or fall according as B cos a is s- or < f, that is, according as 
F'Doea is > or <Ji)«in>a. If these are equal the psrticle desoribes a horiionlal 
eiiela. See Art. 551. 

To determine how for it will rise or fall, we notice that one root of the cubic in 
Art. SdS b known, vix. ^ = loos a; the cubic ma; therefore be reduced to a qnadratio. 
Bdl U ii more eaty lo repeat the reiuonina- We have by the principles of angular 



Eliminating d^fdt and putting Kero for dBldl, the limiting values of 9 






(cose-(-cosa) = 2tfI« 



g F<^I=3n for brevity, we find 

cos 9= - n + ^/(l-2n coHa + n'), 
whare Ihe positive sign is given to the radieal because cos 8 must be lens than unity. 
Thia value of oost) and cos = cos a determine the positions of the bonnding planes 
of the motion. 

Ex. 9. A heavy particle, constrained to move on the surbioc of a smooth 
fjimt of radius a. is projected horizontally witli a velocity V from a point on the 
vorfaoa whose depth below the centre is x. Prove that, when next moving liori- 
aootidly, Ihs d«))th x' of the particle below the same point is given by 
Sj; («^ - a») + n (*' + 1) = 0. 
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Ex, 8. In the centre of a hollow sphere resides a repulsi've force. A hwy 
partide is projected horizontally along the sorfaoe of the sphere bom a pant 
distant 60^ from the highest point with a velocity doe to falling throng tk 
diameter by its weight only. Prove that it will be again moving horizontally tt i 
point whose distance from the lowest point is tan^^j^}. [ColL Bx.] 

Ex, 4, A particle is attached by a string to the top of a hemiapherieal done, 
and is projected horizontally along the interior surface, which is xon^ with i 
velocity jast sufficient to prevent it from at once leaving the smrfaoe. Find tin 
velocity after describing a given arc, and show that it will always remain in cootui 
with the snrfjftce. [Bfath. Tripos, 1861.] 

669. Ex, 1, Show that the radiut of eurvatwre of the path and the inelm- ' 
tion X of the OMCuloHng plane to the normal to the tphere are given fry 

where v is the velocity and mA the eonttant angtUar momentwn. 

We follow the method given in Art. 540. Let F be the component of aooele- 
ration along that tangent to the sphere which is perpendicular to the direction 

cos y 1 v^ 

of motion. Then -^-^ = -r , — sin y^-F. To find F, we notice that the aecekn- 

pip 

tion perpendicular to the meridian plane is zero, while that tangential is gani. 

Hence if the direction of motion makes an angle ^ with the meridian, 

F = gBm$8m\f^, 

Since the components of velocity in and perpendicular to the meridian plane tie 
a$' and aan$<ff\ we have t;oo8^=a^, vein ^=2 sin ^0'. Choosing the latter 
component to find ^ and remembering that Z*sin^^0'=^, the values of eoaxlp uid 
sin xIp cure evident. 

Ex. 2. A particle is projected with velocity V horizontally from a point on 

the surface of a smooth sphere. Prove that the radius of curvature of its path is 

IV^ 
TT^T-A — ^ n ' » V where I is the radius of the sphere and a the inclination to the 
J(V^ + l^g^BYD?a) 

vertical of the radius at the point. [Coll. Ex. 1881.] 

Ex, 3. A particle is projected inside a smooth sphere of radius I with a velocity 
^2gl along a tangent to the horizontal equator, prove that at first the radios of 
curvature is 21} Jo. [Coll. Ex. 1897.] 

660. Ex. Prove that the projection of the path of the particle on a horizontal 
plane is a central orbit de$cribed under a force R an$ = --= {2h + S»J{P - r*)}, where 

the radical changes sign when r=il. 

Show also that if the two roots a and b of the cubic in Art. 555 have the ssme 
signs, the central path is a spiral curve touching alternately two circles whose 
radii are ij{l^-a^ and »J{P-b*), the curve being always concave to the centre of 
force. If a and b have opposite signs the central path after touching each bounding 
circle, touches the circle r=l and then touches the other bounding circle. There 
will be a point of inflexion only if R vanishes and changes sign. 
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* 

••1. Ex. If we write {A-fl oos ^sjc oos ^ the general equation of tnotion of 
I camieal pendulum may be reduced to the form 

-.«in«0(^y = ^(oofl80-oos8a), 

ky properly ehooeing the conetante k and a. 
Show that these TiliieB aie 

Hud also the poeitions of the botinding plaoeB when the constants jc and a of the 
DDotion are given. 

562. Time of passage. The motion of the particle as it 
fraveU from one boundary to the other may he found by an elliptic 
integral. 

We write the equation (3) of Art. 555 in the form 

V(2g) ^ _ f dz 

I H{a-z){Z''b){Z'¥cy 

where the limits are z = a and ^ = 6, and a>b. Putting ^ = a — f *, 
the integral takes a standard form which is reduced to an elliptic 
integral by writing f = sin -^ »J{a — 6), i.e. we write 

^ = a cos' -^ + 6 sin' -^ ; 

. V(2g),_ 2 r d^ 

" I V(a + c)JV(l-/Csin'f)' 

, ^ a-6 Z' + a6 
p^here t^=^ , c= r- 

a-^c a + 6 

[f the time of passage from one boundary to the other is required, 
t^he limits are and ^tt. 

If the two bov/nding planee are close together, k is small. By 
»panding in powers of k and effecting the integrations we find 
ihat the time frx)m one boundary to the other is given by 



I ^ 



=v(^{'+<*>""-^(Hr''+M- 



If the tuH> bawnding planes are also close to the lowest point, 

we put 

a»Zcosa = /(l-ia'), 6 = /cos/8 = /(l- J)8»). 

We then find that the time of passage frx)m one boundary to the 
>tber is 



t 



ia/K'^^' 
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the fourth powers of a and /9 being neglected This result k 
given by Lagrange. 

Let u = I -jyz ; . ^ .. and K be the value of u wh« 

Jo VO-^'sin*^) 

y^ = ^ir. Let t be the time of passage from the lower boundaij 

to the depth z defined by any value of '^, and T the time fron 

one boundary to the other, then t/T = u/K. 

66S. Ex. 1. Prove that when half the time of passing £rom the lower to fti 
npper boimdaiy has elapeed, the particle is above the mean level between the ftvo 
boondariee. Prove also that the depth of the particle is then (c'a + b)l{K' + 1), wfan 
*^=l-«». [TiMot] 

Ex. 8. Prove that when a quarter of the time has elapsed, the depth < of tht 

particle is 

_ ajK' (yjjl -nO + 1) + 6 (s /( l + O - Jk') 

a+V«')^/(l + «') 

664. The apiidal angle. To find the change in the valm 
of if^asthe particle moves from one hounding plane to the other. 

Eliminating dt between (1) and (3) of Art. 555 we find 

dz 



V(25r) ^ ^ f 

Al ^ JJia- 



^{a'-z)^{z^b)^(z + c){l^-z'y 

where the limits of integration are z^b and z = a, and a>h. 
Putting a = 7?H-/i, b = m^fjL, 2r = m + f so that m is the middle 
value of z and fi the extreme deviation on each side of the middle, 
we have 



* Jv(m^- 



where the limits are f = — /i and fi. 

666. When the bounding planes are dose to each other, the 
range /i of the values of f is small. If also the planes are not 
near the lowest point, the two last factors in the denominator 
are not small for any value of f. We may therefore expand 
these in powers of f and thus put the integral into the form 



H 



(P + Q^ + iJf ') = ■»■ (P + i Rm?). 



After calculating P and R, this gives 

^ ~ V(P "+ 3m') t 4 (I* - m«) (fi + 3m>)«J * 
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•••. If hoih the bounding planes are near the lowest point of the sphere^ I and 
9 sm nearly equal, and the last factor inj the denominator of ^ (Art 564), may be 
iO small that its changes in value are considerable fractions of itself. We write 
0ie integral in the form 



^m 



_ [ d« 1 



Al 

Tbe two factors in the denominator of the second fraction are not small and these 
may be expanded in powers of some small quantity properly chosen. We shall 
Bftke the expansion in powers of 2-<=i|. 

Bemembering the yalnes of A and e found in Art. 655, we have 

an these integrals are common forms. To find the first we put l-z = Iju, We have 

[ d« _ 1 [ du 

Js/{a'')J{'-b){l-z)'-J{l-a)J(l-b)]j(a-u)y/{u-py 

wheze a and p are two constants which we need not calculate. For since the 
limits of the first integral, viz. <=a, <=&, make the denominator vanish, the 
Hmits of the other must be tf=a, u=p. Putting ti=i(a+i3) + ( we see at once 
diat the value of that integral is x. Since 7i=l-z the values of the remaining 
integrals have just been found. Hence 

where we have written for e + 2 its value given in Art. 555. 

If j9, g be the radii of the circles which bound the oscillation, we have 

and in the small terms which contain the product |>9 as a factor, we can write 
a={, &={; hence (see Art. 562) 

The first of these results differs firom that given by Lagrange. The correction 
was first made by M. Bravais in a note to the Mieanique Analytiqae, 

••7« Ex, A simple spherical pendulum of length I is drawn out to the 
horizontal position and is then projected horizontally with a velocity 2pi. Show 
that, if ^ is the angle that the string makes with the vertical, and the azimuthal 

angle of the vertical plane through the string, sin i? sin {i>-pt)=^- V2cos tf, where 

n is equal to Jgjl, [Math. Tripos, 189S.] 
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Motion on an Ellipsoid. 

668. Cartefian coordinates. To find the motion of i 
particle of wait mass on an ellipsoid*. 

Let X, Y, Z he the components of the impressed foroes ii 
the directions of the principal axes. Let R be the pressure OA 
the particle measured positively inwards. Since the diiectin 
cosines of the normal are px/a*, &c., the equations of motioD are 

where accents denote differential coefficients with regard to the 
time. We also have from the equation of the surfisu^ 

-, + ^ + ^-1. -^ + -^+-^ = (2). 

xa/' vv" z/' a/* v'* z* 

^ + f- + ^+^ + ^+^=0 (3> 

Multiplying the dynamical equations (1) by cd', %f^ /, adding aod 
integrating, we have 

^(a/« + y't + /«) = C+/(Z(ir+rdy + Zar) (4); 

where TJ is the work function and C is a constant. This is of 
course the equation of vis viva. 

Substituting from (1) in (3), we find 

^ (a? y^ z\ (of^ y'^ 2!\ iXx 7y Zz\ ,., 

^p[a^n^^?r[^^ 

* The motion of a particle oonstrained to remain on an eUipsoid is disciined 
by Lionville in his Journal^ voL xi. 1S46. He uses elliptic coordinates and shows 
that the variables can be separated when V (/a' - i^) = ^Fi (m) - -^s {*)» There is also 
a paper on the same subject by W. B. Westropp Boberts in the Proceedings of the 
Mathematical Society , 18S3. He also uses elliptic coordinates and especially treati 
of the case in which the path is a line of curvature. The case in which the 
particle is attracted to the centre by a force proportional to the distance is solved 
in Cartesian coordinates by Painlev^, Legone eur Vintegration det Equations diff- 
rentielles de la Mieanique^ 1895. He also treats separately the limiting case of t 
heavy particle moving on a paraboloid whose axis is verticaL There is a shoct 
paper by T. Craig in the American Journal of Mathematict, vol. i. 1878. Be 
discusses the same problem as Painlev6, beginning with Cartesian coordinates, bot 
passing quickly to Elliptic coordinates. He shows that the path is a geodesic idieii 
the central force is zero and the particle is acted on by what is equivalent to • 
force tangential to the path and varying 9sf{t)+F{s)v where 8 is the arc deseribed. 
This result foUows also from Art. 589. 
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D an ellipsoid we have 

here D is the semi-diameter of the ellipsoid whose direction 
isines are {I, m, n). Also the radius of curvature of the normal 
Mstion whose tangent is parallel to D is p » I^lp> Taking D to 
e parallel to the tangent to the path l = x'/v, m^j/jv, n^^Jv. 
he equation (5) is therefore the Cartesian equivalent of 

R=^-N a). 

r 

'here N is the inward normal component of the impressed force. 

669. In certain cases we may find another integral. Di£fer- 
ntiating (5) and remembering (6), we have 

d /iJ\ « fa/af' ^ yY //\ d (Xx Yy Z»\ 
dl\'^)^^V^^~^^~V)'^Jt\^^~^'^'^)' 

abstituting for x"y y'\ sf' firom (1) and using (6), 

f then the forces acting on the particle are such that 

re have R^Aj^ (10). 

lubstituting in (5) or (7), we have the third integral which may 
e written in either of the forms 



X* y'* /« Xx Yy Zz . A 



P 



(11). 



If only the direction of motion is required, we eliminate v 
etween the equations (4) and (7). Remembering that p = i?*//), 
re see that the direction of motion at any point of the path 
I parallel to that semi-diameter L whose length is given by 

^i^-^^+f (.2X 
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Supposing the condition (9) to be satisfied we notice tint 
when the initial velocity and direction of motion are such thii 
the equation (11) gives A=0,it follows by (10) that thepratm 
R is zero throughout the motion. The particle is therefore fm 
and moves unconstrained by the ellipsoid. Conversely, if the 
particle, when properly projected, can freely describe a curve on 
the ellipsoid, the condition (9) is satisfied If it can describe the 
same curve when otherwise projected, the pressure varies as f^. 

If the components X, Y, Z do not satisfy the condition (9), 
we may sometimes make them do so by adding to them the 
components of an arbitrary normal force F and subtracting / 
frt>m the reaction R. The condition (9) then becomes 

where i'' is an arbitrary function of x, y, z and p is a function of 
X, y, z given by (6). The equation (10) then becomes R = F-^Af. 

It is only necessary that the condition (9) should hold for the 
path of the particle, but as this is generally unknown, the con- 
dition should be true for every arc on the ellipsoid. 

670. Ex. A particle is acted on by a centre of attractive force aitoated at the 
centre of the ellipsoid, the force being kt. If D is the semi-diameter parallel to 
the tangent to the path, prove that 

These reduce to the ordinary formolfe of central forces when ^=0. 

a 

Since X= - «rx, &o. the condition (9) is satisfied. The first of the resolts to be 
proved then follows from (11), for N=Kp. 

671. Ex. A particle P moves on the ellipsoid onder the action of a force 
Y= - Kly\ whose direction is always paraUel to the axis of y, and is projected from 
any point P with a velocity v*=KJy^ in a direction perpendicolar to the geodesic 
joining P to an umbilicus. Prove that the path is a geodesic circle having the 
umbilicus for centre, i.e. the geodesic distance of P from the umbilicus is constant*. 

We see by substitution that the condition (9) is satisfied by this law of force. 
The path is therefore given by 

V* N K 

where, as before, D is the semi-diameter parallel to the tangent to the path. Since 
the cosine of the angle the normal makes with the axis of y is i>y/&*, we hsve 

* This result is due to W. B. W. Roberts, who gives a proof by elliptic co- 
ordinates in the Proceedings of the London Math. Soe. 1888. 
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e particle is projected perpendioularl; to the geodesic defined b^ plfsae, 

idsDt el y' must be Eero. U then follows that throughoot tLe enhsequent 

n pD'=ae, and the path ents all the geodesies from the umbilious at right 

These geodenica are therefore all of coniitant lettgtU. 

Let u b« the angle which the geodetic ioioing the particle /* to an ambilions U 

nwkM with the arc joining the nmbilici. If di be an arc of the orthogonal trajeototy 

or lh« geodesies, dt = Pdu. where P=ylhinu (Art, 546). Since w' = ii/i/». it follows 

that the angular velocity u' of the geodesic radius vector is given by a' = \ sin a. 

When the ellipsoid redoces to a disc lying in the plane ly. the geodesies become 
•tnught lines and Uie geodesic circle reduces to a Budidioti oiicle having its ceutre 
«t a (Art. STR). The theorem it then identical with one given by Newton, viz. that 
■t rirole can be described under the action of a force ¥= • uly'. 

The motion of a particle in a grodraie circle under Iht arlitin of afaret, or tension, 
abnig Iff gtodrtic radliu is given in Art. G48, where the result ia dednced from 
Ousa' coordinates. 

AVa. Kx. I. A particle, moving on the etlipaoid, la acted on bj a centre of 
lono ailnated at no; given point E. It the force t' is such that the condition (0) 
It latiafied, prove that F^/irll'', where r and P are the distances of the particle 
tlf«ai K and from the polar plane of K respectively. Thenoe show that, if the 
iiutisl oonditions are such that the oonstont .1=0, the path is a conic and the 
rdooily at nuy point ia given by if=pff. 

To prove Ibis we put .V = G{j-o|, l'=0(l/-/3). Z = G{:~y}, where = f/7- 
and (a, fi, y) aie the coordinates of K. Bubstilating in the equation (9) and 
nmunbfring i'i) Art. 569. wc have an ea^ diSerential eqaation to find G. When 
J eO, till particle moves (reel? on the etUpBoid under the action of a central force. 
Til* path ii B plane ootve and is therefore a conic. The equation of via viva taila 
to give the veloail;, but this is determined by (11) Art. fi()9, when the direotiou of 
D ia known. 

33 
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Ex. 2. A partiole moYing on a prolate spheroid is acted on by a oentoal km 
tending to one foons and attracting according to the Newtonian law. Profe that 
the integrals of the equations of motion are 

where p is the perpendicolar from the centre on the tangent plane, r the disUoee 
lh>m the focos, and A^ B the constants of integration. 

678. Ex, I. A particle under the action of no external forces is projected 
fh>m an umbilicus of an ellipeoid, proTC that the path is one of the geodenoi 
defined by pD = ae, 

Ex. 2. A particle is projected with a velocity v along the surface of an 
indefinitely thin ellipsoidal shell bounded by similar ellipsoids. Prove that when 
it leaves the ellipsoid the perpendicular p from the centre on the tangent plaoe is 
given by MP*R*^v'p^abe, where i2 is the radius vector parallel to the initiil 
direction of motion, P the perpendicular on the initial tangent plane, M the 
attracting mass and a, 6, e the semi-axes of the ellipsoid. [ICath. Trip. I860.] 

674. Ex. Let the forces be such that ^{XdX+Yd/i-i-Zd^) is a perfect 

differential, say dS, for all displacements on the ellipsoid, where X, m, » are the 
direction cosines of the normal, i.e. \=:pxla\ Ac. Prove that 

where B is the constant of integration. 

Divide (8), Art. 569, by pl^ and integrate by parts. The integrals of the equations 
of motion are then obtained by using (6) and (7), remembering that p=D'lp. 

676. In order to include in one form all the different case* of paraboloids, cona, 
and cylinders, it may be useful to state the results when the quadric on which the 
particle moves is written in its most general form (x, y, z) = 0. 

4 
Writing -^=0x^ + 0/+^/, where saflixes denote partial differential coefficients, 

let the forces satisfy the condition 

for all displacements on the quadric. We then find that the pressure R=Af^. 
The three components x', y\ t* of the velocity may be deduced from the equations 

0^ + 0yy'+0X=O (2), 4(x'«+y'»+«'2)=r;+C (4), 

0«x'« + <fec. + 2^^y + Ac. + 0xA' + 0yr+0^ = — (5), 

where the numbers appended to the equations correspond to those in Arts. 568, &c. 

676. BUlptio ooordi&atea. Preliminary statement. The position of the 
particle P in space is defined by the intersection of three quadrics oonfocal to t 
given quadric. In the figure ABC, A'MM\ A"NN' are respectively the ellipsoid, 
hyperboloid of one sheet and that of two sheets; only that part of each being 
drawn which lies in the positive octant. Let their major axes 0A^\ OA's/t^ 
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^ OA"wm9. Let a, ft, e be the three axes of any oonfoeal. If a* - 6*= ^^ a' - f^^'k\ 
? then OH=h, OK=k are the major axes of the focal eonics. 

The qnantities X, as c are the elliptic coordinates of P; the first X is always 
- positiye and greater than k; the second fi is less than k and greater than h; the 




third w is less than h^ and changes sign when the particle crosses the plane of yz. 
The y axes of the qnadrics are JiX^-h?), »J{fi*-h*)t ^/(i'*-^'); two of these are 
real and the third is imaginary. These radicals are positive when the particle lies 
in the positiTe octant, hot the second or third vanishes and changes sign when the 
particle crosses the plane of xz, according as it travels along PN or PM. Similar 
remarks apply to the z axes. 

The major axes of the three confocals which intersect in any point {x, y^ z) are 
given by the cable 






,=1. 



where h and k are the constants of the system. Clearing of fractions and arrang- 
ing the onbic in descending powers of a>, we see that the three roots X', fi^^ ¥* are 
such that 

XV«+mV + r»X« = ;i« (x« + z«) + ik« (x^ + y^) + h^k* 
\f»p=ihkx ^ 

From the third equation we infer by symmetry 



(1). 



(2). 



677. To prove that the velocity v of a particle in elliptic 
coordinates is given by 

._(X^/t«) (X'-ir»)X^ Oi«- X^)Oi«^:V)M'' . (r'-X' Xir'-M' ) ^ ,^. 

We notice that the three quadrics confocal to a given quadric cut 
each other at right angles at P, so that the square of the velocity 

23—2 
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is the sum of the squares of the normal components of velocity. 
It is therefore sufficient to prove that the first term is the square 
of the component normal to the ellipsoid, the other terms follow- 
ing by symmetrj'. If /> is the perpendicular on the tangent plane 
to the ellipsoid, the normal component is p'. Let (/, m, n) be the 
direction cosines of p, then 

p« = X«P + ( X« - A«) m« + ( X« - k") n^ 
= X« - A«m« - kW; /. pp' = XX'. 

If Di, Da are the semi-diameters of the ellipsoid respectively 
normal to the tangent planes at P to the two hyperboloids, we 
know that 

•• ^ (X^-A»)(X«-**) • 
See also Salmon's Solid Geometry, Art. 410. 

678. To find the motion of a particle on an ellipsoid in elliptic 
coordinates. Let the ellipsoid on which the particle moves be 
defined by a given value of X, The mass being taken as unity 
the vis viva is determined by 



2T^v'^(fi^-p-) 



This we write for brevity in the form 

2T=M{Pfi'^ + Qp'^} (5). 

If we express the work function U in terms of (X, /a, p), we 
have (since X is constant) the Lagrangian function T-h U expressed 
in terms of two independent coordinates /i, p. 

Comparing (5) with Liouville's form, Art. 522, we may obviously 
solve the Lagrangian equations by proceeding as in that article. 
The results are that when the forces are such that the work 
function takes the form 

(^L^-p^)U = F,(^i) + F,(u) (A), 

the integrals are 



...(B). 
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There is also the equation of vis viva 

iv^^U-hC (C). 

Dividing one of the equations (B) by the other, and remembering 
that \ is constant, the equation of the path takes the forms 

(M«-fe»)(/i«-&«) {F,(/i)+C;*«+i}~(ir2-/i«)(ir2-fc''){FjW-Cir«-^} •'•^^'' 
in which the variables are separated. 

679. Ex» I. Let Vi and v^ be the components of the Telocity of the partide 
in the dixeotions of the lines of corvatore defined by /a = constant and »= constant 
respeetiyely. Prove that 

Prove also that the pressure R on the particle is given by 

where p is the perpendicular on the tangent plane and N the normal impressed 
force. The valoe of p in eUiptic coordinates is given in Art. 577. See Art. 568. 

Ex, 2. Supposing that the equation (D) of Art. 578 is written in the form 
Pdfi=Qd¥ in which the variables are separated, show that the time 

t=jPfi^dfi - jQv^d», [LiouviUe, xi.] 

The equations (B) become 

(m* - »') Pdfi = dt, 0*' - K«) <?dir= du 
Multiplying these by fi', v' respectively and subtracting we obtain the result. 

680. To tratulate the elliptic expresnont into Cartesian geometry we use the 
equations (1) and (2) of Art. 576. Let the normals at the four tmibilici U^t I/,, &c. 
intersect the major axis in the two points E^, E^, which of course are equally 
distant from the centre 0. We easily find that 

0^. = ^. £,^;.=^ = ^/^^*-'^y-*'> (1). 

A u A 

The equations (1) Art. 576 give 

(Xa-/i«)(X«-ik«) 






Let fi, r, be the distances of the particle from the points JS^, E^, and let m 
be the distance of Ei from the umbilicus U^ ; then 

(M-ir)«=ri«-m«, (M+0'=r,»-m2 (2). 

From these /x, v may be found in terms of x^ y, z and the constant X. 

681. Ex, Show that the equation U{fx^- v>) =Fi {fi)-^F^ {») is equivalent to 
cp d? 

We have ^j- Vifi^- ir«) =0, and by (2) Art. 580 

±_ d ^ d_ _±__d^ 

dfi " dpf dpi * dp dp2 dpi 

The rMolt follows at once. 
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688. The eandition (A) of Art, 578, vu . 

(m«-.^C7=F,(m) + F,W (A), 

can be $atUfied by teveral laws of force. 

1. Let the force tend to the centre of the ellipsoid and Tary as the distuee. 
Bepresenting the force by Hr, we have, by (1) Art 576, 

l7=-lHfa=-iH{M«+^+(X»-fc«-ifc*)}; 

Sabstituting these in the equations (B), the motion is known. 

2. Let the direction of the force be parallel to the axis of x, and X= - Sff/x'. 
Then 









S. Let the work function 17= -77-^- ,,, where r, is the distance of the 
particle from the point E^ , Art. 580. We then have 

To find the force we notice that since dUldXs^O, the direction of the force is tan- 
gential to the ellipsoid. Also 

Y_dU_ H ( hk fhkx \ dX) 

with similar expressions for Y and Z. Now the equation to the ellipeoid being 
X= constant, the last term of each of the three expressions represents the compo- 
nent of a normal force. This normal force has no effect on the motion. Taking 
only the remaining terms we see that X, y, Z are the components of a central force 

Hr 

tending to the point E whose magnitude is ~ . When the ellipsoid is reduced 

(r^^-m^)^ 
to a disc, \=k (Art. 576), and m=0 (Art. 580). The point £j becomes a focus and 
the law of force is the inverse square. 

688^ Ex, 1. Show that a particle can describe the line of curvature de&ied 

Hr 
hy fi=fjLQ under the action of the central force ^ — = tending to the point £]. 

(ri« - m»)» 

Show also that the velocity at any point is then given hjv^=H< . — [. 

l(r| — Bt*)* n)' 

We notice that when the ellipsoid reduces to a plane, m=0, and this becomes the 

common expression for the velocity under the action of a central force varying as 

the inverse square. 

Referring to the general expressions marked (A) and (B) in Art. 578, we see that 
the particle will describe the line of curvature if both /a'=0 and fi"=sQ when fi=iii» 
This will be the case if we choose the constants C and A so that 

F» + C;i5 + ^=(/i-^)V(/*), 
where 4>(fi) is some function of /i. Supposing this done, we have, when m-/^* 

(Art. 579) it;»= U+ C^.^jS'^—,— . 

Mo -" 



I •pacU MM proposed U^Hfia-i'). We have therefore to i 
A = {it-Ht)''C. ThUgivea -8C^=//, i = (7^i. Uao F,lr) = nr. 



.•.■*.J,|-!-.i|.HJ_ 

Ift)-" rt,l Iff, 




w that when the [orcea are auch that 

n eqnatiatiB oan be integrated. The path is given by 

S'T i)-!fTw'«f5?»M:iFi::i | ' fi(^ ■ ['''>»«"«■ '••■■J 

e particle i» sated ou by a force tending directly from the axis of : and 
IS the distance from that axis, find the cotDpooeDts ol velocity along the 



684. Spharolda. When the ellipBoid on wliich the particle movea beoomei a 
]eroid either prolate or oblate, the formula (A) and (B) ot Ait. 678 require m 
{bt modifloationa. 

Let {^, b, r), |u, h', f'}, (v. b", c") be the semi-axea of the three qnadrioB which 
arMOtin P: then also a = X. a'^M. a" = r. 
ft K prolate Bpheroid b = e, h = k, and the fooal oonia« become ooinoident with 





The axea of the hyperboloid of oae sheet are iir:h, b' = 0, t!' = 0: I 
I ndtwei to the two pianos y'/6'' + a'/c''=0, the ratio ff/a' being iudetar<fl 



onio beoomes ooinoideot with 00, 
of the hyperboloid ot two sheets 
) the two planes i'/<'' + !/'/('"'=0. 



B oblate spheroid \ = ti, h = Q; one focal 
Ito ifat oth«r ia a circle of radins k. The aio 
I »=!), 6"=0, e^= -k'; it therefore rednces 
t UmiliDR ratio rjb" being iDdelemuDate. 
In the figure the positions of the focal conies jiul before they assume their J 
illiog podtlona are Tepresented by the dotted lines, while PU or PN repreBeata| 
I aaaomed by the hyperboloid. 

the limits of the equations (At and (B) we shall make a change of 
a prolate spheroid we replace « by a new variable ^. each that 



ii«-t' 



■ •*"'*= -tT-.l,.. 
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Thus tan # ymm between the limits and oo as /ti varies between I; and h. Sinei 
5's=r/|S- A>, c^=i:^S-&*, and y*/(^ + < V<^ = 0, it is dear that is ultimately tiMsngb 
the plane PM makes with the plane AB, Patting ai= A, the formoliB (A) and (B) 
become 



'iih^'^f ^^ y^^ =/i(0)+Cfe«+^, 



In the oblate spheroid, we replaee r by the variable 4> where 
tan'0= -5—, .*. ysAoos^, .\ -4/*=- 



thns tan0 varies between and oo as r varies between h and 0. Also sioee 
x>/r*+y'/&"*=0, is ultimately the angle the plane PM makes with the plane AC. 
Putting w=0,h^O, the limiting forms of the equations (A), (B) are 



4m*^^-=A(0)-^. 



CHAPTER VriT. 

SOME SPECIAL PROBLEMS. 



Motion under two centres uf force. 
To find the vwtion of a particle of unit mass in one 
B under t/ie action of two centres of force*. 
K I^et the position of a point P be defined as the intersection of 
> confocal conies, the foci being ff,, H^, and let OH, = h. Let 
t Bemi-major axes be OA =/i, OA' = v: the senii-minor axes 
p therefore ^(m' - ^'), V(''' - ''')■ 

I- Since — ,+ -^,.= 1, we have 

M*-(a:'+»/' + /OM' + ''''^ = 0\ 

relations between the elliptic coordinates ;t, v of any point 
■nd the Cartesian coordinates x, y are therefore 

'^ (M'-A')'(./'-Ay 



Vi^-h\ 



r is the distance from the centre, We also have r, = ;* + i*, 
■i^ — c, where 7-,, r, are the distances of P from the foci. 

K vaa lli« tirst who altaoked tLe problem of the motion of a particle iD 

it two fixed centres of force, Mimoim de t'Acadimie <U Berlin, 1760. 

l(te tb* Utcaniiiue Aiialytigar, page 93, begins by exousiug himself tor 

g a ptoblem vhioh hru nothing oorrespondiug to it in the ay atem of the 

L wbve all the centres of force are in motion. He eupposes the motion to 

DBioim and obtains a BOlution where the fuices are alr'-f-iyr and 

t^Vyf. Legeoitre in hia Fonctioiif elliptigittn pointed out that the TariBblea 

I hy Boler were really elliptic coordinates, and tierret remarks that tbU ie the 

D theae coordinalea vere nned. Jaoobi look thie problem ae an example 

■ ptindple of the lead multiplier, Vrrlle, iivii. and xxix. Lionville in 1641! 

1 1M7 gJTst two niethoilH of toliition, the Srat by Laerange'a eqoationx and the 

i hjr tiio HuDiltuaian equalioDs. Serrct t'ltends LiouviUe'e firat method U 

idoDa. t.ioiivitle'i Jtiunml, xit:. IMS, and givei a history of the ptoblem 

\» la Um aame volame gives a further oommuni cation on ttie aubjeot. 
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Proceeding as in Art, 577, the velocity v of the particle ex- 
pressed in elliptic coordinates is 

2r=^ = (^._^)|^^__^^l (2). 

where the accent represents d/dL Comparing this with Liouville's 
form 

in Art. 522, we may obviously solve the Lagrangian eqoatioDS by 
proceeding as in that Article. The results are that when the 
work function has the form 

(^*^v^)U=F,(fi) + F,(v) (3), 

we have the two integrals 

i (m* - ^y -f-c, = ^. (m) + Cm' + ^ 

'*7^" |. (4). 

There is also the equation of vis viva which may be deduced 
from these by simple addition, viz. 

it;« = [7 + (7 (5). 

586. Let the central forces tending to the foci be respectively 
/fi/n^ and H^lr^, We then have 

M '2 

The integrals (4) then become 

4 (/*' - "')' ^\, = K^t^ + Cm' + ^ 



'J 

= ^.M + C/t» + ^ 

(7), 



where jfifi = jffi + -ffj, ^2 = ^i — -^2- To find the path we eliminate f, 

{dill _ - (dv? ^ 2 (df)« 

The initial values of ft, ft', i/, v being given, the equations (7) 
determine the constants A, C, Another constant is introduced 
by the integration of (8) which is also determined by the initial 
values of ft, v. A fourth constant makes its appearance when the ^ 
time is found in terms of either ft or v. 
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CB7. Ex. 1. Show that Uie particle nill desoribe the ellipse defined b; 
P=Mp, if the p&rtiole is projected along the tangent at an? point with a velocity i' 
giiien by 



'<-B*-'-(l-^- 



To prove thie v 
Ibrougboul the a 



e that if the particle describe the ellipse, n 
i Ilie sSilues of ,11', h" giyen by (T) raosl be zero. The 
right-hand dda of that equation mutit take the farm C(>i-tin)'< and therefore 
- i€ng=Ki. SnWtilating for C in the eiiaalion of vis viva (5) the result follows 
I U once. See also Art. 374. 

r Bx. 9. A partiole la ptojeeted so that both the oonetants A and C are sero. 
>. Sww that the veloeitjr ii that due to nn infinite distanee acd that the path is 
liven b; 



jvil-Jsin'"*) \kJ j. 



V(i-isiii'e)^ 



h sec'^, >-Aeos'0 and 
A partiole moves under the 



Kr, S. A partiole moves under the action of two equal centres of force, one 
•uraotini; and the other repelling like the poles of a magnet. The partiole is 
. pojaotcd with a Telocity due to an iniioile distsuce. Show that if tlie direction 
' <4 projeeiiun he proper); chosen (be particle will oscillate in a semi^ellipse, the two 
poles being tlie (ocd. I( otherwise projected the path is given by 



VI' 



/^logl^+s'U'-''')!- 
rs A 009*^ + sill' 9, ik = l-pili and ji = 






= 2Hp. 

I Ex, i. Prove thai the lemniscate, ir'-c^ oau be described under the aotion 
! ot two centres of force each Hji'' tending to the (ooi, provided the velocity at the 

node U - y/x ' ^** ^'' ^^' ^*' "' 

988. To find t/ie vwtiuii 0/ a particle of tmit mass in three 
dimensioiis mtder the action of two centres of force attracting 
according to ike Newtonian law. 

Let the two centres of force ffi, B^, be situated in the axis 
of z and let the origin bisect the distance HiH,. Let ^ be the 
aogle the plane zOP makes with tOa^ and let p be the distance 
of P from Oz. 

Since the impressed force.s have no moment about Oz, we have 
by the principle of angular momentum (Art. 492), 

P''¥ = B (1). 

We now adopt the method explained in Art, 495. We treat the 
particle as if it were moving in a fixed plane zOP under the 
inflnence of the two centres of force together with an additional 
force pift''='B'lf^ tending from the axis of z. This problem has 
trtly solved in Art. 585 ; it only remains to consider the 
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eflFect of the additional force. This force adds the term — 5*/2/j? 
to the work function U. 

Taking Hi, H^ as the foci of a system of confocal conies, let 
/1, 1/ be the elliptic coordinates of P. As before, we suppose that 
the work function U of the impressed forces satisfies the condition 

(ji'-v')U=Fi(fL)^F,(v) (2). 

Since p is the ordinate of the conies [Art. 585], 

The term to be added to U has therefore the same form as those 
abready existing in U and shown in (2). To obtain the integrals 
we have merely to add the terms given in (3), (after multiplication 
by — J J?) to the functions jPj, i\. 

In this way, we find the integrals 

When the central forces follow the Newtonian law, 

where ifi = ifj + ffiy K^^Hi- H^y as in Art. 586. We therefore 
write in the solution (4), ^i (/a) = iTj/i, F^ {y) = K^v. 

If the particle is acted on by a thii-d centre of force situated 
at the origin and attracting as the distance, we add to the 
expression for U the term — i^H^i'^ = — ^ff, (/i* + i^ — A'). The 
eflFect of this is to increase the functions F^, F^ by — ^1?, (/i* — /iV), 
and ^Ifs (i/* — h^p^) respectively. 

In the same way if the particle is also acted on by a force 
tending directly from the axis of z and equal to x/p^, or a force 
parallel to z and equal to /c/^, the eflFect is merely to give 
additional terms to the functions ^i and F2. See Art. 582. 

6B9. Ex, A particle P moves under the attraction of two centres of force it 
A and B, If the angles PAB, PBA be respectively ^1, $2, the distances AF, 
BP be Ti, r.2t and the accelerations be Mi/»*i*» /^r^^* prove that 

(*■•' SO (""'" ^') "" ^' '^' *' "^ '^ ''°'' *'*■*■ *^' 

where AB^a, (7 is a constant and the motion is in one plane. 




BRACHISTOCHKONES. 
tliree dimensions, prove that 



,§)(v*)..-...,....,..,„».,«..o...,.c. 

e A ia Ihe aieal desaription round ihe line of eentrei. [Coll. Ex. 1895.] 



Oh lirachistoclirones. 



^^Hl rr«UiaiBmrir BtaM^nt. Let a particle P, projected front a point A at 
BSa Is with • velocity I'o. move along a amooth fixed wire under the inflaeDCe 

Forcei whose potentifti (/ ia a given function of tbe ooordiuatea of P, &nd 
t tlie paitiflle anive at ti point If at a time li iritli a velocity i-, . Let q9 auppose 
M the eiicDm»tanc«a of the motion are slightly vnried. Let a partiola start 
ant a neighbouring point J' at a lime t„-v<it,i nith a velocity ?'„ + !pn. Let it be 
HuUmined by a smooth wire to describe an arbitrary path nearly coincident with 
iB foRner tinder forces wboae potential is the same function ol the coordinates as 
tfoM, and let it arrive at a point 1!' near the point ft at a time t, + ji, with velocity 
+ »p,. 

Aoearding to the aune notation, it jr, y, i; a', t/', c', are the coordinates 
ii resolved velocities at any point P of the first path at the time I, then 
+ S*. £c.; x' + Sx', drc, are the coordinates and resolved velocities at any point 
' of the varied path occupied by the particle at the time ( -i- St. 

X^et P, Q be any two poiotB on the two paths simultaneously occupied nt the 
met. Let the coordinates of Q be 2 4 At, ,'/-(- Ay, Ac. Then &c exceeds Xi by 
le space described in the time tl, 

.-, lx^Sx-[x' + ir')it = S3'-x'St 
bma qtiftntities of the second order are neglected. 

We may regard It. 3y, I:, an any iodeliuitely small arbitrary fnnctiona of 
, y, r. Itmileil only by the ^ometrioal conditions of the problem. 

W> here consider two independent chant^x of the coordinates. There are 
,) Iba differentials dr. dg, d: when the particle travels along the nndlxtorbed 
lib. and it) the variations ix, Sy. iz when the particle is displaced to some 
lA^bcoring path. It follows from the independence of thexe tno displacemeats 

^^B. The Brachlstochrone. A particle of unit vtass moves 
I^HfAtf action of farces so that its velocity v at any point is given 
^^^1^ = U + C, where U is a kiuywn function of the coordinates, t/ie 
nt C being also known. 8itj>posing the initial and final 
A, B to lie on two given surfaces, it is required to find 
the particle viust be consli-ained to take that the time of 
be a minivium*. 




1 MMoant of the early history of this problem is given in Ball's .S'utrt 
ru(«ry n/ Miitlumtittkii. Passing to later times, thp theorem i' = Jp (or a oantml 
I l» ffiveu by Euier, ilcthanita, vol, u. There is a memoir by Roger in 
wtlfa'' Journal, vol. xm. IMS ; be discasseB tbe braohistoohrone on a surfaoe 
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The time t of transit being t^Jds/v, we have to make this 
int^[ral a minimum. Since a variation is only a kind of dif- 
ferential, we follow the rules of the differential calculus and make 
the first variation of t equal to zero. Let the curve AB be varied 
into a neighbouring curve A'R, each element being varied into a 
corresponding element Since the number of elements is not 
altered, the vcuriation of the integral is the integral of the variation. 
Writing ^ for Ijv to avoid firactions, we have 

Se »/S (il>ds) ^J(4>dBs + d8Sif>). 

Since {dsY = {dxY + (dtfY + (cUy, we have 

dsSds = dxBdx + dyhdy + dzhdz ; 

Integrating the first three terms by parts, 

where the part outside the sign of integration is to be taken 
between the limits A \jO B. 

We notice that in this TariAtion, C has not been varied. If C were different 
for the different trajectories, we should have 

There would then be an additional term inside the integral. It follows that r' it 
rfffarded at the tame function of x, y, z for all the trajectories. 

Since the time Hs to be a minimum for all variations con- 
sistent with the given conditions, it must be a minimum when 
the ends A, B are fixed (Art. 144). We then have at these points 
Bx = 0, Sy = 0, Sz = 0, and the part outside the integral vanishes. 

The required curve must therefore be such that the integral 
is zero whatever small values the arbitrary functions &r, Sy, it 
may have. It is proved in the calculus of variations (and is 

and generalises Ealer's theorem that the normal force is equal to the centrifagil 
force. Jellett in his Calculut of Variationtf 1850, proves these theorems ani 
deduces from the principle of least action that the brachistochrone becomes afrei 
path when v = k^lv\ Tait has applied Hamilton's characteristic function to tht 
problem in the Edinburgh Trantactiontt vol. xxrv. 1865, and dedaces from a mon 
general theorem the above relation to free motion. Townsend in the Queaiert§ 
Journal, vol. xiv. 1877, obtains the relation v^v' in free motion, and givei 
numerous examples. There are also some theorems by Larmor in the ProceedUi$ 
of the London Mathematieal Society, 1884. 



r. 5D3.] THE OEKERAL EQlTATtONS. 

upa evident) that the coefficients of &2, By. Sz must separately 
bb. We therefore have, writing I/tf for 0, 

' /"lA ~ j?^ (i —\ AfW-A (I. ^\ AfW-^ (I '^\ 

irU;"rf^Ud^.'' dy[v)~ds\vds)- d~Av) ~ iU\v d^J ' 
me are the differential ecjuationa of the brachistochrone. 
Iieiw Ihree equations really amount to only two, (oi if wb mnltiply them by 
tf<, ^dijldt, Ac, and B(ld the producia, we find 

b is sa aTident identity, 

692. Supposing these differentia! equations to have been 
'ed, it remains to determine the constants of integration. To 
ct this we resume tht; expression for S(, now reduced to the 
t outaide the integral sign. We have 

ch is to be taken between the bmits A to B. Since we raay 
y the ends A.B oi the curve, one at a time, along the bounding 
hce (Art. H4), this expression for £f must be zero at each end. 
i varlatiooa &c. iy, hi are proportional to the direction cosines 
the diaplacement of the end, and dxjda, &c are the direction 
les of the tangent to the brachistochrone. This equation 
sfore implies that the brachistochrone meets the btmndinff 
face at right angles. 

The expreasion for ht may be put into a geometrical form 
A is sometimes useful. Let S<t,, Sffj be the displacements 
', BS of the two end& Let 6i, 0, be the angles these dis- 
ements respectively make with the tangents at A and B to 
l>rachi8tochrone AB. Let v,, ft be the velocities at A, B. 

t ^ gg, cos g, Sa-i cos , 

CM. In some problems the velocity v is a given function of 
coordinatee of one or both ends of the curve. This does not 

It the differential equations, for in these the coordinates of the 

I, when filed, are merely constants. 

*rhe case is different when we vary the ends in that portion 
\e expresuon for it which is outside the integral sign. We 



i 
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must add to that expression the terms of S^ due to the vaiintiM 
of the ends. If ^Fo, y©* ^o', ^, J/u ^i, are the coordinates of the 
ends A, B,we then have 

where the &c. indicate terms with y and z respectively written 
for X. The conditions at the ends are then found by equating 
this expression to zero. 

594. The equations of the brachistochrone are found by equating the fink 
variation of the time to zero. To determine whether this ounre makes the time % 
maximum, a minimum, or neither, it is necessary to examine the terms of die 
second order. For this we refer the reader to treatises on the calculus of Tariadons. 
In most cases there is obviously some one path for which the time is a mininrom, 
and if our equations lead to but one path, that path must be a true brachistochrooe. 
In other cases we can use Jacobi's rule. Let JB be the curve from A ioB gifen 
by the calculus of variations. Let a second curve of the tame kind but with varied 
constants be drawn through the initial point A and make an indefinitely smsU 
angle at A^ with the curve AB, If they again intersect in some point C, the com 
satisfies the conditions for a true minimum only if C be beyond B. 

696. Theorem I. When the only force on the particle acts 
(like gravity) in a vertical direction, ^ = l/v is a function of s 
only, and the first two differential equations of the curve (Art 
591) admit of an immediate integration. Remembering that 
dx/ds = cos a, dy/ds = cos y8, it follows that the brachistochrone for 
a vertical force is such a curve that at every point v = acosa, 
v = b cos 13 y where a, jS are the angles the tangent makes with any 
two horizontal straight lines, and a, b are the two constants of 
integration. By equating the two values of v and integrating, 
we see that the brachistochrone is a plane curve. 

696. Theorem II. Let X, F, Z be the components of the 
impressed forces, the mass being unity; then since ^t;^ = i7 + C, 
we have X = ^dv^/dic, &c. The differential equations of the 
brachistochrone therefore become 

d fldx\ X ^ d f\dy\ Y ^ . ^ ,,, 

Let \, /I, V be the direction cosines of the binormal, then since 
the binormal is pei-pendicular both to the tangent and the radios 
of curvature 
^ dx dy dz ^ ^ d^x dhj d^z ^ 



H 




THEEE TSEOROIS. 
e values of X, Y, Z given m (1) we find 

\X + tJLY+vZ = (3). 

-esultant force is therefore i>erpendicular to the binortnal, and 



\rectio7t lies i 

d'j' 



the osculating plaiie. 



&c. be the direction cosines of the 



S direction of the radius of curvature, then 
. IZ + mY + nZ ll' + m' + i. 



i radius of curvature is at right angles to the tangent, 
I'term is zero, and we have 



lX + mY + nZ = -- 



patioQ proves that in any hrackistochrone the component 

T impressed forces along tJie radius of curvature is equal to 
Its the componeiU of the effective forces in the same direction. 

S97. To find the itresaure on the constraining curve. Let F,, 
te the components of the impressed forces in the directions 
he radius of curvature and binormal. Let i£,, iZ, be the 

ton the particle in the same directions. Then by Art. 526 
histochrone fj = and F, = -v'/p, hence R, = and 

B88. To find a dynamical interpi-etation of Theorem II. 

We see by referring to the equations of motion in Art. 597, 

■ if we changed the sign of F„ the component of pressure St 

Wbe zero, and the path would then be free. We also suppose 

iutial component of force to remain unchanged so that 

idty is not altered. It follows immediately, that a 

wie and a free path may be changed, eitlter into the 

Jf making tlie resultant force ai each point act at the same 

f the same directum of the tangent as before, but on the other 

i BtUl in the osculating plane. In this comparison the 

the particle, when free and when constrained, are 

tte^^me point of the path, i.e. v' = v. 
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699. Theorem in. The equations of motion of a particle 
P constrained to describe the brachistochrone are 

dsKvdsJ dx\vJ* dsKvdsJ dy\v)' 

If we now write vt/ = i* or, which is the same thing vds^^l^dt. 
where t/ = ds/dtf, the first of these equations becomes 

ds \ ds/ dx' 

Now v'dx/ds being the x component of the velocity, is eqnal to 
dxjdt'. Multiplying by v' or dsjdify the equations take the form 

de'«""2 dx' dtf*~2 dy' 

These are the equations of motion of a free particle P moving 

along the same path with a velocity v' and occupying the position 

X, y, z at the time t!. It follows that the brtichistochrone Jrom pcifd 

to point in afield U+ C is the same as the path of a free particle 

k^ 1 k^ 

in afield U' + C\ provided U' -^C = — jj — ^ ; La r' = — . 

To understand better the relation between the two fields of 
force we notice that if X, X' be the components of force in any 
the same direction at the same point, 



du y,_^dw . /^•Y 



We also notice that dffjdt — v/v'. 

600. This theorem is useful, as it enables us to apply to a brachistochrone 
the dynamical rules we have already studied for free motion. It also enables as 
to express at once the fundamental differential equations in polar or other co- 
ordinates. 

The first theorem (Art. 595) follows at once from the third, for when the force 
is vertical we see by resolving horizontally that v' cos a is constant. Since r'=£'/v, 
this gives the result. 

To deduce the second theorem, we notice that in the free motion v'^jp^Fi, 
where Fi is the component of force along the radius of curvature. Using the 
theorems r' = ifc'/t;, A''= - A' (A/r)*, (where A' is here J'\) this becomes t;'/p= -Fy 

601« Ex. 1. To find the brachistochroiu from one given curve to anathtft 
the acting force being gravity and the level of no velocity given. The motion ii 
supposed to be in a vertical plane. 

Let the axis of x be at the level of no velocity and let y be measured dova* 
wards; then «Ss2^. By Art. 695 the curve is such that rsaooscu This gin 
y = 2b cos' a, where 5 is an undetermined constant. This la the weU-knoifl 
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ptation of a cycloid, having its cutps at the level of no velocity. The radius of 
M generating oirde and the position of the. oasps on the axis are determined by 
le conditions that the cycloid oats each of the bounding curves at right angles; 
jrt. 593. 

Ex. 2. If in the last example the bounding ourres are two straight lines 
'hich intersect the axis of no velocity in the points L, 1J\ and make angles ^, ^' 
ith the horizon, prove that the diameter 26 of the generating circle is LL'Kfi - p') 
nd the distance of the cusp from L is 26^. Explain the results when the lines 
re parallel. 

•02. Ex, Show by using Jacobi's rule that the cycloid from one given point 
[ to another B is a real minimum, the level of zero velocity being given (Art. 694). 

The cycloid found by the calculus of variations passes through A and B and 
here is no cusp between these points. Describe a neighbouring cycloid passing 
brongh A and having its cusps on the same horizontal line, the radii of the 
jenerating circles being b and b-^db. Since the base of a cycloid from cusp to 
Qsp is 2t&, it is easy to prove that the next intersection of the two curves lies in 
i vertical which passes between the two next cusps. The cycloids therefore 
iannot again intersect between A and B and the time from A to B must be a 
ninimnm. See also Art. 654. 

•OB. Ex. Find the brachistochrone from one given curve to another when 
the acting force is gravity and the particle starts from rest at the upper curve. 

Fixing the ends, it follows, from Art. 601, that the brachistochrone is a cycloid 
having a cusp oti the higher curve. To determine the constants of the curve, we 
examine the part of 5t due to the variation of the two ends. Let d;^, y^; x^, y^ be 
the coordinates of the upper and lower ends, then v*ss2g(y-yQ). By Art. 698 
we have 

where ^=l/v and the expression is taken between limits. Now in our problem 



'dy^'dy deVds)' 



by using the differential equation of the brachistochrone in Art. 691. We there- 
fore have 

Remembering that 4> = l/o and t; = a cos a, this takes the form 

[dx+ tan aby^ - by^ [tan a]i=0. 

When we fix the lower end, we have, since y is measured downwards, dxi=0, 
I|f,s0. Hence 

-(aaro + tanao3yo)-*yo(t*n*i-*Mi«o)=0 (1). 

When we fix the upper end, &ro=0, ^0=^'* 

.*. dxj + tanaidyi=:0 (2). 

The lAit of these two equations proves that the brachistochrone cuts the lower 
curve at right anglest while the first, giving ^(J^x^^Syyl^j, proves that the 
tMmgetUe to the bounding curves at the points where the brachistochrone meets them 
are paralUU 

24—1 
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Ex. 1. A pariiele Citlla from rest at a fixed point il to a fixed point C, 
paBiring throo^ another point B ; find the entire path when the time of motion is 
a minimmn, (1) snppodng B to be a fixed point, (2) sapposing B constrained to lie 
on a given eorre. [Math. Tripoi, 186S.] 

The paths from A io B^ B to C are cjeloids having their cosps on a level with 
the point A. It is supposed that there is no impact at B in pasMng from one 
myeloid to the next. The particle describes a small are of a carve of great cam- 
tore and mores off along the next cjdoid without loss of velocity. 

We have jet to find the position of B when it is only known to lie on a giren 
curve. Taking the origin at A, and the axis of z vertically downwards, we hi,n 
t*=^gu The time is given by 

where accents refer to the lower cycloid. 

■■vw«=K(S-4'" *S -)]> [^f --ft'" - S -)!•« 

by Art. 592. Let (a, ^, 7), (a', /T, y'), {$, ^, ^) be the direction angles of the 
tangents at B to the two cycloids and to the constraining curve. Then remember- 
ing that A and C are fixed points and that B is varied on the curve, we have 

(cos a 006 9 + cos /3 cos ^ -f cos 7 cos ^) - (cos a' cos 9 + cos /S' 006 -f cos 7' cos ^) =0. 

It follows that the tangent to the lacu$ of B makei equal angles with the tangenU to 
the two eyeloidi AB, BC. This determines the point B, 

Ex. 2. Find the curve of quickest descent from a fixed point A to another C, 
supposing that a screen is interposed between A and C having a given finite 
aperture through which the path must pass. [So long as the curve AC can be 
arbitrarily varied the minimum curve is found by Arts. 591, 601. Hence if the 
single cycloid A C does not pass through the aperture, the minimum curve must pass 
through a point B on the boundary of the aperture. The curve then consists of two 
cycloids AB^ BC, and the position of ^ is found by Ex. 1.] [Todhunter.] 

606. Ex. 1. If the brachistochrone is a parabola when the force is paraUel to 
the axis, prove that the magnitude of the force is inversely proportional to the 
square of the distance from the directrix. [This follows from the equation 
v=a cos a.] Prove also that the time of describing any arc PQ varies as the area 
contained by the focal radii, SP^ SQ. [For cos a varies as 1/p, therefore dt varies 
as pds.] See also Art. 649. 

Ex. 2. A point moves in a plane with a velocity always proportional to the 
curvature of the path, prove that the brachistochrone of continuous curratnie 
between any two given points is a complete cycloid. [Math. Tripos, 1875.] 

We here hsLve jpd8=j<l>dx a minimum, where = (l + j/'')Vy"» Thecurrecan 
be immediately found by using two rules in the calculus of variations. Fint, 

we have «|0cfx=03x-i-(l> };/)«-!- r,,w'-fj(- Y/+Y,/')ufdx, 

where F,, Y„t are the partial differential coefficients of <p with regard to y', jT; 
<a=dy'-f/dx, and the part outside the integral sign is to be taken between limiti. 
Also accents denote differentiation with regard to x. The extreme points beiflf 
given, 8x=0, 5y=0 at each end. Hence exactly as in Art. 591, 592, tih^ 
differential equation of the curve is Y/-Y,/'=0 and r,,=0 at each end. Tb 
gives r,-F,/=i!. 



StcenJly, tho calculus of vftriatiooB gives also the tategial 

«=(r,-y„-)y' + r,y' + B. 

tUmintliog !'„' between our two firrt integmls we find <p = Aj/'+ r„y" + i(, 

tfaieb oonUinB two arbitrary oonataats A, B. SubBlitoting (or ^ and l'„, thiE 

Taking the straight Ime Aij-i-Sx — as an atie of £, this ia equivalent to 
t=Cma^ wfaere Bin^ = (Jii/rjf and C ie a constant. This ib the known equation of 
I ejoloid. The eouditioa 1*,, =0 at each end gives ij" iDlinite and (hereCoce psO. 
I!b# qjnloid is therefore complete. 

I Sx. 3. Prove that the differential equation of the braohistoobroue tram rest 
tt ODa given point J to another point B, when the length of Ihe ewrve it alio giorn, U 

■^+» = ^(l + (*)'[. IWT«.i..) 

! To DUtke jdtjv a minimum aabject to the oondition that jda ia a given quantity 
n OM ■ rate supplied b? the oolcnluB of YariationB. We malce /(X/i'4-l)i{( a 
ttiBtmam without regard to the given oondition and finall; determine the constant 
^ BO tliat tha arc hai the given length. 

408. Oonlxal Ibrc*. £x. 1. Prove that the brachiBtochroue for a central 
foroo F i» giveu by v = Ap, where Ju'^/Frfrand p iB the perpendicular from the 
sentie of force on the tangent. The mass is unity, as is uauai in these problems. 

The brachlstochrone is a free path for a particle moving al»ut the same centre 
bnt with snch a law of force that the velocity [t'=i'/r. Sinoe v'p=h b; Art. 306, 
■rs have v = Ap. 

Vliau t'=iai*, and the velocity ia equal to that from inGnity, the differential 
•qnatioD v = Ap can be integrated exactly ai in Arts. 360, 363. 

fix. 3. Prove that the same path will be a brachiHtochrone for F=iiJi'' and 
A free path for F^fi'u*** if n + u' = 2, provided the velocity iu each oa«e varies as 
jomo power of the distance. 

For ibe braohietochrone and the &ee paths rcepectivBly, we have 
ip' = V"-'/)" - 1). f"=2A'"---'/("'- !)■ 
TlieMUliflf)i theconditiotii.V = (:'if n+n' = 2, (Art. S99). 

Kr. a. Prove that the oUipse is a bractustoehrone lor a central force tending 
from the focne and equal to ^/(2(i - r)*. ITownncnd.] 

Thn Bonic ia a free path for a force liISP' lending to the focus S. Hence 
B^dng the force act on the other side of the tangent as described in Art. 59B, the 
COnle is a brachiatochrone (or an eijual force tending from the other [oous H. 

£x. i. Prove that the central repulaive foroe for the braehiBtochroniun of a 
pbiM BOrve varies aa rf {ji'l/dr, the circle of zero velocitj being given by tbe 
W(llibin« of p. 

Prove that the cisaoid i (i'-i-j') = 3ay' is bracfaiatoohronoue tor a central 
l^nlriva (one from the point (-a, 0) which at the distance r from that point ia 
proportional to r/(r^+16<iy, the partiete starting from rest at Ibe ciup. 

[Uatb. Tripos. le&S.] 



I 
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Ex. 6. Prove that the lenmiscate of Bernoolli can be deeeribed as a bndhis- 
toohrone in a field of potential fjo*, r being measured from the node of the 
lemnisoate, and find the necesBary velocity. [See Arts. 820, 606, Ex. 2.] 

[Hath. Tripoe, 1898.] 

Ex. 6. A particle, acted on by a central attractive force whose aoeeletatiiig 

effect at a distance r is . , ,,, , a being a constant, is projected firoma g^ven point 

(or + t*]r 

with the velocity from infinity. Prove that the form of the groove in whidi it mtut 

move in order to arrive at another given point in the shortest possible time ii s 

hyperbola whose centre coincides with the centre of force. [Math. Tripoa] 

Ex, 7. Show that the force of attraction towards the directrix of a catenizy, 
along perpendiculars to it, for which the catenary is a brachistochrone, will vsiy m 
the inverse cube of the perpendicular. [CoU. Ex. 1897.] 

607. Brachiftochrone on a lurfkce. To find the brachis- 
tochrone on a given surface we require only a slight modification 
in the argument of Art. 591. Proceeding as before, we find 

a = ^ ^^ &c + &c.) +J(PBx + QSy + RSz) da, 

where -P=t --r (""T")' ^^^^ similar expressions for Q and 

R. Since hi is zero for all variations of the curve on the sur&oe, 
we must have 

If f(x, y,z)^0 is the equation of the surface, the variations are 
connected by the one equation 

where suffixes imply paiiiial diflFerential coefficients. We must 
therefore have P/fx = QIfy — Rift* The equations of a brachisto- 
chrone on the surface /(re, y, ^:) = are therefore given by 

\dx V ds vda) I ''^'^\dyv ds vdsj '^^ " \dz v d^ vds) j ' 

If the brachistochrone is to begin and end at given bounding 
curves drawn on the surface, we equate to zero the integrated 
part of Bty taken between the limits. Fixing the ends in turn, we 
see that at each end the cosine of the angle between the tangents 
to the curve and to the boundary is zero (Art. 592). The brxLchis- 
tochrone therefore cuts the boundaries at right angles, 

608. By writing v = k*lv* as in Art. 599 these equations may be put intft 
the form 



».] 



ON A SURFACE. 



m u« tb« eqnstions of motion of a portiole moving tr«elj oa the oonBtnininK 
It follow! that the braehiitoebTOHe frtym point fa point oa a coiulraining 
in a jlil4 U+Ciia/ree path on the lamt ntrfaet in a fittd W + C , aher/: 
4r"=f; + C. iv^^U' + C, «.' = *>. 
IB relation between the component forces in any direction ie F'= - F I - J . 

If the particle is constrained by a smoolh nire to describe the brachisto- 
on the Burfaoe Kitlioot a ohange in tbe Qeld of force, prove that 

-v'aioxlp^a. r'coax/p-H+B, -2G = R^. 
1, O ate the coraponentA of the impressed forces along the normal to the 
e, Mid that tangent to the sarfaoe vbich is perpendicular to tbe path, and 
L Kf are tbe components of the pressure in the same dircctione. Also p ii the 
rvature of the path, and x the angle the osoalating plane makes with 
o the surface. 
[. Hm first te obtained by transforming the eqoation of motion of a free particle 
bxIp = 0' by the rule given above, the others then follow from ths 
J equations of motion of the particle P. 



other I 



ns derive a second surface from the given one by writing for the coordinate.? 
>f any point P some fanctions of i, ^, f, the ooordjuates ol a correspondiDg 
It 9- Let these fanations be snoh that 

V f> ia a [oDDlioD of (, ij, f. Geometrically this equation implies that every 
c da drawn from a point P on the surface bears the same ratio to the 
ending arc if? drawn from (J. viz. the ratio )i : 1. 
t The bracbietochrone on the given surface is found by making i 



fdi [tidff 



reloeity r of P is some given function of tbe ooordinatea of P. 

a terms of f, ^. (, this lulegral implies that the corresponding 
a the derived surface is also a bracbistocbrone, the velocity v' being given 
K ^=vlit. The work functions for the motions of P and Q are respectively 
»i{U+C) and('' = (f^+(7)/ft'. 

|}t we arrange matters so that ^/t> is oouBtant, the velocity on the second 
The brachiitochroiui on the givtn mr/aee then correipond to 
c* on Ihe derived turfact. 

imparison assists ns in determiutDg tbe point on a braohislochrone with 

id given at which the time ceases to be a minimum. 

■ Aie derived surface may be obtained in many nays, for example by using the 

d of Inversion. The theory of this surface is also nsed in making maps; 

M United States Coast Survey, Craig'i irratiie on Projectiont. The appliea- 

Blo brwhiBtochrones is given by Oatboux in his Thiorie gintratt dei Surface: 

%,ft*. A particle P moves on a sphere under tbe aotion ol a centre of repulsive 

N tituated at a point oa the surface, and the velocity v at any point diilant 
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r firom O ii v^Af^. Pro?e that the bimehistoGhrone from one given point to 
another ii a dzde whoee plmne peeeoe throngh 0. 

InTerting the sphere with regard to 0, the diameter 2a being the oonttaiit of 
invenioii, the deriTed mxUee is a tangent plane. The oorre is traced out bj Q, 
nsoally called the ttereographie prpjection of that traced by P. The ratio of ^ 
elementaiy ares described by P and Q are in the ratio t* : 4aK Hence if the pith 
of P is a brachistochrone for a Telocity v^Af^, that of Q is a brachistoehrone for 
a oniform vdodty. The path of Qis therefore a straight line and that of P b t 
circle. Another proof follows from Arts. 608, 818. 



610. Bertraad's thmamtn. A series of brachistochrones is drawn on a gm 
sor&oe from a point A, and the arcs AB^ AB\ &e. are described in eqoal tnnei, 
the velocity at A being given. Prove that the locos of B cots all the brtdiitto- 
chrones at right angles^ 

The following amounts to Bertrand's proof. If possible let the angle ABB be 
acnte. Drawing the arc BC so that the angle CBB*>CB*B, the aides of tbe 
triangle BCB' will then be elementaiy and the triangle may be regarded as reeti- 
linear. It follows that the are CB'> CB. The time of describing CB* is > than 
that of describing CB because the velocity at every point in the neighbonihood of 
C is ultimately the same. The time of describing the line ACB is therefore lees 
than that of describing AB' or AB. The path AB could not then be a bradiisto- 
ehrone. This proof is the same as that used by Salmon in his Solid Geomdnft 
Art. 894, to prove the corresponding theorem for geodesies. Bertrand*8 theorem ii 
now generally enunciated in a generalised form and to this we proceed in the next 
article. 

611. A surface 5| being given, let us draw from every point A on it that 
brachistochrone which starts off at right angles to the surface. Let lengths AB be 
taken along these lines so that the time t of transit from the surface along each is 
equal to a given quantity. The locus of the extremities B traces out a second 
surface which we may call S^, By Art. 592, we have 

6t = &r, cos djv^ - Bffi COS djvi . 
By construction cos ^^=0 for each line and, since the times of describing neigh- 
bouring lines are equal, dt=0. It followt that the turf ace 5, alto cuts the linet at 
right anglet. 

If the surface S^ is an infinitely small sphere all the brachistochrones diverge 
from a given point A, The locus of the other extremities of the arcs drawn from A 
and described in equal times is therefore an orthogonal surface. 

This proof may be applied to brachistochrones drawn on a given surface bj 
expressing the conditions at the limits in Art. 607 in a form similar to that in 
Art. 592. 

This theorem though enunciated for a brachistochrone applies generally to 
problems in the calculus of variations. The time t may stand for any integral of 
the form J^ . dt where ^ is a given function of x, y, x, and the curve is such that 
the integral is a minimum between any two points taken on it. 

6 IS. Ex. 1. Prove that the equations of a brachistochrone on a surface rf 

d^ 
revolution for a heavy particle with a given level of zero velocity are r'^si^ 
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t'=3fi, when r, f>, I ue cjliDdrical coordin&tsB, i being meABiued downwards 
Ekibi the (ero terel. Prove also thai the brochlstochroDe touohes the meridiaD at 
Qm wm level. 

Bx. 3. A heavy particle is projected bom a given point along a smooth groove 
out on the entlwe of > right circular cone whose aiia is vertical and vertex 
Sjiwards. with a velocit; doe to the depth from the verlai. Prove that, if it reach 
mnotbor given point Dot more than half-waj round the cone in the least poanible 
lim*! the eorve of the groove must be such as wonld, if the cone were developed, 
bwiiilllil A pwabola with the point corresponding to the vertex as focas. 

[Math. Tripos, 1873.] 

Ef. 3. Prove that the hrachistochrone on a vertical cylinder lor a heavy 
(MrUole with a given level of zero velocity becomes the brachistochroQe on a 
nrlleal plane when the cylinder is developed on the plane. [Boget.] 

Kx. 4. Find the hrachistochrone when the velocity at an}* point of space is 
fniportiaiul to the diatanoe Crom a given straight line. Prove that the curve Ues 
OB a ■phare and calf all the circles whose planes are perpendicular to the given 
■tntight tine at a oonBtant angle, i.e., the curve is a loiodrome. [Tail.] 



Motion of a particle relative to the earth. 

613. Let bo any point on the surface of the earth and let 
X be its latitude. Then X is the angle which the normal to the 
Bur&ce of still water at makes with the plane of the equator. 
Let OL = 6 be a perpendicular from on the axis of rotation. 
Let o) be the angular velocity of the earth, then the earth turns 
rooDd its axis from west to east in the time 2n-/oi. 

Aa we intend to discuss the motion of a particle P relative to 
axes moving with the earth and having the origin at 0, it is 
convenient to begin by reducing to rest. We therefore apply 
to the particle P an accelerating force equal to cat and acting in 
the direction LO. We also apply an initial velocity equal to wb 
opposite to the direction of motion of 0, i.e. in a direction due 
westwards from 0. 

When the particle has been projected from the earth it is 
acted on by the attraction of the earth and the applied force to'b. 
The force usually called gravity is not the attraction of the 
Mrth, bat i>t the resultant of that attraction and the centrifugal 
force. The form of the earth is such that at every point of its 
mtr&ce thia resultant acts perpendicularly to the surface of still 
w*ter. Let g be this force at the point 0. then when the particle 
18 At 0. an<l has been reduced to rest, the resultant force is 
nted by g. 
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ii 



When the moving point P has ascended to a height A, the 
attraction of the earth is altered and is nearly equal to jr(l — 2A/a), 
where a is the radius of the earth. Since h is usually not more - 
than a few hundred feet and a is roughly 4000 miles, it is obvious . 
that the change in the value of gravity is so small that, for a . 
first approximaHon at least, we may regard gravity as a forcB 
constant in direction and magnitude. Since 27r/o> is 24 hours, we 
find that co^a is nearly equal to g/289. Hence if we neglect ghja 
we must also neglect col^h at all points near 0. The applied force 
oB^h is not neglected because at points near the equator 6 is nearly 
as large as the radius of the earth. 

614. The equations of motion of a particle referred to axes 
moving with the earth have been already formed in Art 499. 
We have here merely to express the components du 0%, 0^ y^ 
terms of the angular velocity 6> of the earth. We then substitute 
the values of the space velocities u,v,w m the equations of the 
second order and neglect all terms of the form es^x, tgh/, w^z. We 
thus find 

where X, F, Z are the impressed forces other than gravity, the 
mass being unity. 

616. '^t will clearly be convenient to choose as the axis of s 
the vertical at 0. If the axis of a? be directed along the meridian 
towards the south and the axis of y towards the west, we have 

di = (o cos X, ^2 = 0, ^s = — 6) sin \, 
since X is the latitude of the place. 

It is sometimes necessarj'- to take the axis of x inclined to the 
meridian at some angle yS, the angle yS being measured from the 
south towards the west. We then have 

01 = (0 cos X cos yS, 0^ = — (o cos X sin yS, tf, = — ca sin X. 

616. If we wish the axes to move round the vertical with 
an angular velocity/), we have fi^pt + e, where € is some oonstaai 



I then have 

tf, = w cos X cos ,S, Pj = — (0 cos \ sin j9, flj = — m sin \ + p. 

roompoDcnts 8, , 8„ fl, are not now constants, and in making 
Bubetitutions for e*, v, tti in the equations of motion their 
liBrential coetficients will not disappear. But if p be any small 
jpuitity of the same order as w. these differential coefficients are 
j the order m'. The equations of motion will then be still 
tecsented by the forms given in Art. 614. 

|1 617. As in some few cases it is necessary to examine the 
cms which contain to', we give the results of the substitution 
iftco the axis of z is vertical, while those of x, y point respec- 
•tjr southward and westward : 



d'x 

I lie 

dP~ 
d'g . 



+ 2<u sill X .^ - 



i^'Kx — to' sill X cos \z 



wsmX ,- — 

at 



■X. 



• 



I Bi. A particU P u atuiched lo a point A at the lummit of a high toirer 
m in relativt rttt the particle I'i allowed to full freely. Tlit point A being 
Bit k renieally above O, it ie required lo find the point at which the particle 
M Aoriionbii plane at O. 

axes ot X, y lo point Aae soutli and weat, I he eqiHlione of 



^tfoosx, 6,= -wsio \, and theaca 

it tpproxim&lioii, we neglect tbe tt 
y t, y, x", y'. i' axe each zero 



■0. t" + 'iy'B,= -g, 
» deoote <l/ill {Act. 611). 



B St r-0, y = 0. 



■e BuhBtitiit« thefte Ttlnes of x, y, i in th« termi of 

mtisl equitioDB which aontaio eoru. WeobtaumfteranRUyinlcgntion 

l/=Cl + D-lfll'fli. i = F.t+F-i!,f>. 

I being inilially in relative retl we have x'=0. y'-O. I'-O, beooe 

^0, £=0. The initial telocUiea in ipore are nut required here, bat {aftei 

n.Mduoed lo rest) these are given by ii = 0, r=. -h8,, ir=0. To the 

'wwiniiy add the velooitjof O, via, -ub. AUo wlien ( = 0, we haTex = 0, 

■- T=0, y=-igt'9„ i = h-igt*. 
m from ttie value of t that the vertical motion ii unaffected by the rotaliott 
ph. nw lime of falling is given by fi = }f(t'. Since ^ = throughout 
^ "^ particle atrikei the boriaontal plane on the udt of y, and there ii 



JJtT. 621.] TWO CASES OF MOTION. 381 

Supposing the axis of ^ to be vertical, the horizontal velocities 
Axjdt and dyldt are small compared with the vertical velocity 
dzjdi in the first case. The products of the horizontal velocities 
-by « are therefore of a higher order of small quantities than the 
product of the vertical velocity by 6> and should be neglected in 
a first approximation. 

In the second case, on the contrary, dzjdt is small and we 
neglect its product by ©. The two sets of equations are therefore 
as follows (Art. 614) : 






d^z 



df 






We notice that when the motion is nearly vertical the com- 
ponents 01 y 02 enter into the equations, while 0^ does not appear 
until we proceed to higher approximations. It is therefore the 
component of the angular velocity about a tangent to the earth 
which affects the motion. 

On the other hand when the motion of the particle is nearly 
horizontal it is the component of the earth's rotation about the 
vertical, viz. 0,, which plays the principal part. 

If we compare the x and y equations for the case in which 
the motion is nearly horizontal with those given in Art. 614, 
when the square of 6> is neglected we see that they express the 
motion of a particle moving freely in space but referred to axes 
which turn round the vertical with an angular velocity 0^. If, 
as is generally the case, the forces X, Y are either zero or in- 
dependent of the changes of the nearly constant quantity z, we 
can thus obtain these equations in an elementary way. The particle 
moves freely in space, unaffected by the rotation of the earth, 
but the axes of reference move round the vertical and leave the 
particle behind. This geometrical interpretation of the equations 
may be made more evident by considering some simple cases. 

•91. As an example comider the eaae of a pendulum. When the bob makes 
fmall oseillations the motion is nearly horizontal. To construct the motion we 
■oppose the pendnlnm to oscillate freely in spaoe (with the proper initial conditions). 
This oscillation is left behind by the earth, and the effect is that the plane of 
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OBoillation appears to revolve about the vertical with an angnlar velocity eqoil ini 
opposite to the vertical component of the earth's angular velocity. The pkne of 
oscillation therefore turns from west to south with an angnlar velocity ttmX, 
This problem is more fully considered in Art. 624. 

6SS. Flat traJ«etorlea. A bullet is projected from a gun, situated at Ae 
point O, with a great velocity F, in a direction making a small angle a with the 
horizon 80 ihaX the trajectory ii nearly flat. It is required to find the motioB. 

The initial velocity of the bullet in space (after has been reduced to zest) i> F. 
After leaving the gun the bullet describes a parabolic path in space, while the im 
of reference turn with the earth round the vertical at 0, and the bullet ii kft 
behind by the axes (Art. 620). Supposing that the initial plane of xs oontiinB fte 
direction of projection, the coordinates of the bullet at the time t are evidently 

x= rt cos a, y= - x0^ where ^,= - w sin X. 

The deviation y is therefore always to the right of the plane of firing in the 
northern hemisphere, and to the left in the southern hemisphere. If ii be the 
range the whole deviation is Rt<a sin X. We notice also that the deviation y ii 
independent of the azimuth of the plane of firing, and that the time of describing 
a given distance x is independent of the rotation of the earth. 

The third equation of motion (Arts. 614, 615) gives 

d^z dx 

— =-<7 + 2^2^ , .*. z = Vt Bin a - igt^-Vwt* COB a eoB\Biapt 

where ^3= -w cosXsin/3 and p is the angle the plane of firing makes with the 
meridian. The vertical deviation of the bullet from its parabolic path at the 
moment of reaching a target distant x from the gun is therefore -art» cosXiin/S. 

6S8. Beviation of a projeetlle. Ex, A particle is projected with a ?eloeitj 
F in a direction making an angle a with the horizontal plane, and the verticil 
plane through the direction of projection makes an angle p with the plane of the 
meridian, the angle p being measured from the south towards the west. If s if 
measured horizontally in the plane of projection, y horizontally in a diredioo 
making an angle jS+i^r with the meridian, and z vertically upwards from the point 
of projection, prove that 

x= Kcos at + (Ksin ot' - \g^) w cos X sin /8, 
y = {V sin at^ - ^gt^) w cos X cos /3 + Fcos at^ cu sin X, 
z^VBinat-^gt^- K cos at^w cos X sin /3, 
where X is the latitude of the place, and ut the angular velocity of the earth. 

Prove also (1) that the increase of range on the horizontal plane through the 
point of projection is 4b; sin p cos X sin a (i sin^ a - cos^ a) V^lg\ 

(2) that the deviation to the right of the plane of projection is 
iu sin^ a (^ cos X cos j3 sin a + sin X cos a) V^lg^^ 
and (3) that the time T of flight is decreased by 2T cos a cos X sin /3 Vt^lg. 

It is not usual in practical gunnery to take account of the rotation of the aaxtk 
except when V is very great, and then only the terms containing V are pezoeptibia 

624. Disturbance of a pendulum. A particle of mass f 
is suspended by a fine wire of length I from a point fiz0 
relatively to the earth, and being drawn aside, so that the wii 
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lakes a small angle a with the vertical at 0, is let go. It is 
squired to find the motion ; see Art. 621. 

The equations of motion are those given in Art. 614. Taking 
le axis of z vertical and the origin at the position of equilibrium 
r the mass m we see that the ordinate z is less than Z(l — cos a), 
nd the terms of the form Odzjdt are of the order Zo)a': these we 
lall reject. Let us also make the axes of x, y turn slowly round 
be vertical with such an angular velocity p relatively to the 
arth that 0, = — fi>8in\+j> becomes zero, as explained in Art. 
16. The equations of motion are now 

dt^^ mr d^~ mr .^. 

irhere T is the tension of the string, and d^, 0^ have the values 
;iven in Art. 616. 

The third equation proves that the tension T differs from mg 
»y quantities of the order la)a at least. Since x/l and y/l are of 
he order a, and we have agreed to reject terms of the order a)a*, 
re must put T^nig in the two first equations. 

Since the two first equations are independent of co, the motion 
)f a real pendulum when affected by the rotation of the earth is 
lie same as that of an ideal pendulum, unaffected by the rotation, 
mt whose path, viewed by a spectator moving with the earth, 
appears to turn round the vertical ^vith an angular velocity 
> s » sin \ in a direction south to west. 

If In^ ss g, the solutions of the equation are clearly 

x^Acosint-hC), y^Bsm(nt-^D) (2). 

!t appears that the time of oscillation, viz. 27r/n, is unaffected by 
lie rotation of the earth. To determine the constants of inte- 
pration, we notice that when the particle is drawn aside from the 
vertical and not yet liberated, it partakes of the velocity of the 
>arth and has therefore a small velocity relative to the axes, 
rhis is equal to — Zaa>sin\ and is transverse to the plane of 
lisplaoement. Taking the plane of displacement as the plane 
>f xz at the time t^O, the initial conditions are 

X'Bla, y = 0, dx/dt^O, dyldt^^^lamamX. 



384 MOTION RELATIVE TO THE EARTH. [CHAP. Ym. 

It is then easy to see that 

The particle therefore describes an ellipse whose semi-axes are 
A and — B, Since the ratio of the axes, viz. w sin X tj{llg) is 
very small, the ellipse is very elongated and the particle appears 
to oscillate in a vertical plane. The effect of the rotation of the 
earth is to make this plane appear to turn round the vertical 
ivith an angular velocity a) sin X. 

6S6. It is known that, independently of aU oonsiderstions of the xotatkm of 
the earth, the path of the bob of a pendnlom is approximately an eOipae whoM 
axes have a small nearly uniform motion round the TerticaL This progression of 
the apses vanishes when the angle subtended at the point of suspenaioQ by either 
axis of the ellipse is zero ; see Art. 666. Ais the presence of this progresaioD viQ 
complicate the experiment, it is important (1) that the angle of displacement should 
be small, (2) that the pendulum when drawn aside should be liberated without 
giving the bob more transverse velocity than is necessary. This is nsnally efieelsd 
by fastening the bob when displaced to some point fixed in earth by a thread, and 
when the mass has come to apparent rest it is set tree by burning the threai 
The progression of the apses due to the angular magnitude of the displaoaiMDt 
is in the opposite direction to that caused by the rotation of the earth. 

The advantage of using a long pendulum is that the linear displacement of th« 
bob may be considerable though the angular displacement of the wire is veiy imiU. 
The bob should also be of some weight, for otherwise its motion would be aooo 

destroyed by the resistance of the air; Art. 113. 

626. As we have rejected some small terms it is interesting to examine if 
these could rise into importance on proceeding to solve the equations (1) to a 
second approximation. To determine this we substitute the first approximation of 
Art. 624 (2) in the differential equations. The third equation shows that Tltn-g 
has two sets of terms. First, there are terms independent of u which lead to the 
solution already obtained in Art. 555, and need not be again considered here. 
Next, there are terms which contain w as a factor and have the form sin(Rti/3) 
where ^=pt, Art. 616. These when multiplied by x/Z or y/f give no terms of the 
form sin jit or cos ut. None of the terms which contain <a can rise into importance 
(Art. 303). 

627. The idea of proving the rotation of the earth by making experiments on 
falling bodies originated with Newton. But more than a hundred years elapsed 
before any observations of value were made. In 1791 Guglielmini of Bologns 
made some experiments in a tower 300 feet high. The liberation of the balls vti 
effected by burning the thread by which they were suspended, and this was not 
done until they had entirely ceased to vibrate as observed by a microscope. The 
vertical was determined by a plumb line, but he had to wait several months before 
it came to rest. The results were disappointing for they showed a deviation 
towards the south nearly as great as that towards the east. This disorepan<7 mf ' 
due to two causes, (1) the numerous apertures in the walls of the tower caniii 
slight winds, (2) the vertical was not ascertained until a change in the aeaaons hv 
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^ BKernl iu ponitiaii. Other eiperitneitU were nittde b? Bsuzenberg aboQl 1803 in 
HunbUTR, but Iteich's espeiimenta in 1831—3 in ibe mines at Freiberg are 
gaienUj conKlilered lo be the moet icDportBot. Tbe Leight of the fall was ISej 
metnis rniij the mean of lOG eiporimeiita gave a deviation to the east of 28J 
iniUimitrt-B. the deviatiuD to the couth being about & twentieth of that towards the 
MUt. These were the e:q)e[iilient5 that Poissou selected to teat the theory; he 
Hhowed tliat the obsetved easterly deviation vas within s thirtieth of that given 
by culcoliitioii. PoiBBon also invealigateB the general cquntions of motion of a 
particle relative to the earth and obtains equatioiiB equivitlent to those given in 
AM. GIT. He Iben applies them to a variety of problenis. Jvumul de I'icole 
p^yttchnlgur, 1838. 

The defeet of eiiperiment>: on falling bodies is the smallneis of the qoantitisH 
lo be meMored. In 1S51 Foucautt inventi^d a new method; he abowed that the 
plftne of o«lllation of a simple pendulum appeared to rotate round tbe vertical 
wilh on angular velocity eqnal and opposite to tbe component of (be earth's 
HiKuIar velocil?. The advantage of thia method is that the experiment can be 
MKiUsacd through several hours, so that the slow deviation of the pendulum can 
b (u it were) iute^rated throngh a time long enoagb to maJie the whole displsoe- 
nuBf vary large. Foucault's experiment was wiilelj repeated with many improve- 
■MoU. Among English experiments we may mention those by Wormsin 18fi9 
El King's College, London, in Dublin by Galbraith and Haoghton, at Bristol, at 
iUmdeen, nt Waterfotd in IS^S. The accuracy of the nielbod ie aaoh that it is 
posaibte to dedo«o the time of rotation of the earth. Foucault'a ubservatiooB gave 
aS», 3B", 57". while the repetition ot the experiment at Witetford led to 24'; !•'. SO", 
ihs true tiiu« Ijing between the two (see y.nsineeTtng, July G, 1895). Though the 
««ty.rlmeDt can be eniily tried when only the general result is required, yet many 
■lifflottlticB aritw when the deviation has to be found with accuracy. Indeed 
Foaoanlt admilteil that It whs only after a long series o( trials that be made (be 
up«ri]iicnt Buooeed ("I'e ISiillrOn ilt In SoeWW Attrvninitiquc de France, Deo. 1896). 

Inversion a>\d Conjugate functions, 

628. Inveraion*. Let a point P of unit mass move under 
the action of forces whose potential in polar coordinates ia 
U™/\r, d. <p). Produce any radius vector OP of the path to Q, 
wbero OP. OQ = k'\ the locua of Q is called the inverse path of 
that of P and any two points thus related are called inverse 
points. Let OP = r. 0Q = p. 

Let P", Q' be two other inverse points near the former, then 
KtDCu OP .OQ = 0P' .OQ!, a circle can be described about the 
qu«drihitcrftl PQF'i^. The elomenlary arcs PP\ Qq are there- 
fore ultimately in the ratio r : p. If the points P. Q move so as 

* Tbn reader may ounsult a paper by Larmor in Tlif Proccedingt of thr [,onilon 
ilMliniuitlcitl Soetftg, vol. iv. ISB4. The principle of least action is there applied 
to bolb the method of Inversion and that of Conjugate fnnotions, 

a.D. 25 
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to be alwajrs inverse points, their velocities u, u,, are connected by 
the equation u/tii = r/p. 

The position of the point P in space is determined either by 
the quantities (p, 0, <f>) or (r, 0, <f>). Choosing the former as the 
coordinates, the Lagrangian equations of the motion of P are 
deduced from 

r = Ju« = i ^ (p'« + p«^« + p* sin« 0<f>'^X 

These equations contain only the polar coordinates of Q. They 
primarily give the motion of a point Q describing the inverse 
path in such a manner that P and Q are always at inverse poiDte. 

Let us now transpose the factor k^/p^ from T to U. We then 
have (Art. 524) 

The Lagrangian equations derived from these give the motion of 
a particle which describes the same path as that of Q, but in a 
diflferent time. Let the particle be called 11. The form of T, 
shows that IT moves as a free particle, acted on by forces whose 
potential is JJa- We see also that the masses of the particles? 
and n are equal. See also Art. 650, Ex. 2. 

The path of either particle may be inferred from that of the 
other. If the path of the particle P described with a work function 
fir, 6,<f>)-\-C is knowriy then the other particle 11, if properly pro- 
jected, will describe the inverse path, with a work function 



^ 



"""p'V^T ■'■*>"]■ 



629. To find the relation between the velocities u, v of the 
particles P, TI, when passing through any inverse points P, Q, 
we notice that by the principle of vis viva ^tt« = C/'-f C, |t;* = P,. 
It follows immediately that v = ukF/p^, and therefore that ur = vp» 
Since the planes of motion OPP", OQQ coincide, the angvkar 
momenta of the particles, when at inverse points of their patHiMt 
about every axis through the centre of inversion are equal. 

The constant C is determined bv the consideration that ti 
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known velocity u in the given path must satisfy the equation 

The particles P, 11 do not necessarily pass through inverse 
points of their respective paths at the same instant. Let t, r 
be the times at which they pass through any pair P, Q, of inverse 
points; t + dt, r-^-dr the times at which they pass through a 
neighbouring pair P', Q' of inverse points. Since the elementary 
arcs PP', QQ^ are in the ratio r : p while the velocities of P, IT 
are in the ratio 1/r : 1/p, it follows by division that the elementary 
times dt, dr are in the ratio r* : p\ The relation between t and r 

is found by integration from -j- = — . This agrees with the ratio 

given in Art. 524. 

Supposing that the particles P, 11 are projected from inverse 
points on their respective paths, their initial velocities must be 
inversely as their distances from the centre of inversion. The 
initial directions of motion must be in the same plane and make 
supplementary angles with the radius vector which passes through 
both the initial positions. 

•so. If the particle P is constrained to move on a surface the argument 

needs but a slight alteration. The inverse point Q describes a curve which lies on 

the inverse surface. Let (p, $, 4>) be the polar coordinates of Q ; then these may 

also be taken as the Lagrangian coordinates of P. Using the equation of the 

dp do 
inverse surface, we have P'=;^ ^' + ^ ^'* Substituting the values of p, p' in the 

expressions for T and U+C given in Art. 628, we proceed as before and arrive at 
similar results. 



•ai. Tbe PMasoTM. When the particles P, H are constrained to move on 
a surface and the inverse surface respectively, the preuurei J7p jR,, at any pair of 
inverte pointi are such that Rji*=R^f^, 

To prove this we take any axis of x and resolve the forces on the particles 
perpendicularly to the meridian plane zOPQ, Art. 491. We then have 

I dA I dU „ 

— . -a jT = ^~3 j- + i<|COSO,, 

r sm dt rBuid d^ ^ ^ 

I dA 1 dU. „ 
— ! — s J = — : — 7< -rr +it9C0Saj, 
p sm 6 dr p Bin d d4> ' ^ 

where A is the angular momentum of either particle about the axis of i. Art. 629, 
and <{|, <ir are the times respectively occupied by the particles in passing from any 
pair of inverse points to an adjoining pair. 

The forces J2|, iS^ act along the normals to the two surfaces. To understand 
the geometrical relations, we describe a sphere passing through P, Q and touching 
one rarfaoe. Then since the sphere has the property that for every chord the 
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product OP,OQiB the same, the sphere will touch the inyerse surface also. The 
normals therefore meet in the centre of the sphere and will make equal angles with 
every straight Hne perpendicular to the radius vector OPQ. The angles a,, a, ol 
resolution are therefore equal, if the reactions are taken positively towards the 
centre of the sphere. 

Since f^dt^r^dr and p^U2=r*{U+C), we see at once that r^Ri^f^R^. Sinee 
ur^vp, we have RJt^=ItJv^t i-e. the pressures at inverse points are also as the 
cubes of the velocities. 

Ex. Deduce from the relations pTTjsr* (rr+ C), itt*= 17+ C, 

(1) that the parallel components G, O' of the impressed forces on the partideB 
P, n in any direction perpendicular to the radius vector are connected by the 
equation f^Q'^f*Q, 

(2) that the radial components F, F\ are connected by f^F'+r*F= - 41^(17+0). 

68S. Ex, 1. The path of a free particle under the action of no forces is i 
straight line; in this case we have u>=2C7=2C. By inversion the path of a free 

particle, when v^=u' -0=217,, is the inverse of a straight line, i.e. a circle passing 

through the origin. This gives l7j=CAfVp*i and the central force ^=40**/^*. 
This is Newton's theorem that a circle can be described freely about a centre of 
force on the circumference whose attraction varies as the inverse fifth power of the 
distance. 

Ex. 2. Show that a particle can describe the curve p'sa'cos'^^ + Csin'tf 

nnder the action of a force F in the origin which varies as-; ]'~s'^m'~9^* 

When the axes a, 6 of the curve are so unequal that their ratio is greater 
than «y/2, the force F changes from attraction to repulsion as the particle proceeds 
from the extremity of one axis to the other. Verify this by tracing the curve, 
and show that the curve is convex at the extremity of the lesser axis. 

Ex. 3. Prove that the central forces F, F, under the action of which a curve 
and its inverse can be described about the centre of inversion are so related that 

- w;r- + -rs- = 2 -^ ; show also that the velocities v, v' at inverse points are connected 

by vr=v'r\ [This follows easily from the expression for F given in Art. 310. 
When h = k\ Art. 629, this sgrees with Art. 631, Ex.] 

Ex. 4. A particle P moves on a sphere under the action of a centre of 
attractive force situated at a point on the surface, and the velocity v at any 
point is Bjr^ where r = OP. Prove that the path is a circle whose plane passes 
through 0. 

Inverting the sphere, we find that the stereographic projection is a straight 
line. The result follows at once, see Art. 609. 

633. Coi^ugate fiinctions. Let the Cartesian coordinates 
i^> y\ (f > v) of ^wo corresponding points P, Q be so related that 

aJ-^yi^fi^ + vi) (1), 
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where /is any real ftmction and i = \/(— 1). Expanding the right- 
hand side we have 

a: + y» = 0(f,i7) + ^(f,i7)» (2), 

where <f> and '^ are real functions. The transformation is therefore 
effected by using the equations 

^^<l>(lv). y^^ilv) (3), 

the motion of P following geometrically from that of Q. Differ- 
entiating (1) we find 

/. a?'* + y'* = ;.^ {f '« + V'} (4), 

where /i' is a real positive quantity given by 

M-* =/' (^ + Vi) -m - Vi) (5). 

Let U=F(x,y) be the work function of the forces which act 
on the paiticle P. The motions of P and Q may be deduced by 
the Lagrangian rule from 

T = iM' (r* + V'% U = F{i> (I v), t (f . 17)1. 
the constant of U being included in F for the sake of brevity. 
Transposing the factor fi^ to the work function, the equations 

give by the same rule the motion of a particle 11, whose mass is 
equal to that of P, which (when properly projected) will describe 
the same path as the point Q, but in a different time, Art. 524. 

To find the relation between the velocities u, v of the particles 
P, n at corresponding points of their paths, we observe that 
since ^u' « 27, \^ a U^, the velocities are such that v ^ fiu. 

To find the ratio of the times dt, dr we notice that, by (4), 
the corresponding arcs ds, da are such at cb = /Eid<r, while ijlu == v. 
It follows by division that dt = /i'cfr. 



Ex. It is known that a particle can describe the ellipse x'/a'+yV^^ ^t 
with a force tending to the centre equal to xr. It is required to find the conjugate 
path and law of force when we use the transformation x^yi=((dbiy£)"/e"~^. 

Let x=rcos(?, y=ir%md\ (spcos^, i7spsin^; the equation of transforma- 
tion then gives 

The equation of the path is therefore 

cos' n^ sin* n0 __ c**"* 
~~^^'^~W " p* ' 
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Al«>. M"=/'U + iK)/'U-ir«)=n«(?+iP)-Vc*»-«; 

Ag&in in the elliptio orbit, 

u«=2(rr+q=ir(a«+6«-r»). 
Henoe sinoe v^/mu, 

••• -'-f = ^,.-' j(-l)(a'-HM)-'?'^i)^j. 

The ratio of the angular momenta, Tiz. vplur^ is easily seen to be eqoal to n. 

When nss - 1, this transformation becomes r=<^lp, ^= - ^. The transforms- 
tion reduces to a simple inversion, except that ^ is measured positively in the 
opposite direction to $. 

aSA. Ex. If the particle P is constrained to move on any given curve with a 
work ftinetion U, while the equal particle n is constrained to move on the 
conjugate curve, with a work function U^=/iW, the pressures itj, 12, on the two 
curves are in the ratio of the cubes of the velocities, i.e. RJvfl^RJv^, This gxrea 
also i{,=/i'i2|. 



The grouping of trajectories and JacchVs solution. 

636. The Cartesian equations of the motion of a free particle 
of unit mass are 

dU dU dU ^,. 

and to these we join the equation of energy 

t;» = a:'« + y'' + /' = 2[7+2C (2). 

When the equations (1) have been integrated we have a:, y, z 
expressed by three functions of t with six constants whose values 
become known when the initial values a, 6, c of the coordinates 
and the initial velocities a\ b\ d are given. 

Since t enters into the equations (1) only in the form dt, the 
diflferential equations are not altered by writing < + € for t. One 
of the constants of integration therefore enters into the solution 
as a mere addition to the time. When we eliminate the time we 
arrive at two equations which are the equations of all the possible 
trajectories in space. The constant 6 disappears with f, and the 
equations of the possible trajectories contain five constants, of 
which the energy C may be regarded as one. To understand th« 
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relations of these trajectories to each other it becomes necessary 
to group them into systems. 

We first group the trajectories according to the values of the 
energy C. Taking any one group, having any given energy, the 
four remaining constants are determined for any special trajectory 
when the coordinates of some two points -4, B arbitrarily chosen 
on it are given. 

637. Action. If ds be an element of the arc of the trajectory, 
the integral V^fmvds is called the action as the particle passes 
from A toB, If mv' be the vis viva of the particle in any position 
we also have V^Jmv^dt, the limits being the times ti and t of 
passing through A and B. When we are only concerned with the 
motion of a single particle, it is convenient to suppose its mass 
to be taken as unity. 

Considering a single particle, let 8 be measured from A to B 
along the trajectory of least action and let the length AB be L 
Let A'R be a neighbouring trajectory (Art. 590) from some point 
A' near A to a, point R near B, Proceeding as in Art. 591, writing 
V for ^, we find 

«r=[.|8.+fc]+/[|*-|(,g)}j.+4..4jsc]^...(3), 

where the part outside the integral is to be taken between the 
limits A and B and the energy C has been varied for the sake 
of generality. It is easy to deduce from the equations of motion 
(as in Art. 599) that the coefficients of Bx, Sy, Sz inside the 
integral are zero. Also since it;*= l7+(7, we have vdv/dC=^l. 
Since vdxjds is the x component of the velocity we thus have 

8 F = a?'&r + y% + z'hz - a'Za - Vhh - c'hc + (^ - ^i) SC. . .(4). 

When we consider the motion of a system of particles, either constrained or free, 
and all taking different paths, it is more convenient to take t as the independent 
variable. Let us imagine the system to be moving in some manner which we will 
call the actual coarse. Let the work fonotion of the field be U and let L be the 
Lagrangian function, then L=r+ 1/ (Art. 506). Let ^j, ^s, <fco. be any indepen- 
dent coordinates of the system, a^, a,, <ftc their values in some position A occupied 
by the system at a time t^, ' Then ^j, ^3, <fto. are functions of t, whose forms it is 
oar object to discover. 

Let OS next sappose the system to move in some varied manner, Le. let the 
coordinatat be ftinctions of t slightly different firom thoee in the actual course. By 
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the fandamental theorem* in the calcalns of Tariations, we have 

where (a = d$- $"51, Z implies summation for all the coordinates 0j, 9,, Ac. and the 
limits of integration are t^ and t. Since each separate term inside the integnl 
Tanishes bj Lagrange's equations (Art. 506), we have 



«jLdr=r(r+i;)«t+2Jj,(a^-^«oT • 



If the geometrical conditions do not contain the time explicitly T will be t 

homogeneous function of $i, ^,^ Ao, (Art. 510) and therefore 1 -^9'—2T, We 

also suppose that for each varied course the velocities are so arranged that the 
principle of energy holds, i.e. T - l^= C, though C may be different for each course. 
Hence L=2T-C, and h] Cdt = < { C (£ - f j) } . We now have the two equations 

«/Ldt=-C(«-«ti) + 2r~«tfV2(^«a) (A) 

«/2rdt = (t-0«C+S^^w)-2^^,«aj (B). 

The action V of the system is the sum of the actions of the several particles. 
We therefore have Vsij2Tdt. When the system reduces to a single particle of unit 
mass 2r=x^+y^+«'2, and the equation (B) becomes the same as (4). 

638. Let us consider the motion of a single free particle and 
let the energy C be given, therefore SC = 0. Let Vj , v, be the 
velocities a,t A, B; So-i, Ba-2 the displacements AA\ BR; 6u0i 
the angles these displacements make with the positive directions 
of the tangents at -4, 5; then, as in Art. 592, (4) becomes 

5 F = Va cos ^aSo-g — Vi COS diSai (IV). 

* The proof of this theorem is as follows. We have 

SjLdt=j (SLdt + LdSt) = [LSt] + j(8Ldt - dUt). 
Now L is a function of the letters typified by $, ^, 

.'. «L = 2(Lo«^+La'W). dL=l{Led$ + Le'e"dt), 
where suffixes imply partial differential coefficients. Since 

d0_ d0i-dSe d0_d8e dO dSt 
di " dt + dit ' di" dt " dt dt * 



substituting we find 



at 



«jLdt = [L30+/2(L«w + Le'«')dt. 
Integrating the last term by parts we immediately obtain the theorem in the teift 



.BT. 639.] JACOBI'S SOLUTION. 393 

ntroducing the mass m, this may be read, the change of the action 
n pa^ng from one trajectory AB to a neighbouring one is the 
difference of the virtxial moments of the momenta at the two 
nds. 

Taking any arbitrary surface which we may call S^j let us 
roup together all the trajectories which cut S^ orthogonally; 
hen cos 6i = 0. On each of these trajectories let us take the 
oint B so that the action from the surface 8i to B is some given 
uantity. As we pass from one trajectory to a neighbouring one, 
f traces out a second surface which we may call S^^ and at every 
oint of Sa we have SF=0. It follows that for this surface 
supposing it to be of finite extent) cos 6^ is also zero. The 
rajectories therefore intersect the surface 8^ at right angles. 

Considering all possible trajectories we first group them ac- 
ording to the value of the energy. We classify them again by 
electing all those at right angles to some given surface. We 
ave now a congruence of trajectories. The theorem just proved 
sserts that all these trajectories can be cut orthogonally by a 
jrstem of surfacea These orthogonal surfaces are such that, 
rhen any two are given, the action from one to the other is the 
ame for all the trajectories. See Thomson and Tait, Treatise on 
iaturaX Philosophy, 1879, vol. i. Art. 332. 

All possible trajectories may be grouped together in the manner 
list described in many different ways. One method is to select 
surface intersecting all the trajectories. Each point of this 
artAce may be regarded as the centre of an infinitely small 
phere which all the trajectories intersect at right angles. The 
urface 8i is then reduced to a collection of points occupying an 
rbitrary surface. This is the method of grouping adopted in 
Lrts. 159, 330, 339, &c. By a different grouping we obtain different 
rthogonal surfaces. 

039. These considerations lead us to a rule which is a special 
ase of that given by Jacobi for the solution of dynamical problems. 
7hen this method is applied to the dynamics of a particle the 
rthogonal surfaces are investigated first and the trajectories are 
fberwards deduced. In the general case of a system of rigid 
•odies the interpretation is not so simple. 
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640. Let the action V be expressed as a function of the energy 
C and of the coordinates (a?, y, z), (a, 6, c) of the particle in the tm 
arbitrary positions B and A. Then by the principles of the 
differential calculus, 

the energy being varied for the sake of generality. Comparing 
this with the expression (4) (Art. 637) we see that 

X* =-j— , &C., &c., a' = — -J- , &c., &c., ^ — ^ = -T^ . . .(6). 
Substituting in the equation (2) of energy, we find 

a7*(f)^r^7— • o'*(S)^(£)'=-.--i". 

where J7o is the value of U when we write for x, y, z their initial 
values a, 6, c. These are called the Hamiltonian equations of 
motion. 

It is obvious that if we can deduce from the equations (!) 
the proper form for the function F, the first set of (6) will give 
the component velocities of the particle and the second set will 
give the relations between the coordinates x, y, z and their initial 
values. The last equation will give the time. 

Jacobi proved that it is not necessary to obtain the general 
integral of either differential equation. It is sufficient to discover 
one solution of the form 

V=f(x,y.z,C,a,fi) + y (8), 

containing three new constants a, y9, 7. He also proved that the 
introduction of the initial coordinates a, 6, c into the expression 
for V is unnecessary. Instead of these he uses the two constants 
of integration here called a, fi, 

641. In the first differential equation (7) and in the complete 
integral (8), the quantities x, y, z are the independent variables. 
Jacobi*s rule asserts that if toe establish the following relations 
between x, y, z and a new variable t, the equations of motion (1) 
will be satisfied. These assumed relations are 

da""""^' dfi""^'' dC"" "^"^ ^^ 
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where ai, fiu ai^d e are three new constants. These new relations 
make w, y, z fdnctions of t, C and the five constants a, 13, fti, /9i, 
and €. 

To prove these relations we differentiate (9) with regard to t 
and thus arrive at three equations of the form 

dxda ^ dyda dzda" ^ ^' 

The other equations have fi and C written for a, but in the third 
the zero on the right-hand side is replaced by unity. These 
equations determine x, y, /. 

Also since (8) is a solution of the first of the differential 
equations (7), it must satisfy that equation identically. We 
may therefore differentiate (7) after suhstittUion with regard to 
each of the constants a, y3, C. We thus arrive at three equations 
of the form 

^^ + ^jy+^*^ = (11) 

dx dxda dy dyda dz dzda 

The other equations have fi and C written for a, but in the third 
the zero is replaced by unity. 

Comparing the three equations (10) with the three (11), we 
see at once that 

^-%- ^=|. '■-% <'^> 

It also follows that 

''■-%''*-£i-/*&'' <")• 

with similar expressions for j/\ sl\ 

We may also differentiate (7) after substitution from (8) partially 
with respect to any one of the three variables x,y,z\ 

. dfd}f^ df d'f ^ df d}f _dU 
' ' dx da^ dy dxdy dz dxdz dx ' 

Substituting from (12), the left-hand side becomes by (13) equal 
to fl/'. We therefore have 

„_dU dU „ dU 

^ "dx' ^ ''dy' dz* 

which are the equations of motion (1). 



11 
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642. Consider the system of surfaces defined by 

/(a?.y,r,C,a,/8) = Z (14). 

where C, a, fi are constants and K the parameter. The equations 
(12) prove that the direction of motion at any point is normal to 
that surface of the system which passes through the point. Thus 
the surfaces (14) cut the trajectories ai right angles. These tra- 
jectories (with their parameters a^, /3i) may be deduced from (14) 
by the rules given in the theory of differential equations or more 
easily by Jacobi's equations (9). 

The trajectories in Jacobi's method are thus grouped together 
according to their orthogonal sur£Ekces. By taking different com- 
plete integrals for (8), we group the same trajectories in different 
ways. Art. 638. 

648. As an example which requires no long algebraical process, let as disean 
the trajectories when the forces are absent. The Hamiltonian equation is 



fdvy fdvy fdvy_^ 

\dxj \dyj \dzj 



m 



One complete integral, suggested by the rules for solving differential equations, is 

r={ax+/9y + ^(l-a»-/8«)z}V(2C) + Y (16). 

another complete integral is 

V={{x-ar' + {y-p)' + z^']^^{2C) (17). 

If we choose the first integral the surfaces r=£!' are planes and the trajectories 
are grouped into systems of parallel lines, the lines taking all directions. If we 
choose tlie second integral, the surfaces V =K are spheres having their centres on 
the plane of xy. The trajectories are grouped into systems of straight lines 
diverging from points on that plane. 

To illustrate the use of equations (9) let us substitute in them the second 
integral. We have at once 



x~a y^i?^^- *■ 



r =-«■• V=-ft. VW^'-^' <'''• 

where r*=(x-a)« + (y-/3j- + x'. These evidently give a system of straight lines 
diverging from the point x = a, y=/3, «=0, described with a velocity yf(2C), 

644. When the coordinates chosen are not Cartesian the 
expression for the kinetic energy does not take the simple form 
given in (2). Let the kinetic energy T be given by 

2T = P0'^ -\- Q(f>'^ + Rylr'- (19), 

where P, Q, R are functions of the coordinates 0, ^, '^. Let us j 
now take as the Hamiltonian equation 

1 (dVy , 1 fdVy 1 /dVy orr . orr /oA^ 
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[Proceeding exactly in the same way as before, we prove that if 

V^f(0,<f>,ylr,C,a,fi) + y (21). 

be an integral of (20), the first integrals of the Lagrangian 
equations of motion (Art. 506), are 

^^=1' ^i>'-%' ^^'=ai (22). 

The trajectories, &c. are given by 

%'-"■ %-»'■ %-'*' m 

where fti, /3i, and € are new constants. 

This enunciation includes the most useful cases of Jacobi's 
rula But his method applies also to any dynamical system, in 
which r is a quadratic function of the velocities. For these 
generalizations we refer the reader to treatises on Rigid Dynamics. 

•46. Ex, 1. Apply Jacobi's rule to find the path of a projectile. 
The Hamiltonian equation is 

(£)'*(f)'-^-^- 

Separating the variables, we find that one complete integral is 

r = V(2a) « - ;i- (2C - 2o - 2(^)* + Y. 

Ex. 2. Apply Jacobi's method to find the path of a particle in three dimensions 
ftboat a fixed centre of force which attracts according to the Newtonian law. 

Taking polar coordinates we have 

2r=r^+r»^+r»8in»^0'«. 1^=^. 

The Hamiltonian equation (Art. 644) may be put into the form 

If we equate these three expressions respectively to a, -a+ZScosec*^ and 
-/^ooeec'^, we obtain three differential equations in which the variables are 
separated and whose solutions satisfy the Hamiltonian equation. Let the inte- 
grals of these be F=/i(r, a), V=:f^(e, o, /3), F=/,(0, /3). It is obvious that 
y^fi-^fi+fz+y IB a complete integral from which all the trajectories may be 

MuCMBd. 

Ex. 8. Apply Jacobi's method to find the motion of a particle in elliptic co- 
ordinates (X, /bi, r) when the work function is 

(M» - K») f, (\) -h (,>' - X') /, M + (X^ - M^) f, (r) 
(X^-M-'jO**-'*)!^-?^') 
Taking the expression for T given in Art. 577, the Hamiltonian equation (Art. 
644) after a slight reduction becomes 
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= -2{(m'-i^)A(X) + (^-XV2(m) + (X«-M»)/,W}-2CI>. 
whereI> = (X«-/Li«)(M'-rS)(i^-X«). Since 

(M«-r*) + (i^-X«) + (X«-fi*) = 0. 

the differential equation is satisfied by aasoming 

(X«-fc«)(X«-A«)^^'=-2/i(X) + a+^«+2(7X*, 

with similar expressions for dVjdfi and dl'ld^. In these trial eolations the 
X, M, r have been separated, the first containing X, the second /u, and the tbird r. 
Supposing the integrals to be F=Fi(X, a, /3, C), F=F,(^ <fec.), F=F,(r, Ao.),ihe 
required complete integral is then V=iFi+F^+F^+y, The solution then fbllott 
by simple differentiations with regard to the constants a, /3, C. 

This expression for U is given by Liouville in his Journal, vol. xn. 1847. H0 
uses it in conjunction with Jacobi's solution. 

We may also write the expression in a different form. Let Pi, p^t Pi^^^ 
perpendiculars from the origin on the tangent planes to the three confoc^ wfaidi 
intersect in any point, and let X, ft, r be as before the semi-major axes. We find 
by using the expressions for these perpendiculars in elliptic coordinates (Art 577) 

U = p,^F, (X) + pj'F^ (tt) + p^F, (.). 

Taking U=p^F{\), (omitting the suffixes) we see at once that the level sur&ees 
intersect the ellipsoids iu the polhodes. The direction of the force at any point P 
is therefore normal to the polhode which passes through P. It may be shown by 
differentiation that the components, T and N, of the force, tangential and noimsl 
to the ellipsoid which passes through P, are 

r= -2p*F(\){S,-p^S,^]^= -2p^F(\) jz^^^^I^j*, 

N = 2p'F{\)S^+^r(\), 

x^ j/2 ^a 
where 5«= — + r;: + 7; • The Cartesian components A', 1', Z are 
" X* 6" c" 

p^x F (X) 



A'=??^{-1 + 2^S.}f(X)+^^ 



with similar expressions for Y and Z. 

We may obtain simpler expressions by combining the three terms of 27. Putting 
/i (\) = - x«n+4, /j (;x) = - fi2»»+*, /, (v) = - v^+\ wc scc that U is equal to the sum 
of the different homogeneous products of X-, /i'^, v^ of n dimensions, each prodnoi 
being taken with a coefficient unity. This symmetrical function of the roots of 
the cubic in Art. 576 may be expressed as a rational function of the coefficients. 
We thus find possible forms for U in Cartesian coordinates. For example, putting 
/, (X)=-X«&c., wefind 
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3 another example, pat fi (X) = - X^ Ao,, we then have 

t7=X<+M* + r* + XV+MV + i^X« 

here A and B are two coDstants. 

646. Principle of least action. Let the extremities A, 
^ of the trajectories be given and let the particle be constrained 
y move from one point to the other along a smooth wire, the 
nergy being given, Art. 636. Of all the diflFerent methods of 
inducting the particle from A to B there may be one which is 
ie trajectory the particle would take if unconstrained. We see 
y Art. 637 that for this course the value of 5 F is given by 
[juation (4). But since the points A, B are fixed, &r, hy, hz 
Euiish at each end. We therefore have SF= 0. It follows there- 
>re that the free trajectory is such that the change of action in 
assing from it to any neighbouring constrained course is zero» 
%€ action for a free trajectory with given energy is either a 
uiximum, a minimum, or is stationary. 

Conversely, if the path from 4 to 5 is required which makes 
he action a max-min, the principles of the Calculus of Variations 
equire that the coefficients of Bx, Sy, Bz inside the integral (3) 
n Art. 637 should be zero, provided the geometrical conditions 
>f the problem permit Sx, Sy, Bz to have arbitrary signs. Assuming 
;hi8, the vanishing of the coefficients leads, as already explained, 
to the equations of motion. The result is that the free trajectory 
from A to B is then the path of mux-min action given by the 
nlculus of variations. 

A similar theorem holds for the motion of a system either free or connected by 
^metrical relations. Let any two configurations or positions ^, £ be given. If 
re oondact the system f^om ^ to £ by any varied paths as described in Art. 637 we 
lave (since the variations of the coordinates of these positions are zero) 

ajL<tt=-c(««-«o (A), aj2rrft=(t-^)ac (B). 

Let OS now suppose that in these varied paths the particles, without violating 
Jie geometrical relations, are conducted with such velocities that the energy 
^ssT-U ha$ a given vtUuet (the same as in the actual course,) then dCsO, and the 
iquation (B) shows that the action j2Tdt is a max-min or it ttationary in the actual 
wth. 

The equation (A) gives a companion theorem. Let us suppose that in the varied 
paths the particles are so conducted that the time t-t^is equal to a given quantity^ 
\ken jLdt is a max-min or is stationary. 
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647. The action from one given point to another cannot be a real mtTOimia 
if the Telocity is always the same function of the position of the partide. Bfoy 
element of either of the integrals Jr'dt or jvdt is positive and therefoie, whitem 
path from J to B may be taken, we can increase the whole action by oondnetbg 
the particle along a sufficiently drcoitoos bnt neighbouring path. Thus, if Clie 
any point on the free course AB we can conduct the particle along that oonne 
to C, then compel it to make a circuit, and after returning to the neighboufaood 
of C conduct it along the remainder CB of the free path. Additional poiitife 
terms are thus given to the integral and the action is increased. The energy of the 
motion is unaltered, but the time of transit is longer. 

Since eveiy element of the integral is positive, there must be some path jdning 
A and B which makes the action a true minimum. If the theory of maz-min in 
the Calculus of Variations gives only one path, that path must be a minimum. 



It may be that there are several free paths by which the particle could trtTel 
from A to B, Selecting one of these, say JD^, we may ask if the action along it is 
a true minimum. Let a neighbouring free path starting from A (the energy being 
the same) intersect ADB in C, To simplify matters let no other free path 
intersect ADB nearer to A than C. If B lie between A and C there is only one 
free path from A to B which is in accordance with the principles of mechanics, and 
that path makes the action a true minimum ; Art. 647. If B is beyond C, there 
are two neighbouring free paths from A to C. It may be proved that the action 
from A to B IB not in general a true minimum, the action for some neighbouring 
courses being greater and for others less than for the free path AB (Art. 6o3). 

640. It may be that there is no free path from A to B, yet there must be a path 
of minimum action. For example, a heavy particle projected from A with a given I 
velocity can by a free path arrive only at such points as lie within a certain ' 
paraboloid whose focus is at J, Art. 159. The path of minimum action fromi to 
a point B beyond the paraboloidal boundary is not a free path. When dedoced 
from the Calculus of Variations it falls under the case mentioned in Art. 646. Its 
position is such that it cannot be varied arbitrarily on all sides, i.e. the signs of 
the variations dx, dy^ 5z are not arbitrary along the whole length of the course. 

Such limitations exist when the path runs along the boundary of the field of 
motion (Art. 299). We therefore draw verticals from A and B to intersect the 
level of zero velocity (which in this case is the directrix) in C and D, Let ns 
conduct the particle from A along ^C to a point as near C as we please, and thenoe 
along a course coinciding indefinitely nearly with the directrix to a point as near 
D as we please. The particle is finally conducted along the vertical DB to the 
given point B. Throughout this course the velocity is always supposed to be 
^(2gz) where z is the depth below the directrix. The velocity being ultimately 
zero along the directrix the whole action from ^1 to B is reduced to the sum of the 
actions along the vertical paths AC, DB. The path dose to the directrix cannot 
be varied arbitrarily, because the particle cannot be conducted above that levd 
without making the velocity imaginary. This minimum path is therefore not givtt 
by the ordinary rules of the Calculus of Variations. 

A similar anomaly occurs in the case of brachistochrones. The parabola ii i 
brachistochrone when the force acts parallel to the axis and is such that thi 
velocity is inversely proportional to the square root of the distance from fb* 
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reotrix; Art. 605. The directrix being given in position, the initial and final 
>int8 A, B of the course may be so far apart that no saoh parabola can be drawn. 
t thia case the braohistochrone is foand bj conducting the particle along the 
irtieal straight line AC in accordance with the given law of velocity, thence with 
I infinite velocity along the directrix CD, and finally along the vertical line DB 
B. 

The farther discussion of these points is a part of the Calcolos of Variations. 
>me remarks on the dynamics of the problem may be foond in the author's 
igid Dynamic*, vol. ii. chap. x. 

•50. Ex. 1. Prove that the same path is a braohistochrone for v^=f{x, y, z) 
id a path of least action for v'^=Alf(x, y, z) ; Art. 599. 

The braohistochrone is deduced from the calculus of variations by making 
!«/v a minimum; the path of least action by making jv'ds a minimum. These 
ust give the same curve if v'= k^jv ; (Jellett and Tait). 

Ex. 2. Prove that, if a path be described by a particle P with such a work 
motion that v^=f{r, $, 0), the inverse path can be described by a particle n with 

velocity©', such that v^rr-j/f - , ^, ) , where rp=k^; Art. 628. 

To find the first path we make jvds a minimum. Since dt^ldt=plr, the second 
ith is found by making ji/dspfr a minimum. These are the same integrals, 
his mode of proof applies equally whether the particle is free or constrained to 
ove on a surface. 

e6X. Ex. 1. Prove that in an elliptic orbit described about the focus S, the 
me is measured by the area described about the focus 8 and the action by the 
me described about the empty focus H. 

11 p, p' he the perpendiculars on the tangent from 8 and H, we know that 
/=2»s. Since v=hlp, the action jvds becomes fp'ds.hlb^; the area described 
>out H being ijp'dt, the result follows at once. [Tait, Dynamics of a particle.] 

Ex. 2. In an ellipse described about the centre C, perpendiculars PM, PN are 
'awn from P on the major and minor axes CA, CB, and A, B represent the 
Liptic areas PMA, PNC A respectively. Prove that the action from il to P is 

(oM + b^B) y/fijab. 
Ex. 3. Prove that the action in describing an arc of a central orbit is 

- Tl-^ J dr. When the central force is F=fi/r"and the initial velocity i 

Qi « — 8 

at from infinity, prove also that the action is -itai-^0, where $ is 

easured from the maximum or minimum radius vector ; Art. 860. 

Ex. 4. A heavy particle describes a parabola. Prove that the action from any 
>int A to another B is « times the sectorial area A SB, where S is the focus, 
= 16^/Z and I is the semi-latus rectum. 

Prove also that, if the chord AB pass through the focus, the action along the 
irabolic path is greater than that along the coarse AC, CD, DB where AC, BD 
e perpendiculars on the directrix. Arts. 159, 649. 

R.D. 26 



IS 



i 



402 PRINCIPLE OF LEAST ACTION. [CHAP. YIU. 

•69. Ex, 1. When a heavy particle is projected from a point A with a gim 
velocity to pass through a point B, there are in general two possible perabolifl 
paths. Prove that the action is a minimam along that parabola in which the no 
AB is less than the arc AC where C is the other extremity of the chord dnwn 
from A through the focas. 

The action is a minimum when B is not beyond the intersection with the 
neighbouring parabola drawn from A ; Art. 648. Since the chord of interseotioa 
ultimately passes through the focus of either of these neighbouring parabolas, Art. 
159, the result given follows at once. 

Ex. 2. When the force is central and varies according to the Newtonian law, 
there are in general two elliptic paths which a particle could take when projeeted 
from A with a given velocity to pass through B, Prove that the action is a 
minimum along that ellipse in which the arc ^B is less than AC, where C is the 
other extremity of the chord drawn from A through the empty foons : Art. 839. 

•63. Ex. A particle deteribeg a circular orbit about a centre of forte 
represented by F^fijr^t situated in the centre O. It is required to find the change 
in the action when the particle is conducted with the same energy from a given point 
A to another B on the circle by some neighbouring path lying in the plane of the 
circle. 

Let a be the radius, then taking the normal resolution, the velocity 
«'o=N^(W«*"^)' The principle of energy for the varied path gives 






1 n-S fi 



Also C=5 — -^ -^j , since the energy C is the same for both paths. 

Let the equation of the varied path be r=a(l+p) where p is some function 
of $. Substituting we find 

t;=f;o{l-p + J(n-l)p»+...} (1). 

Here p is equivalent to the 8r of the Calculus of Variations. 

Since (d8)^=zr^(ddf+ (dr)^ we find by the same substitution 

%=''\^+p+l{%y+-\ (2). 

The action therefore when $ increases from to ^ is 

jv<U=av, {« + lf {{%)'- p'(j<U+...\ (3). 

where |)2= 3 - n as in Art. 367, and the limits are ^ = to ^. By substituting for p 
the value corresponding to any assumed variation of the path, the change in ^ 
action follows immediately. 

If the particle starting from A were to describe a neighbouring free path witk 
the same energy, we know by Art. 367 that the first intersection of the new pstfi 
with the circle is at a point given by ^=ir/p nearly. 

We may easily deduce from the expression (3) that the action from AtoBk 
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^rue minimum if the angle AOB^vjp; see Art. 594, 648. To prove this we nee 
in artifice dae to Lagrange*. Since 

i(Xp') = 2Xpg+p'^ (4). 

^here X is an arbitrary function of $, we may write the integral on the right-hand 
lide of (3) in the form 

rhe term \f? taken between the limits is zero, since both paths begin at A and end 
it B, Let QS choose the function X so that 

X'^— ■ -|)', .*. X =|> tan JO (^ — a) (6), 

i"*" ^=/(S+^)''" <«)• 

Since this integral is essentially positive it follows from (8) that the action along 
ivery varied path from J to £ is greater than that along the drole. 

This argument requires that X should not be infinite within the limits of 
ntegration. By taking pas^T— e where e is a quantity as small as we please the 
ralaes of X given by (5) can be made finite from ^=0 to B^TJp - e' where e' is a 
quantity as small as we please. The argum£nt therefore requires that the point B 
\hould not make the angle AOB->irlp, 

When the angle AOB is greater than wjp we can prove that the action along 
tome varied curves extending from A to B is less, and along others is greater, than that 
in the circle. 

To prove this let us conduct the particle from Aio B along the varied path 
sehose equation is p=Lang$, Let /3 be the angle AOB, then since p vanishes at 
sach end, g is arbitrary except that gp is a multiple of t. Since |>/3>t one value 
&t least of g is less than p and the others are greater than p. Substituting in (3), 
we find that the integral is 



■im- 



P'p'l 



.=e^a.. 



de^Y^'^^ (7). 



the limits being ^=0 to ^=/3. The smaller values of g make I negative, while the 
greater values (which correspond to the more circuitous routes) make I positive. 
The conclusion is that when the angle AOB^-vlp, the action along the circle is not 
% true minimum. 

e64. Ex. A particle moves in a plane with a velocity v=^(x, y) beginning 
at a given point A and ending at B. The path taken being that of minimum action, 
it is required to find in Cartesian coordinates the equation of the path and the change 
7f action when the path is varied in an arbitrary manner. 

Let the elementary action vds = <ft ^(l + y") dx be represented by / {x, y, p) dx, 
where p has been written for y'=:dyldx. Then writing y + 6y, p + 9p iot y and p. 



♦ Lagrange ThSorie des fonctions Analytiques 1797. He refers to Legendre, 
Memoirs of the Academy of Sciences 1786, and adds that it must be shown that X 
iocs not become infinite between the limits of integration. Not being able to 
lettle this question, he just missed Jaoobi's discovery. See also Todhunter's 
History of the Calculus of Variations, page 4. 
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(bat not varying x) the whole increase of action on the varied onrve is by Taylor's 

theorem, 

SA =jWy +fpdp + i {f„ («y)«+ 2/^«y«p +ffp{9p)*} + Ac] dx, 

where suffixes as usual represent partial differential coefficients. Integrating the 

second term by parts, as in Art 591, we have 

«il = [/p«y] + J{ (/y - /pO «y + *«• } <*«. 

where the part outside the integral, being taken between fixed limits, is zero, &nd 

accents denote total differentiation with regard to x. The path of minimnm 

action is found by equating the coefficient of ^ to zero. Art. 591. This path is 

therefore given by 

/r-/p'=0 (1). 

and the change of action in any varied path by 

«^=iJ[/^(W+2/^«y«P+/«>(«p)']A^ P). 

To find the path in Cartesian coordinates we integrate the equation (1). This 
can only be effected when the form of the function is given. The integration 
presents only those difficulties which are discussed in treatises on differentisl 
equations. We now proceed to find the change in the action given by (2). 

To determine the sign of SA, we write (2) in the form 

W = [X(«y)«] + iJ[(/^-2V)(«y)* + 2(/^-2X)8y«p+/pp{aip)«]ite (8). 

where the term outside the integral is zero, provided X does not become infinite 
between the limits of integration. 

Let y =F (a;, Ci , e,) be the integral of (1), then changing the constants into Cj+a. 
e^+fi where a, /3 are indefinitely small, 

• -n dF dF ^ ... 

y + S,=F+-a+^J W. 

is also a solution of (1). We choose the constants c^, c, so that the curve y=F 
paBses through the limiting points A and B, Making the varied curve (4) also 
pass through A^ we have an equation to find /3/a. Hence 



/dF dF B\ 

'y=^W,^d^/z)=- (^)' 



is the equation of a neighbouring path of minimum action beginning at A and 
making a small arbitrary angle with the path AB, the magnitude of the angle 
depending on that of a. If C is the first point of intersection of these two paths, 
then u is not zero between A and C, 

Differentiating (1) we see that dy=u satisfies the equation 

d 
fw^y+fvp^' ^ifyp^+fppSp)=0; 

••• (•^^-^-^»^)«=i(^«>"') (6). 

Eeturning to the integral (3) let us choose X so that 

(/w>-2X)u=-/ppu' (7). 

Substituting in (6) we find 
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the last term being obtained by substitating for u' from (7). This becomes 

(f^-^^fpp^(fyp'^'^)'' W- 

The qnantity under the integral sign in (8) is therefore a perfect square. Remem- 
bering (7) we see that 

«^ = ^J/pp|«P-~«y|*^ (9). 

The valne of X is by (7) 

«- fdv V vf\ 1 ^-^. 

"^-W^u^uJWW) ''">• 

Hence in order that both X and the sabject of integration in (9) may be finite 
it u necetsary that u $hould not vanUh between the limits of integration. The 
second limiting point B must therefore not be beyond C It is supposed that v 
and dvjdy ieure finite between the same limits. See Axt. 648. 

Supposing this condition to be satisfied, every term of the integral (9) is 

positive it/ppis positive from ^ to B. Since fpp=v {l+pT^, and the velocity v 
is supposed to keep one sign throughout the motion, this condition also is satisfied. 
The change of action caused by a variation of path is therefore always positive and 
its amount is determined by (2) or (9). 

This investigation can be applied to brachistochrones and may also be extended 
to any cases in which the subject of integration, viz. /(a;, y, p), is a function only 
of the coordinates y, x, and the first differential coefficient. In order that the 
course AB given by (1) should be a true minimum, no variation must exist which 
can make 6A negative. The conditions for this are (1) the point B must not be 
beyond C, as explained in Arts. 594, 648, (2) the differential coefficient cPfldp^ 
must be positive throughout the whole course AB, 

H d^fjdp^ were negative for any portion PQ of the course given by (1), let us 
vary the remaining portions AP, QB so that 9y is as nearly equal to u as we 
please, the portion PQ being varied in some other manner. In this variation such 
prominence is given to the negative elements of the integral (9) that dA is made 
negative. It is also evident from (7) that X is finite if d^fjdp^, d^fjdpdy are finite. 



A SWARM OF PARTICLES. 
Note on Art. 414. 



Thb argmnent will be made more complete if we suppose that the bonndaxy of 
the swarm is an ellipsoid instead of a sphere. Owing to the manner in whieh the 
forces of attraction depend on the shape of the swarm, the results for an ellipsoid 
are not altogether the same as those for a sphere. 

Taking the same axes as before, the coordinates of the projection of any particle 
P on the plane of motion of the centre are r+$, 17, while ^ is the distance of P 
from that plane. Treating the ellipsoid as homogeneous and of density D, the 
component attractions of the swarm at any internal point are A^, Bji, Cf, where 
A, B, C are functions of the ratios of the axes of the bounding ellipsoid and their 
sum is 4irD. 

The equations (1) of Art. 414 are slightly modified by having their last terms 
replaced by - A^t - Buj ; and Instead of (3) we have 

The equation for j; is evidently 

g=-^f-ci-=-(««+c)f (n). 

Putting ^ = a COB {pt + a), iy = 6sin(2)f + 0), and i^=cBin(qt'k-y) we find by pro- 
ceeding as in Art. 414, 

{p^- (A -Sn^){p^- B] -iphi^^O, q^ = n* + C (III). 

The condition for stability is therefore A > Sn^. 

In an ellipsoid ^ > P if the axis in the direction of ^ is less than that in the 
direction of 17. It follows that if the axis of ^ is the least axis, A is greater for 
an ellipsoid than for a sphere. The swarm is therefore more stable for an ellip- 
soidal than for a spherical swarm provided the least axis of the ellipsoid is 
placed along the radius vector from the sun. 

Let us suppose that all the particles are describing the same principal oscillation. 
The projections of their paths on the plane ^17 are therefore given by ( = aoo8f, 
1;= 6 sin 0, where d=pt -f a. These paths are coaxial ellipses described in the sans 
periodic time 2ir/p, the semi-axes of any ellipse being a, 6. By substituting theis 

values of ^, 17 in the second of equations (I), we find j- —^ — ; it follows that sQ 

the ellipses are similar to each other. There will therefore be no collisions betweeo 
the particles. 



« ratio of the siei of the eilipxes is iiot altogether nrbitrarv. B; using (III) 



- b") - Ja' + Bfr* = - 30%', 



- (J - 3«=) ' 

iJ,B and therefore p* are liaowii fiiDOtioDa of the ratios ot the bibb of the 

may deduoe tram the v&luee of A. B given in the theorj of Attiar- 

* ii lees or )^eitter tlian llh' acoordiug as a? is greater or lesa than J^. 

1 follows (Tom tbia eqaation that in both the principal oacillations ttw axis 

□ the direction ot the ladins 'vector from the sun is lees llian the 

( the eilipBoid in the direction of motion of the centre. 

'■ 4, A be any three particles desoribiag similar co-azial eUipsee in the same 

h u acceleration tending to their common centre, it ia not diffloult to 

it the area ot tbe triangle FQE is oonstsnt throogbont the motion. Let 

this theorem to tbe motion of the projections of the particlea on the 

fi|. Joining iLdjaoent triads of paKicles, we divide tbe whole sreH into 

ittar; trianglee. If the swarm is homogeneous, the areae of these triangtes 

Btialljr eqaa.1 and we see tliat they will remain equal throngbont the 

will therefore remain homogeneous. 
Insider next tbe motions al the particles perpendtcnlar to the plane of (if. 
e harmonic oscillations and are all described in tbe same time Sriq. 
■ unplitnde of each oscillation is the ordinate of the ellipsoid corresponding 
to the ellipse deaorihed by the projection and this is constant for the same particle. 
Ybt distance lictweon two adjacent particles moving in tbe aame ordinate in the 
j^na direction is increasing or decreasing according as they are approaching or 
^^■big from the plane of f^. As there are as many particles approaching as 
^^^■Hg, the aniformily of the density is not affected by this motion. 
^^^men both the principal oscillations are being deacribed simottaneously the 
HBr of the motion becomes more complicated. The outer boundary is not strictly 
■mpioidal, being dependent on both the BtBtes of motion. Since also the rotations 
IB the principal osciUationfi arc in opposite directions, we con no longer neglect 
is Letween the particles. 
■ taite aocount of the eoilisions we must have reconrss to a statistical theory 
o the kinetic theory of gases. Bat this would lead us too far from the 
Is of this treat! He. 

example of tbe application of the kinetic theory the reader ia referred 
ir by O. H, Darwin, On Ihe mechanieul cundJtioni of a raarmof meleoritti, 
Ml. Trant. 18B9. He supposeH a number of metooritea to be falling together 
kwnililioD of wide disperiion and to have not yet coaleaoed into a system of 
d planets. No account is taken of the rotation ot the system. 
ndrean has diaeuaaed the case in which a oomet, regarded as a spherical 
B of particles, is heterogeneous, tbe ilensity being a function of the distance 
Tbe effect of a passage near Jupiter baa also been taken into 
aeeount. tico his ElmU tur la thtorit det covUtea pfriodiqutt. He oonaiders it 
probable that tbe periodic comets are undergoing a gradual disintegration and he 
a ont that aocording to tbia hypothesis a few comets captured by tbe action 
IT ooDld by repeated subdivisions produce all those known to e 
Mtory, Feb. l^US. 
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LAGRANGE'S EQUATIONS. 

Note on Art. 524. 



^ 



This role may be put into another form. We know that if L=sT+ IT+Cbe the 
Lagrangian ftmction and $, ^, Ac the coordinates, the equations of motion are 

ddL_dL ddL_dL ... 

dtdd'" d$' dtd4/''d4p' ^ ^ 

We now see that we may nse the same equations, if we snbstitate 

L=^-^MiU+C) (2), 

where M is any arbitrary function of the coordinates $, 0, Ao, which we may find 
suitable when solving the equations. 

The expression for T, differs from T only in the fact that the differential co- 
efficients are taken with regard to a different independent variable, which has been 
represented by r. Thas 

When the equatioru have been solved the paths of the particles are found bff 
eliminating r without enquiry into its meaning. 

The equation of energy is supposed to be T- U= C ; the constant C is therefore 

known when the initial values of 0^ (f>, <&c., 0'^ <f>\ dc. are given. 

We notice that one solution must be analogous to that given by the principle 

T 
of vis viva. We therefore have ■z^—M(V-\'C). Since this must agree with the 

equation r=Cr+C, it immediately foUows that T=T^\^\ , T^=M^T, The 
relation between r and t is therefore Mdr—dt, 

When the paths of the particles are alone required^ we may eliminate the timi 
from the Lagrangian equations by using a new function instead of the Lagrangian 
function. 

In this method we choose some one coordinate ^ to be the independent variable 
and regard the others 0, ^, &c. as unknown functions of whose forms are to be 
determined by the altered equations of motion. Let 

T=iA^0'^+A^^0'<f>' + iA^<p'^+A^<f>Y+ W» 

where accents denote differential coefficients with regard to the time. Let also 

r'=i^n + 4i30j + i^a0i'+^2S^ifi+ (5). 

where the suffixes of 0, ^, &c, here denote differentiations with regard to the oev 

independent variable 0, 

ITdT^,, dTdr^, jgj^ 



• • 



dip' <2^ d4> d<p 



LAGRANGE'S EQUATIONS. 409 

The equation of energy gives 

re^^u-i-c, :,e'=(^^^ (7). 

TheLagrangUneqnation^g-g = gbe<.^^ 

fu±c\^£ i/ u+c \^dr\ _dr u+c du 
\ T ) de\\ r J dif^f " d0 r "^ d^ • 

where all the differential ooeffioients are partial except the dJdB. 
Bemembering that U is not a function of ^i, this becomes 

If then we use Q = {(U+C)T*}^ <u if it were the Lagrangian function and 
regard $ a» the independent variable^ we have the eqttations 

£dQ_dQ d_dQ_dQ 

dS d4^i'' dif> * dSdifi'dyJ/* ^ '* 

from which the paths may be found. 

This result follows easily from the theorem of Art. 624 by patting drs^dO, and 
we have here reprodnced so much of that article as is required for our present 
purpose. If drssdd, we have Md$=dt and therefore by (7) of this note 

Jf = ( ^ — ^ j . Substituting in (2) the Lagrangian function becomes 

L=2{(l^+C)r}*. 

We notice that however the expressions for the vis viva and the work function 
may be different in different problems, yet so long as the product {U-k-d)!* remains 
unchanged, the paths are determined by the same relations between the coordinates 
$p ^ dtc. 

Since in the Lagrangian equations, the letters $, ^, <fec represent arbitrary 
functions of the quantities or coordinates which determine the position of the 
system, it is evident that we have here taken as the independent variable any 
arbitrary function of the coordinates. 

If some one coordinate, say ^, is absent from the product (IT+C) T' (though T 
contains the differential coefficients of <fi), we see that one solution of the equations 
of motion is 

^=a, .: iO^C)i'^=a (10). 

where a is an arbitrary constant. If C is arbitrary, the product Q cannot be 
independent of <f» unless T and U are separately independent of ^. But when C 
is given by the initial conditions this limitation is not necessary. If we substitute 
for dTjd^ and T the values given by (6) and (7) this integral becomes dTld<f»' =:2a, 
which is the same as that obtained in Art. 521. 

We may deduce this extension directly from the Lagrangian equations. Suppose 

T=M{iA,,e'^+kc.}, U+C^^f(0, ^, Ac), 

where Jf is a function of $, <ft, dkc. while A^ At, are not funotions of 0. In this 
ease the produot T((7+C7) is not a function of ^. The Lagrangian equation 
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for gives 

d dT dM ,. - -jQ . . 1 dM ..^ . - . 

It d^' - 14, (i^u»'+*e.)= - j^, 5^/(«. *. 4c.); 

•••sg=^i(^-^-^) ^^ 

If then the initial circumstances are such that the eqaation of energy u 
r= 17+ C, we have ^#=«- 

As a simple example, consider the case of a projectile moving under the aetkm 
of gravity. We have r=:4(x'*+y''), U='-gy, Since the product of these ii 
independent of x we choose some other coordinate as the independent variable. 
Writing x-^^dxjdy we have 

This by an easy integration leads to the parabola (x - /3)'=4a' (y + C- a*). 

The elimination of the time from the Lagrangian equations is given by PainleT^ 
in his Legons sttr Vintigration dea iqttatioru diffirentUlles de la M€eanique, 18d6. 
By an application of the principle of least action he obtains the function hen 

called Q and writes the equations in the typical form t— 3-7" = j • Vrom these 

y'he deduces (page 239) that the Lagrangian equations may be vmtten in the two 
'' forms 

dtdq' dq~dq' dr dq' ' dq 

where T=:T{U+C) and dr=(Cr+C)dt. This special reeult follows from thst 
given at the beginning of this note by putting 1/M = U+C. lU importance Ue$ w 
the fact that by this change the motion is made to depend on that of a Mystem moving 
under no forces. 

The elimination of the time from Lagrange's equations is also given by Darboox 
in his Legons tur la thiorie gSnirale des surfaces. Art. 571, 1889. He expresses hif 
results in the same form as Painlevd. 

We may obtain an extension of the theorem (2). In such problems as thoee 
discussed in Art. 255 the Lagrangian function takes the form 

L=La + Li + Lo (12), 

where L^ is a homogeneous function of ^, (f>\ Ao, of the order n, the coeflSdoiti 
being fimctions of 0, 0, do. but not of t. We then find as in Art. 512, Ex. 3, thst 
the equation of energy becomes 

L^'L^^C (18). 

Proceeding as in Art. 524, we change dt into dr and write 



We may now use this as the Lagrangian function. 



Z=^+Li + l/(Lo + C) (14). 
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cLix. Heavy particle on, fixed, 527, moving, 534. 
sLigoiDE. Motion on, LiouviUe's solution, 533, Ex. 4, another problem, 543, 

Ex. 5. 
SBBCHBL. Disturbed elliptic motion, 379. Algol, 400. ^ 
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Hill. Stability of the moon's orbit, 417. 

HoDoo&iPH. Elementary theorems, 29. Central orbits, 8M. Itself a eental 

orbit, 898. 
HopKiKB. Infinitesimal impulses, 148, note. 
HoBSB-FOWBB. Defined, 72. 
HuTGBNS. Terminal velocity, 111. 

Impulsxs. How measured, 80. TufinitesiTnal, 148. Smooth bodies, 88, te. 
Inebtia. Explained, 62, 188, note. Moment of, 241. 
Infinite. Force, 100, 466. Subject of integration infizute, 99, 902. 
Inoall. Motion of projectiles quoted, 169. 
Initial. Tension and curvature, 276, Ao. String of particles, 279. Starting from 

rest, 280. Initial motion deduce from Lagrange's equationa, S17. Three 

attracting particles fall from rest, 284, Ex. 6. 
Integrals. Of the equations of motion. Two elementary, 74, 76. Reotilinsw 

motion, 97, 101. General and Particular integrals, 244, 246. Summaiy of 

methods in two dimensions, 264. Integrals of Lagrange's equations, n 

and page 408, Liouville's, 622. A general oase in three dimensions^ 49T, in 

Jacobi's method, 646. 
Invbbse bquabe, law of. Bectilinear motion, 180. Particle fiills from a planet, 

184. Central force, 882, <ftc. See Time. 
Invebsion. Of the motion of a particle, 628. Of the pressure on a ourve, ^te., I8L 

Of the impressed forces, 681, 682. Calculus of variations, 660, Ex. 2. 
Jacobl Integral for a planet in a binary system, 266, 416, 417. Case of solutioB 

of Lagrange's equations, 628. Two centres of force, 686, note. Method of 

solving dynamical problems, 640, 644. Criterion of max-min in the calouloi 

of variations, 694, 648. 
Jbllbtt. On brachistochrones, 691, note, 660, Ex. 1. 
Kepleb. The laws, 887. Law of gravitation in the solar and stellar systems, SM. 

Kepler's problem, 473. 
Eobteweo. Stability, asymptotic circles, <fec., 429, note. 
Lachlan. Treatise on modern geometry referred to, 219. 
Laisant. On a case of vis viva, 268. 
Laoranoe. Energy test of stability, 296. Conical pendulum, 666, note. Two 

centres of force, 686, note. 
Laobange's equations. Proof, 603, <&c. Elementary resolutions deduced, 611 

Ex. 1, 2; vis viva deduced, Ex. 3. Small oscillations, 618. Initial motion, 

617. Methods of solution, 621, and page 408. Change of the independent 

variable, 624, and page 408. Transference of a factor, 624. Elimination of 

the time, page 409. 
Lambebt. Time in an elliptic arc, 862. 
Lame. On curvilinear coordinates, 626. 
Laplace. On three attracting particles, 406. Series for longitude of a planet, Ac, 

476. Other expansions, 487, Ex. 3, 4, 5. Convergency, 488. 
Labmob. Calculus of variations, 691, note. Inversion, 628, note. 
Laws. Of motion, 61. Of resistance, 171. Of Kepler, 887. 
Least action. Principle of, 646. A minimum, 647, 648. Case when there is do 

free path, 649. Relation to brachistochrones, 660, Ac, Parabola, ellipai 

and any central orbit, 661. Terms of the second order, 668, 664. 
Legendbe. Central orbits, 866, note. Two centres of force, 686, note. 
Lbjeune Dibighlet. Energy test of stabihty, 296, note. 
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P0188OM. Expansion of true anomaly, Ac., 487, Ex. 8. Effeoft of the rotation of 
the earth, 627. 

Pbebsubb. Two dimensions, 184. Three dimensions, 096, ^., 086, 003, 060, dc 
A constrained motion may be free, 190, 198, 194, &c., 0S9, Ac. Does the 
partide leave the corye? 190. 

Pbojbctilbs. In vacuo, 104, by Jacobi's method, 640. Beaistanoe kv, Itt 
Besistance xv*, 168, cases of n=:2, 172, n=3, 177, n=0, 176, Ex. 5. Gives 
trajectory find the resistance, 179. Rotation of the earth, high and tti 
trajectories, 621. Deviation from parabolic motion, 638. 

PuissEUX. The spirals of, 822. 

Beciprocal spiral, a central orbit r$=a, 808. Badial velocity constant, M 
Arrival at the centre of force, 472. 

Beich. Experiments at Freiberg, 627. 

Belativb motion. Acceleration relative to a moving point, 89, 276 ; to a moring 
curve, 197. Belative and actual paths, 239. Coriolis, 207. Three dimn- 
sions, relative to the meridian plane, 490, to a moving curve, 080. 

Bbpbeskntativb pabticle. Defined, 290. 

Besistino medium. Bectilinear motion, light particle, 102. Heavy partide on 1 
chord, 107, falls freely, 110, &e. Curvilinear motion of a heavy partide, 
162—180. Law of resistance, 171. Besistance in the solar system, 886. 

BoBEBTS, B. A. Integral calculus referred to, 116. 

W. B. W. Motion on an ellipsoid, 068, 071. 

BooER. On brachistochrones, 091, note, 612, Ex. 3. 

Bought. Convergence in Kepler's problem, 488. 

Salmon. Solid geometry referred to, 077, 610. 

Sano. Heavy particle on a circle, 217. 

ScHiAPARELLi. Disintegration of comets, 414, note. 

Second approximations. Bectilinear motion, 141, curvilinear, 202, SOS, SOS. 

Central orbits, 367, 426. Conical Pendulum, 662, 664. 
Serrkt. Lemniscate, 201, Ex. 2. Two centres of force, 080, note. 
Similar. Configurations, 260, Ex. 9, 10. Line arrangement of three particles, 409, 

&c. Triangle arrangement, 407. 
Singular points. Of infinite force, 466. Arrival at the centre of force, 408. 

Special oases, 470, 472. 
Slesser. Acceleration for moving axes, 000. 
Spheres. Impacts of smooth spheres, 83, &e. Energy lost, 90. Impulses of 

spheres inside moving vessels, tied by strings, (fee, examples, 94. Motion of 

a point on a sphere, 042, ^c, 006, &c. 
Stability. Energy test, 296. Of oscillations, 287. When the law of force is the 

inverse xth, 298. Of the moon's orbit, 417, 418. Of central orbits, 439, 441. 
Stokes. Besistance to comets, 386. On the figure of the earth, 619, Ex. 5. 
Stone. Longitude is elliptic motion, 476. 
String of particles, n heavy suspended particles, 300. Initial tensions, <&c, STf. 

Train and engine, 100, Ex. 5, 300, Ex. 3. Pulleys, 78, Ex. 10. String pasaei 

over a surface, 040. 
Sufficiency. Of the equations of motion, 243. Insufficiency of a first approxi- 
mation, 302. 
SuPEBPOSiTioN. Of motions. Theory, 271 — 270. 



